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Exercise 8.1 Let W = (W;);>0 be a Brownian motion (BM) defined on some probability space
(Q,F, P) (without filtration). Show that

(a
(b

) Wli=—-W is a BM.

) W2 i=Wrpyy — Wy, t >0, is a BM for any T € (0, 00).

(c) W3 :=aB+ 1 - a2B' is a BM, where B and B’ are two independent BMs and « € [0, 1].
)

(d) Show that the independence of B and B’ in cannot be omitted, i.e., if B and B’ are not
independent, then W3 need not be a BM. Give two examples.

Solution 8.1 We first recall the definition of a Brownian motion (without filtration) in order to
know what needs to be checked. A Brownian motion with respect to P is a real-valued stochastic
process W = (W;)y>0 such that

(BM0) Wy =0 P-a.s.

(BM1’) For any n € N and any times 0 =ty < t; < --- < t, < 00, the increments W;, — W;, , are
independent and normally distributed with variance ¢; — t;_1 under P, i.e.

Wti - Wti—l NN(O,ti - ti—l) for i = 1, N
(BM2) W has P-a.s. continuous trajectories.
(a) We check (BMO0), (BM1’) and (BM2) separately.

(BMO) This is clear since Wi = =Wy = 0 P-a.s.
(BM1') Let n e Nand 0 =ty < #; < --+ < t,, < co. Then we have

thi - Wt1,i71 = _(Wtz - Wtri71)7 Z = 1a RS

which are independent under P. Since X ~ AN(0,0?) if and only if —X ~ N(0,02),
we also conclude that W! — W}~ N(0,t; —t;_1).

(BM2) This is trivial, since W' = —W. The sign does not alter continuity.
(b) We check (BMO0), (BM1’) and (BM2) separately.

(BM0) We obviously have W¢ = Wy — Wz = 0 P-ass.
(BM1') Let n e Nand 0 = ¢g < t; < - -+ < t,, < 00. Then we have

WZ, - Wfifl =Wry, —Wp — Wrge,_, — Wr)
= WT+t,~, *WT_._ti_l, 1= 1,...,71.

Denoting t; = T +t;, we see from the definition (BM1’) that the increments of W?2
are independent under P, and since t; —t,_; =t; — t;_1, we also conclude that

WZ, — Wi_l ~N(0,t; —t;_1), fori=1,...,n.
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(BM2) This is again easy, since W? is simply W shifted in time by 7" minus a random variable
which does not depend on t.

(¢) We check (BMO0), (BM1’) and (BM2) separately.
(BMO0) W§ = aBy+ V1 —a2Bj =0 P-a.s., since both By and B{, are equal to 0 P-a.s.
(BM1’) Let n e Nand 0 =tg < t; < -+ < t, < 0o. Then we have

W2 —W3  =a(B, — B, )+ 1—a2(B£i—B£i71), i=1,...,n.

i

Since B and B’ are independent under P, we conclude that the right-hand side is an
independent family of random variables. Since B and B’ are BMs, we additionally
have that

By, — By, NN(Ovti_ti—l), 1=1,...,n,
B, — B _ ~NOt;—ti_1), i=1,...,n

Recall the general fact that if X ~ N(0,02) and Y ~ N(0,1?) are independent, then
we have for any linear combination s1 X + soY that

51X + 53Y ~ N(0, s202 + s2n?).
Using this, we conclude that
o (By, = Bi) +V1-a? (B, - Bi,_,)
~ N0, 0% (t; —tio1) + (1 —a®)(t; — ti_1))
=N(0,t; — ti—1).

(BM2) This is evident, since W3 is a linear combination of two processes whose paths are
P-a.s. continuous.

(d) Two possible choices are B = +B’. In this case we have
W3 = (a++V1-a?)B,

which is not a Brownian motion because W7 ~ N (0, ((a + v1 — a?))?) and (a+v1 — a?))? #
1 in general.

Exercise 8.2 Let W = (W,);>0 be a Brownian motion. Let a,b > 0 and define

Ta = inf{t > 0| W; > a},
Ogp = inf{t > 0| W, > a + bt}.

(a) Show that for 7 € {74,045} and all & € R we have that

E |:6aW.,./\t7%oc2(‘r/\t):| - 1.

