Prof. Wendelin Werner HS 2021
Matthis Lehmkuehler
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EXERCISE SHEET 1

Throughout this exercise sheet, let v ~ SLE,, for k > 0 and let us write £ = \/kB for its
Loewner driving function where B is a standard Brownian motion. Furthermore, let (g;)
be the mapping out functions, (K;) the chordal hulls and (¢,) be the swallowing times.

Exercise 1. Suppose that x < 4. Our aim will be to show that || — oo as t — oo
almost surely (this property is called transience of SLE).
(i) Show that g,(1) — & — oo as t — oo almost surely.
(ii) Hence establish that inf;>¢ |y — 1] > 0 a.s.
(iii) Show that for all x € R\ {0} we have inf;>q |y — x| > 0 a.s.
(iv) Let z_ (resp. x4 ) be the left (resp. right) image of 0 under gy, i.e. x5 = lim. o g1(Fe).
Argue that inf;>q |g1 () — 4| > 0 almost surely.
(v) Deduce that infi> || > 0 almost surely and hence prove the transience of .
The result derived in this exercise holds in fact for all k > 0 and for the rest of the exercise
sheet you may use this result in the entire valid parameter range.

Exercise 2. Fix z € H. Suppose that x < 8 so that we have z ¢ ([0, c0)) almost surely.

(i) Using Itd’s formula, write down the decomposition of (log(g:(z) — &): t < ¢.) and
hence of (arg(gi(z) —&): t < () = (Slog(g:(z) —&): t < (,) into a local martingale
and a finite variation part.

(ii) Hence find the (unique) continuous function f: [0, 7] — R which is smooth on (0, 7)
and satisfies f(0) =0 and f(7) = 1 such that

M = (f(arg(ge(2) —&)): t < C)

is a local martingale.
(iii) Deduce that 7 passes to the right of z with probability

foarg(z) SiH(@)BM*Q do
[y sin(#)%/5=2 db

Hint: Use the optional stopping theorem and exercise 1.




Exercise 3. Suppose that k = 4 and fix z € H. Recall that (, = oo a.s. Let P, and Pg
be the events that v passes to the left of z and to the right of 2 respectively. We also let
Ro = R(z,H \ 7(]0,00)) be the conformal radius of z in the complement of ~.

(i) Write down P(Pg) in terms of arg(z).
(ii) Show that

Ry := 3g:(2)/19:(2)] = R(z, H\ 7([0,t])) = Ry and
Ap = Slog(gi(2) — &) = arg(ge(2) — &) — 7lpy,

as t — oo a.s.
(iii) For 6 € C show that M is a local martingale where

M, = eeAtRfQ/ 2
Hint: First apply It6’s formula to A and log R and then exponentiate.
(iv) Using optional stopping and suitable parameter choices show that for 6 > 0,
7 sinh(farg(z)))
arg(z) sinh(0)

E(RL | Pr) = (S2)"/?

Exercise 4. Suppose now that x > 8. The goal of this question will be to show that
7([0, 00)) = H almost surely.
(i) Show using exercise 1 that it suffices to prove that z € ([0, 00)) a.s. for all z € H.
(ii) We now fix z € H. Show that for each fixed p € R the process M is a local martingale

on (0,¢,) where
My = |gj(2)| B0/ 85) (g, (2))7*/ 59 g, (2) — &I/ 1(t < C2) -
Hint: It will be useful to first apply [t6’s formula to

-9 2
EZ2EE D 10g(g1(2) + £ toa(Sau(2)) + 2 lo(an(=) &)
take the real part of the resulting expression and exponentiate.
(iii) Deduce that M is a supermartingale.
(iv) We will now restrict to the case p = k — 8. Show that in this case

R(z.H\ K. K/8—1
. (. HA Ky) —— 1t < ().
sin(arg(g:(z) — &))' %"
where R(z,H \ K;) = Sg:(z)/]g;(2)| denotes the conformal radius of z in the
complement of the hull K;.

(v) Argue using exercise 1 that z € ([0, 00)) almost surely. Hint: Use the Koebe 1/4
theorem to compare the conformal radius with a Euclidean distance.

Zt:

Mt:

The result of the exercise remains true for k = 8 but the proof relies on the convergence
of the Uniform Spanning Tree Peano Curve to SLEg (in distribution).

Submission of solutions. Send your solutions via email to Matthis Lehmkuehler by
Monday 01/11/21 at 5 p.m.
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