
 

Chapter 11 we're startin
The prime spectrum schemes't

Main sources Introduction to schemes byEllingson Otter
Geometry of schemes Eisenbach Harris

Before affine varieties reduced finger algebras
over Ksk

Now affine schemes rings assoc.com with4

This generalization allows to study
arithmetic phenomena by geometric methods
by taking rings to be 27 Чр Оĸ etc

Recall xaffinek variety.to sbyNullstellensatz
points seek as wax ideals ma Chex

m.es If ELIN 166703

dei R ring Its spectrum is

Speck t.pl pal is a primeideal
This way xespeckmp.ee R netted

M in general we cannot think about
ER as functions with values in a fixedfield k

However there's a more general notion



det let respect correspond to per
The residue field of a Corp is

ж Kp Rplp.ir maximal ideal
in Rpunrelated to any particulark

Every element RER has a yale
164 fund pretty Axe Speck

and the codomain depends on the choice of х

By definition fled Orff

ftp.defProp The Zariski topology on Speck
is given by the closed subsets

Z a facespec RI floe 0 V feat
ре Speck Рэа

а ER any ideal

Prop Let al ER be ideals Then
1 2 a E 2 в iff ба I в

In particular tha 2 Га
2 Zha 0 iff a A

3 2 a Speer Iff a Ero Nlr
Гhierarchical



Proof uses the Main fact Г ДА
In particular psa itf РЭП so

2 a 2 E А
1 Zha 576 Др sat

раса режь
базе

it pedal and баэб then

рэба в 26 implies pal
2 because ба 1 iff a 1 and РЖД Up
3 because 2 о speak

and Hach foramen

Cor There's an inclusion reversing bijection

closed subsets radical ideals
of Speck

Ж
in R
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Z It ff lfeklffg.nl
Gr A set SE Speck its closure

5 2 a where a

ftp
Proof 5 716 for some radical ideal в
bea pes в Ер
63 2 a 376 because SE Z a and

zeal is closed so 5579



In particular for S fp we get
Т Zip qespeerlgspprime.jo

Car х e Speck is a closed point iff
pie is a maximal ideal

In Zariski topology points don't have to beclosed
unless R is of Krull dim 0

Motivation why prime ideals instead of maximal
For varieties over hat Mullstellensattfolle.ws
from the Jacobson property of
f g reduced b algebras which tells that

Г TEY VIC R

and this property leads to the bijection
between dosed subsets and radical ideals

In general we must use prime ideals
to get such a correspondence
e g R a dur s Э m E CR

but R has two radical ideals 0 and t

so building Spec only out of man ideals
wouldn't be enough



Generic points

det X top space 2 EX closed subset
A generic point of Z if exists is
a point net s.t.AT E a densepoint

In our context

p is a generic point of Zep E Speck

Main Ex R integral domain

p о is the generic point of Speck
because Lazlo e primed Speer

Rem For general top Spaces generic points
can be won unique but for X Speck
and for schemes we'll see that
a generic point is unique V7 EX

Ex 1 R K a field
Speck 403 single point

R KEES thickening

Speck tis thick point
Note o is not prime because t.tt c о

1 us 2 same top spaces different algebraic structure



3 R Artinian ring
Speck is a finite sets

R local Artinian Speck is a point

4 R dir e.g.RS
pSpecRfx 23 with season and yauco

Since x is a closed point
the generic point g R fog is an open point

Да
940speak
5 R Z

Spec рэ
о

р И prime живет

p.ptart is maximal steps is closed Up
and ĸ p Пр p p

S
р

710 27 0 is the genericpt of Speck
and who Zeo Q

So every element felt gives a

иregular function with values in
various fields



felt EH я 16 77 EQ
EKD TELE
GCN EEE
165 52 Elf

Irina

def The affine apace is
A Spec Zeta tn

The affine nspa.ee over R is

Ali Spec Rita tn

If kik then

I 2 Aug this
a set

Г
points are maximal idealspoints are prime ideals

in hits tn in kite tn

and Zariski topology on A L is induced
for Zariski topology on ME



However Al has more points e g O

Ex AI the affine line over С

fraughta a mate closed pts
Lol y generic pt

ĸ a GENG a 1 a

ĸ 2 0501 GG

AL
AYA a a a Elk closed pts
AMA G b 6 6 Gtf closed pts of degrees
ARRA O I generic

ptaEIRMK.laA

p Glenn repent с

real affine line has pts with complex residuefield

In general fit EAI prime ideal
ĸ fetal is the extension obtained by
adjoining a root off irreducible polynomial



Topology of Speck
det A distinguished open set in Speer is

Dlf X 2 f per ftp.feR
Lemma D f ф ift fer is nilpotent

D f A D g D G
D g ED Ift ift g e f for some new

IDIHJ.ge is a basis of tar topology
on SpeckV Dlf Speer iff

ai GinERIE stayfig 1
In particular speed is quasi compact

We can describe algebraically irredueibili.by
of closed subsets in Speck

Prop 1 per prime to 2 p and

p is the only generic point of Elp
a ZE Speer closed subset is irreducible

Iff Z 24 for some р
3 Spec R is irreducible iff

the hierarchical Nien Tot is prime

Cor VEE Speer irreducible closed subset
has a unique generic point wet



Rem R integral domain Speed irreducible
but it's not a necessary condition
Spec htt E 3 is a point hence irreducible