(b) Using your result from [(a)] show that
e [e—%az"'u} =1,

and use this to conclude by an appropriate choice of o that the Laplace transform ¢,, of 7,
is given by
$ra(\) i= E[e 2] =0V x>0

Hint 1: Make use of dominated convergence theorem.
Hint 2: Use that W., = a P-a.s.; we will show this in another exercise sheet.
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(¢) Using your result from [(a)] show that
R [e(ab—%aﬂ)o‘a’b] — 1,

and use this to conclude by an appropriate choice of a that the Laplace transform ¢, , of
04, 1s given by
Gy, (N) 1= B [e727ar] = emabHVEE20 1y 5,

Hint 1: Make use of dominated convergence theorem.
Hint 2: Use that Wy, , = a+bogp P-a.s. on the event o, p < 00.

(d) Show that 7, is P-a.s. finite for any a > 0 and that o, ; takes the value of +oo with a positive
probability for any a,b > 0.

Solution 8.2
(a) We know from Proposition IV.2.2 in the lecture notes that the process M = (My)¢>0 given by
Mt _ eontféazt

is a martingale for all & € R. The stopping theorem (Theorem IV.2.1 in the lecture notes)
then implies that for any stopping time 7, the stopped process M7 is also a martingale, which
gives that

1= E[My] = E[MJ] = E[M]] = E[M,] = E [ean*%aZ(TW] :
since 7 At is a bounded stopping time for all ¢ > 0.

(b) We clearly have that W, A: < a by the definition of 7,. As a consequence, we have that
M ar < e*® for all t > 0. Dominated convergence theorem therefore gives that

1= lim F [eaWTaAt_%a2("'a/\t):| = F |:11H1 eaWTa/\t_%(Xz(Ta,/\t)}
t—o0 t—o0

_ 1.2 _ 1.2
- F |:6WT‘1 S Ta:| — ¥ [ |:€ FQ Ta:| ,

where the last equality follows from the fact that W., = a P-a.s. Reorganizing the above and
setting o = V2 for any A > 0 gives that

Efe? ] =e V2 x>0

¢) We proceed analogously to We have that W, r:+ < a4+ b(o4p At) by the definition of
a,b )
0q,b- As a consequence, we have that

1
Mg, yne < €xp (aa + (ab — 5042) (Gap A t)) .
The right-hand side is not yet independent of ¢, but if we assume that
L,
ab < ia <~ a>2b,
then M;, ,n¢ < e**. So we can again apply dominated convergence theorem and obtain

1= lim E eOéWaa)bm—%Oéz(Ua,b/\t)]l — E | lim eanaybm—%ocZ(oa,b/\t)]l
t—00 Ta,b <00 t—o00 Ta,b<00

aW,, ,— 30’0, +boab)— 5070, b—1a*)o,
= F |:e a,b 2 'b]]'Ua,b<00] = F |:ea(”' Tab) Al ’b]]-da,b<oo = e F e("‘ Pt )o ’b]]-cra’b<oo s

where the fourth equality uses that Ws,, = a+bo,p. Reorganizing the above and setting
a=b+Vb*+ 2\ > 2b for any A > 0 gives that

E [e*)‘oa’b] =F [e*/\"‘hb]l(7 b<oo] = ¢ a(bHVETH2A)
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(d) We have for any stopping time 7 and any A > 0 that
Ele™] = E[e rco) + € e = B e 1 {rcoy] -

Since e=*" < 1 for all A > 0, dominated convergence theorem gives that

: —AT : —AT
1/\1?&E [6 ]1{T<oo}] =F [1;%6 ]1{T<OO}:| =F []1{7<oo}] =P [7’ < OO] .

So we conclude that

lgrégbr()\) =Pt < 9.

Using the expressions derived for the Laplace transforms of 7, and o, from @ and we
obtain

Plr, < o0] = lime V2 = 1

L0 ’

Ploap < 00] = lim e @OHVIH2N) — =200

L0

So while 7, is P-a.s. finite for any a > 0, 0, takes the value of +o0o with probability 1 — e~ 2ab,

Exercise 8.3 Let W = (W})¢>0 be a Brownian motion defined on some sufficiently rich filtered
probability space (Q, F,F, P), where F := (F;);>0 is a filtration satisfying the usual conditions.

(a) Let f: R — R be an arbitrary continuous convex function. Show that if the stochastic process
(f(Wt))t>0 is integrable, then it is a (P, F)-submartingale.
Hint: We have done something similar in discrete time.

