
 

Chapter 1
Algebraic sets

Notation
k alg closed base field.la IF
A forth n dimensional affine space overt
as a set it is k but A has more structure

it is a topological space discuss later

Algebraic sets

det A closed algebraic set is a subsetof A
defined by polynomial equations
SELLY lu us 26 XEN 7610079

zero locus
Rem D 718 2 a where a is the
ideal generated by IES since

the 0,9670 1 90 0,416 0 We prefer ideals
2 VSEhexs.sk 7 finite sickle tn
2 S 2 S since every ideal is finitely generatedby Hilbert's basis them

Ex algebraic sets in At
SEKI PID 2 S 2 flat 766 4 х dm

so every algebraic set in A is either A
or a finite set of points possibly empty



n 2 SE LEX у What are 26,7 and g
Let's draw some algebraic curves But beware

N 1 When you draw graphs of functions
you usually think about solutions ĸ
which may be quite different e
even if cuffs of equations are real
e g 2 2 1

2 Dimension change
AG as a real manifold is DF
Conics in Ж

74 х 2 ĸу 1

А
patab.la

YES
hyperbola

In fact if S fcx.gg is any irreducible
quadratic polynomial then over K E
one can find a linear change of cords
sit

you get the parabola or the hyperbola

This classification of conics in A2 uses that
КП 2 5 2 ууух у 1

circle hyperbole



elliptic curves

уч х ах в два

iTEII

Elliptic curves give applications of AG
to real world they are used
in cryptography

All thanks to the addition law on E

which can be geometrically depicted as follows

neutral element
Hii is the point at a

which isn'tvisible

pta on the affine pic



a curve in A which is not contained in A

С Im A IN for pltlslt.tt
As a closed algebraic setiii

iii

C Elly 2 г 7 с A
more about it in Exercises

3 dimensional picture

Prop Properties of algebraic sets

a в hey tn ideals Then
1 а c в 76 c 7 a

2 Zea 16 2 a n 2 в

3 tha b 2 an b a v26
4 2 a E G where

ба f free for some v70
is the radical of a

Proof straightforward check e д
4 2 A EZ a by 2 since aero

Zhai Etta because for seetha and

fern holds Arla so for some r flat sx.czra



Nullstellensa.tt

ideals in Lex in 2 7 subsets in A

a tlatf.fiEaIHlfltooJtLHIxFXEX
ideal defined iTusion reversing maps
This is not a bijection
For example 2 ж 2 2 G EA

Howeverthemaps Ill and thy induce a bijection

radical ideals algebraic sets
in Kix xD Ms in A

ie aera inclusion
reversing
bijection

classicalfact from
This is thanks to commutative

algebra
Thu Hilbert's Nullstellens.at

haly closed acktx.tn ideal Then

Itala ба



Rem false for how alg closed К
e g over A we have

E Etf O S IGC D has

We recall the weaker formsof this theorem

Car Weak Nullstellens.at I
half closed acktx.la ideal Then

Flat is non empty

Equivalently check

G Weak Nullstellens.at

kalg closed Then maximal ideals inktxg.tn
are exactly those of the form

me 1 as Xn an i e 2 n as am
for some as an Gk

Next time some basic topology
repeat what a top space basis of operates



Polynomial functions

dei X EA an algebraic set The ring
КУ skid at

I x
is the coordinate ring of

How to think about it

fehtog.sc is a function A h

I д Ekta sn then

f 91 c f get х

hence elements of KID are

polynomial functions X 6
later we will call them regular functions

Ex X 2 у 2

kxtke.by х
Ж

So functions on a parabola are the same as
functions on a line

j
For X an algebraic set we have an induced bijection

radical ideals
in key

as
algebraic subsets
of X