Proof of Ртр
1 ft 2 p ok

uniqueness Zip 2 g p3qandgEp
4ZLplsIpJisineduciblebecausefp3is.elet thats Speer closed subset
If A

Ifp
is not prime then

Эр pisa so we can write

Га вы в where в б
Hence 2 a t b 0716 2 a hot irreducible

3 follows from 2 because Speck Zwick

By the same argument as for varieties we have
Prop R Noetherian ZE Speck closed subset 7

Z Z U Utr Zi ft Zi closed irreducible

unique up to reordering irreducible
components

Exercise Spee 2х R Speck I Speck



Morphisms between

prime spectra
Another reason why we need prime ideals

Ч R S ring how he c S man ideal

Ilm CR is not maximal in general
unlike for morphisms of varieties

However 4 n is always prime which
will give us functionality of spec

Ex KED.GL oe a I о g Ehess
closkptgeneric.pt

Prop There's a contravariant functor
spec Ring Р Top

R Speck
4 R S n p Specs Speck

р и др
Proof p

c S prime g p ch also prime
a в C 4 p 7466 461.416 Ep 41904 b Ер

Moreover 14.47464 весами 47441 дыр
Clearly id id

у is continuous see below



Lemme Properties of 4 analogous to varieties
Let y Resting ham t.tt Specs Speer
1 8 2 a 2 ф a S U ideal acre

In particular I is continuous

2 Д D 71 D ф f UFER

3 87161 2 f в и ideal bcs

Prop 4 R S ring how y Specs Speck

1 If y is surjective then
Specs 12 Chery E Speck

homeomorphism
2 If y is injecting then

Specs E Speck is dense
Moreover Imf is dense iffkeryENi.lk

Proof n 4 Ras a SIR a asher 4
portal per psa hence
is a continuous bijection out E Kary

is also closed D 2 в a 716
2 by 3 of Семина

Imt self о 2 her ф
and Ellery Speer iff herpes Nier



Ex Quotients
acr ideal m Spee Rla Speck

lay
it's a homo onto a closed subset i e

a closed immersion

Localizations
GER as spec Rg Speer

На
home onto an open subset open immersion

Reductions

Кр и SpecAp Speck
ЕЙ

71 Z R Spee R Speck
and it factors through SpecПр
Iff R is of char p



Fibers

ф R S и Ф Specs Speak
у

For per we have f p gas ftp
de The scheme theoretic fiber of

ptoverpisSpecSklpl.Pointsof this space are in bijection with Jlp
because sEklpt s

Rplp.rp splp.sp

Ex Ah Ah that V о

Then the scheme theoretic fiber over O It is

Spec kit Ebola Spokes и
5

point ofmultiplicity 2

II If R is a domain and g 5,90
we call fiber over y the generic fiber

Moral Generic fibers are useful for
proving statements of type
something good happens on a dense open subset

yix9dymsdimgcgysdimx dimYEEpten.ona dense open UET dimy.lu dimX dimY



Ex т Alt AI canonical map
a 101 о

й t a It a a ER

A It 6 t T t b t T в ЕС
5 р в EIR

one pointinhale two points inhale
Gal g orbit of f b

This can be generalized as follows
Tk field LIK Galois extension G Gall 4K
Let A be a f g K algebra An AEL
Then

Spec A SpecAya
where GAAL via acting on L

i e the points of SpeeA correspond to
G orbits of points in Specht

Main idea G acts transitively on

Spec ELIE.EU
EIK field extension

any fiber
E g L

a
Q a

E EEE

ĸ
ELI EXE

and G EXES_TExE twopoints



Ex Gaussian integers

ф Spec 76 Spect
Analyze speckling by looking at fibers of д
p 3 mod и is prime in Itis whereas

pet madh decomposes as Highly in This hence

i 13120 0 Spec Й

specttitaggi.gg а зад
пиши shiite

theoreticd
Spee Mum

fiber

4 13 15 17 119 113 117 о Spec

In this case Gal Q lit a acts
transitively on fiber's

Comments

Points of Spee R have various residue fields
and this allows us to study
simultaneously solutions of equations
over different fields for rings
For examples fibers over Spect could

be given by solutions over Ap's and Q



Ex Spec 2593 рад 5 Speck
most fibers are usual conics but
some fibers are degenerate
2 уч 5 64 5 моя
2 уч 5 х 9 жу ноя 5

10 00
E 2 GGG

When R is a fig K algebra Kst
then И closed point и we have

ĸст K
since by Weak Nullstellensattu.cm
is a finite field extension

For such R the topology of Speck
is fully detected by the closed pts
that's why we didn't encounter
the diversity of residue fields before

but having them lets us

put number theory into
geometric context and then

some of us can prove results like
Fermat's Last then


