



























































































Chapter H Bezout's theorem

Given two curves C 2 F and D 2 g
of degree m and n respectively the number

of intersection points C n D is at most men

Ataman
4 points 3 points 2 points 1 point 0 points

However if we

work in IP
work over an algebraically closed field
Count intersection points with multiplicities

then we have exactly min points Bezout's theorem






























































































Thin classical form of Bezout's theorem1
Let Z Zn be hypersurface
in IP with only finitely many points
in common Then

deg Z deg Zn Hp th Zn
pep p

multiplicityof the
intersection at pep
tobedefined I






























































































Multiplicities of modules
R noetherian graded k algebra

µ a f g graded R module

Deth The Multiplicity of M at PE Speer
is defined by

Hp length
pp
Mp

Recall length supreme
of chainsofsubmodule
M Mo M Md o

If R m is local then

µp M are Md 14 0 for some d

In this case

Hp M Dink Mark K Pym






























































































Main example

X a variety
XEX a point

I C0 an ideal with TI m C Ox

I 2 Mr for some r 70

m dim ax and so we define
k I

themultiplicityof I at 4
0
41 dim.k 01

T
dimension as a k vector

Affuie case X EAT

Ox AMI m

4 10 417 41ACHE

2






























































































y X o

ex AT

f y XZ y o

12 1907

g y

p COO

n yplox.xhf.gg dimrl keyYy'Tx7
a g

dim
n l k 7 la

dimk
k7 I






























































































ex X AT
f y XZ 7 1907
g y x2 xy

p 0,07

Oxide.gg K7 g xzxydcx.gg
Kay
xdcx.EEsk

hEIsi.upl9Il

3eXXAPf Xy Z2 fz x Z fz ytX
p 0,0101

Ox 4 I x cx.az O
txE E ED

multiplicity 2






























































































Transverse intersections

Given PEAtn
maximal ideal Mc tix Xn

For f EKG xn s t fCp7 o so fCMp
cotangentspace

differential df E mane the class of f
NIE 2 f non singular at p df o

E ftp.lpl.xi

Defn r hypersurfaces with equations fi fr
meet transversely at p if
Ci they are non singular at p's and

Cin If dfr.cmm2 are linearly independent

Intuitive picture

g fNf g
transversal not transversal Also transversal

Ldf day K2 Cdf dg k






























































































Lemma Let A tilth strict tn OAi7o

f I n f n E M

1 FAE

47 fi i fn meet transversally at 0

27 fi fn m

3 Yp Zi Zn l where Zi _2 fi it h

Nakayama

dfi dfn generate Ym2 fi fn generates m

II
df dfn are linearly independent

so 117 12

2 diner Cfi fn I YptG Fnl bydefinition

Rmk If say f EMZ m then f fn cannot generate

the maximal ideal m

i If 2 fi is singular at p xp 32






























































































Numerical polynomials

Defn A numerical polynomial is a polynomial PEQET

S t Plm E21 for each me21

ex
Zn

2 ft h 7 n 11
e Ez

n

is a numerical polynomial which has won integercoefficient

If P is a numerical polynomial then so is IPGs

where I plz Plz 117 Plz
is the forward difference operator






























































































Lemma

47 If Pe Et and Paul EZ forall ma o
P is a numerical polynomial

27 41 form a 2 basis for the group of nemerialpolymials
i e

Plz co t c Ei t Cn

for co n Cn E I

31 If f 21 721 is a function at

Dflm is a polynomial for m 70

then 7 numerical polynomial PHEQEI s t

find _Plan for M 770






























































































Hilbert functions and Hilbert polynomials

For the rest of the section F kGo xn

All modules M are f g and graded

Deth the Hilbert function of M is given by

hµli dim
k Mi

µ
dimension of
the i th graded

ex For 14 12 we have part of M

hµld7 nfd

ex R kGoX M RW xox x
5

hµ has values

i
f
O I 2 3 4 5 6 7 8

hm l Z 2 I 1 O O O O
x Hi t x

polynomial growth

for i 75






























































































Theorem Hilbert Serre

I C R Kiko Xn homogeneous ideal

unique polynomial PI H E QE s t

h lm7 PI m for all in so

Furthermore we define deg I dim

a deg P m dim 2 I E P
I t

b If 7 I 0 then the leading coefficient

of Pratt is of the form linkger

see Ellingsmol's Lectures on CommutativeAlgebra

Defn PI IH is called the Hilbert polynomial of I






























































































The Degree of a variety

2etn
f D dim Zelawn147 we define the degree of IU as

deg M d leading coefficient ofPM
F
this is anf X Eph is a closed subset we define integer

deg X deg KIKI

Note If X Of ftp.dv dzo

Px 0 with positive leading coefficient

deg X 70

If 11 0 then 7 d et Xid EIN Vi by Nullstellensate

12111 1 o for i3 dGti 11

Px o






























































































Lemma F E kGo xn d X Z fF CIP
has degree d

af
Rtd 7 R RIF 70 is exact

h µ ft heft hpIz d

It I IZ9 Fm En t

deg X d V

Lemma X Y C IP of the same dimension m

and with no common component

deg XuY deg X elegy I

IX y Ix nIy
s s.es o 7 HI 2FI RtIy RIhitIE

pay Px Py Px y XnY has dimem
no contribution toleachigtm

ms 2 t.fmY zM termsof lowerorder

Ok






























































































Regular sequences and Unmixedness

Defn fi fhER forms a regularsequence if frt
is not a Zero divisor modulo G fr tf r I k 1