(b) Given a (P,F)-martingale (M;):>o and a measurable function g : Ry — R, show that the
process

(M, + g(t))tZ()

is a (P, F)-supermartingale if and only if g is decreasing, and a (P, F)-submartingale if and
only if ¢ is increasing.

(c¢) Show that the following stochastic processes are (P, [F)-submartingales but not martingales:
(i) w2,
(i) e*W for any o € R.

Hint: Use the result fmm and respectively.

(d) Show that any (P, F)-local martingale which is null at 0 and uniformly bounded from below
is a (P, F)-supermartingale.
Hint: We have done this in discrete time already.

Solution 8.3

(a) First recall that W is a (P,F)-martingale. Adaptedness is clear since f is assumed to be
continuous. Integrability is assumed as well. Then by Jensen’s inequality for conditional
expectations, we can compute

E[f(Wy) | Fs] > f(E[W | Fs]) = f(Ws) P-a.s.

for all ¢ > s, and thus conclude that f(W) is a (P, F)-submartingale.
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(b) For any measurable function g : Ry — R, we have that M; + g(t) is F;-measurable and
El[My +g@)[] < E[[M]] + E[lg(0)]] = E[[M¢]] + |g(£)| < oo.

Hence (Mt + g(t)) is adapted and integrable. We can then compute

t>0
E[My+g@) | Fs] = E[M | F] +g(t) = Ms + g(s) +g(t) —g(s)  P-as.

for all t > s. As a result, (Mt + g(t)) has the (P, F)-supermartingale property, i.e.

>0
E[M;+g(t) | Fs] < Mg+ g(s) P-as.

for all t > s, if and only if g is decreasing. Analogously, (M; + g(t)) has the (P, TF)-

submartingale property, i.e.

t>0

E[M;+g(t) | Fs] = Mg+ g(s) P-a.s.
for all ¢t > s, if and only if g is increasing.

(c) (i) Note that W2 = W2 —t + g(t), where g(t) := t. By Proposition IV.2.2. in the lecture
notes, we know that (Wt2 — t) >0 1S a (P, F)-martingale; hence, using that g is increasing,
by @ we can conclude that W? is a (P, F)-submartingale.

In order to show that WW? is not a martingale, we can use the martingale property of

(WE —1t) >0 [0 compute

B[W;|F) = BIW; —t|F)+0=W2—s4t> W2 Pas,

showing that W? is not a (P, F)-martingale.

Alternatively, by Jensen’s inequality for conditional expectations we have that
E[W?|F] 2 (EW,|F])? = W2,

and the inequality is strict with positive probability because x — 2 is strictly convex
and W; is not P-a.s. constant. So W? is a submartingale but not a martingale. The
same argument can be used for with x — e*”.

T is continuous, and since we

know that W; 4 W; — Wy is N(0, t)-distributed, the random variable e®"* is integrable.
Noting that z + e®® is also a convex function, we can then apply [(a)] to conclude that
e®W is a (P, F)-submartingale.

(ii) Adaptedness is clear since the transformation x — e

Next, Proposition IV.2.2. in the lecture notes gives us that (eaWﬁ*%azt)Do is a (P,TF)-
martingale; hence, we can compute -
E I:eoth |]:s:| —FE |:604Wt—%a2t ‘]_-S:| e%azt — eaWSe%az(t—s) > eaWs P—a.s.,

showing that e®" is not a (P, F)-martingale.

(d) Let (Xi)¢>0 be a (P,F)-local martingale null at 0 and uniformly bounded from below by
—a < 0 and denote by (7, )nen a localizing sequence. Since lim,,_,~, 7, = 0o P-a.s., we have

lim Xinr, = X3 P-a.s.

n—oQ

Moreover, since (X;)¢>o is uniformly bounded from below by —a, we have that Xin., > —a
and thus 0 < | Xiar, | < Xiar, + 2a for all n € N. By Fatou’s lemma, we can then compute

E[X,)=E [nlggommn@ < liminf B [|Xoar, |} < liminf B [X;rr, ] + 20 = 20 < o0,

n— oo
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where the last equality uses the martingale property of X" and the fact that it is null at
0. We have thus proved integrability. Since adaptedness is clear by the definition of a local
martingale, it only remains to show the (P, F)-supermartingale property. Using again that
Xinr, > —a for all n € N, we can apply Fatou’s lemma to obtain for ¢t > s

B 71 = 1 o

.7:5} < liminf E [X¢as,
n—oo

]:s] :Xs7

as desired.
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