Note Krull's principal ideal theorem dim4ft fr n

rVr I k l

ex X yz K y I are regular

XZXy X X1g EX YZ are not

741 is 2Hip is a component dim2If fzfz 2a confront

Note
Ix xyl Cxhlx7D gdp x

embedded
prime

problem there are associated prime ideals which aren'tmineral






























































































The following result is fundamental

The Unmixedness Theorem Macaulay

The polynomial miry R kGo xn is unmixed

In other words
any ideal ICR generated by r ht I

elements does not have any embedded primes

every associated prime is
a minimal prime I is unmixed

201 If fi fn E R have 2Cfi fn finite then

fi fn form a regular sequence

f rt is not a Zero divisor modulo ft fr Fr






























































































Lemma tf Hfi tn is finite then
any irreducible

component 2 of 2 f fr has dimension n r

for r l n

First dimZz n r by Krull's principal ideal theorem

imilarly dim Zn 2 fry fn 7 dimZ Cn r

By assumption LHS o so dim 2 En r

or the ideal Cfi fr has ht r and is

therefore unmixed

Vow let m Rdf fr
All associatedprimes of M have ht r and dim L din M

fry is not contained in any anointed fumeof M

frt is not a zeodicison

f fn is a regular sequence






























































































Prod Let f fue R be a regular sequence of homogenous
elements of degrees di idn respectively Then

hpy I d dm I _Cfi fn

write sn Rdf fr We have sequences hMlitch'mMjk

I dra
r

Sr Sru 5 0

fi f n regularsequence this is exact unfethicon left
inaction hsr ZI her halt da
on r

di zn r azn r
n ri

d'e f E drain
r

ialz dr.nl t

d der n r i

ith
r dnt 2 t

d dirt n r i

F Z t II






























































































From Hilbert polynomials to local multiplicities

Now I Cfi fn R has dim Il o

I offer a change of coordinates we may assure
2 I C Dfxo C P

Lemma Lef fi An C k Ifor If
denote the dehomogenizations Wrt Xo and set Artinian

OzmenPOz n nzn k
0 oYfq fn p

Then there is a decomposition

Sao 9 07in nu Xo
Note F Fn f fn in 5

0 Xidifi Fi

The degree 0 part Consider

R Rhp n
7 Rx R'off Fn R o

Sxo

hero HTT Fn co
o
lfi ifn xo o

Rio o 5
0 o

5
0 o Oz azn

fi ifn xo o

Now yo is invertible in these localizations so

sq xo s Csx






























































































Conversely any WE Xo is of the form w a os

where SED ae 5 0 o
Hence

5 1 Csxdix

Sx
ie z

s
o

x

02 Oz nz Xi II

Lemma For doo the localization map 5 75
0

induces an isomorphism

p Sd Hold
Pinjective

as an R module

claim M Ker p has support at the origin
y
m

ZHI Fn Xo Fi Fn Xo is Xo Xn primary

i Eko and Supp s have only theorigin in common
in Aint

WE kerf XON w 0 for some N 0

Also w F w Fn O

M is annihilated by some power rn






























































































M is finite dimensional as a k vector space

Mi 0 for i 70

p is injective in large degrees

psurjech.ve

Let w axor e 5 0 with a c 5 0 o

Modulo Fi Fn we may write w as

a axor Hx
d where He Rd

If r d w lies in the image of f
Now take a basis a au E sq o Casa k vectorspace
and write these as

a H e di where Hit Rd

d di dj all products ajixodie im p
p

Sd safe
9 x P xd
so 5

0 o

p i3 surjective V D






























































































prop For d so the localization map 5 Sxo
induces an isomorphism

Sd Oz nzn
Xod

In particular
dim Sd dimk Oz n n 2n

proof of Bezout's theorem

Ford so we have

di dn hg d by Hilbert polynomial copulation

dim Sd det

dim Oz nzn by proposition

Ep dingeOzn azn p Ozn nan D Ozanan p

Ep Yiptf Rn






























































































Basic examples

prod Given Pi pg CP5 no 4 lying on a line

3 unique conic through p Ps

Uniqueness Suppose Ci Cz are two such comics

C n Cz 2 pic Ps3

C and Cz share a component by Bezout

c and Cz are both reducible say
4 2 1447 Cz 2 14Lz

e nCz L u Lentz

pi 1ps E L v point

some 4 of piups lie on La

Existence Let Qa aooxft azzXz2

Q p o linear condition on doo no i n 922
NonZero

G equations at least one solutiondoo no i n 922






























































































Application Automorphisms of IP

Thm Any automorphism 9 IP P is a linear

transformation That is

Ant ph PGLn.fr
94 1611

We have a map

p PGL.CN Autpti

p injective

If MEGLu k induces the identity then M c Ida Go V

p surjective

Let y P IP be an automorphism

Consider It 2 Xo

H c IP is a subvariety of codm I

qfH Zffo for some FOEkfyo gn

Consider b 7h1mn nZhen i 2 x Xm

so that Hn l Co O 1






























































































Then suice q is an automorphism

f lo OD gCH n l

p H n cell
Zffo n qlzcx.hn n Zhen d

ence

I fley to degceczcx.lt degcefzcxn.it

This means that to aooyot aon yn is a linear form

Also we get that q induces an isomorphism

EAT
91 Dfxo DlFo a An
Hol

2epeating the argument for A _2 xi for id n

shows that q induces isomorphisms

THE
91 D lxi Dt Ei a At
Dixit






























































































94µg Atn An is given by

1 i
o
H fil Exo fnI if

nice 9 sends hyperplanes to hyperplanes we see that

the fi must be linear polynomials and thus

4 must be induced by a linear map P IP


