
 

Chapter 12
Schemes
Structure sheaf

ДЕ Prop The structure sheaf Oper
is a sheaf of rings on Speer s.it
D O DIGI Rg USER
Speck

Spur a Rp face spear
tart

I stalks
Proof sketch

1 define 0 as a presheat on IDG fer
givenby O DAI Rf
Since different fer may give the same Dlf

you define 010171 S2 R
where soaisfserlsep.pe Dlf widenedinlet

on DAI hot fand check that Rft SII R is unison

The restriction maps are localizations
D g ED f Spit Espy 51 RI SfgR
2 show that 0 is a sheetofrings on D G for
That can be formulated as follows
Let D f SODA be any open cover

IET

There are localization maps

Pi Rf Rfi Pij Rf Rfy.fi



Then О being a sheaf on D f is

equivalent to the following sequence being exact

sequenceO Rft P RfiBigRf g
sheaf exact

where 2 a spica and plait gs pij ai 13.191
That means by definition that

a is injective locality
sections agree locally agree globally

Ker p Imt gluing
sections agreeing on overlaps can be glued
The proof is an algebraic exercise

in localizations of rings
3 Define ospe.cn to be the unique sheaf
extending 0 from LDL filter basis of tar top

Remi On other opens И the value of 0
is less explicit expressed via a limit

OspeekCU lin.GG DlimRfDCfIEUD f EU

2 As for regular functions on a variety
the stalk at a is given by
04,10 this construction is called admit

4797EON

Ospecr.se YEEspePFLI.PK ftp.lf Rp



him generalizes A colin generalizes 0

the situation when Rf Rg are not injective
Chim and colin are defined via universal properties

3 HUE Speck open

Open U is an R algebra
Indeed for aer we define

a Rf I Rf on Dlf
and that induces an R module structure V4
which gives a map of sheaves

a Open heck
Ex DX Spec 27
Ох Dept 22 If а invert all 44

Oxy Zep invert all except p.m

G Чо

2 X s Spee D D a dur melt K FrauD
Denote X 11 х 23

closed teneriopt

We have

00 O 9 Х D 3 94 D f
ĸ

Ox D E D Ox g Dco K



Affine schemes

we need to define ringed spaces
in a more general context when
Ox can't be thought of as some

b valued functions for a fixed field k

defy A ringed space is a pair
IX 0 where X is atop space and
O a sheaf of rings on Х
A morphism of ringed spaces is a pair
f ft where f X У is continuous

and ft 0 fox is a map of
sheaves of rings on 9 where
10 141503 f U direct image sheaf

That means HUEY open
we have extra data of a ring how
144 0,14 0 1 4

sit for NEW ring hours 1 1 1 are

compatible with restrictionspan
9141406164

LPeu.tv is commutative

Gluttonous



In particular It f is an isom if
f is a homo and V49 open
Itu Oy U Ox 144 is an Isom

rem.DE generalizes pullback of regularities
4 U k n hot f U k

need extra data offbut we

because unlike with bvarieties we

don't have such pullback maps for free

2 4 хех y fix there's an inducedmap
ft Оу 0 x

that sends S U yet У open
to Its f U where reef V EX open
the map respects because ft commutes withpun

Since the definition off is more general
we have too much freedom
on the choice of fit
so we'll introduce a restriction



det A locally ringed space is a

ringed space х 1 such that V point хех
the stalk Ox is a local ring
A morphism of locally ringed spaces
is a morphism of ringed spaces
at taek y floe the induced map

ft Оу Ох х
is a local hom i e t.tt my Emae
or equivalently Gotten my

For bvarieties this condition was automatically
satisfied because

my Sff EOy.gl fly of e I'm Ema

Main E Speck Open is a locally ringedspace

Prop A ring how y Ross induces
a map of locally ringed spaces
Spect y specsOpus spear Epoch
that satisfies



1 on distinguished opens HER

Rf Osman f
Tha Uspa D 81 Spy

is the localization off at f Graft
2 on stalks ftp.especs the induced map
ф Roy р

is the localization of ф
Proof sketch
define It on D f as in 1

check compatibility with pun
compute ht on stalks as in 2

def An affine scheme is a

locally ringed space XOx isomorphic to SpeakOpa
Affine schemes form a subcategory AffSch
of locally ringed spaces

We get a functor Spee Ringer AffSch

We also have a functor in the other direction
which sends Х Ox to 9 Х FIXOx

global sections
and f 4.9 4,05 to 7 61 019 0 Х



Then The functor

spec RingPIAff.ch
is an equivalence with inverse functor Г

In particular f Specs Speck is an isom

of locally ringed spaces itf ft Rts is anion

Proof enough to show that for F Specs Jesper
f X y e AffSch as Spee r I f
Let ф T f sf y R S let xexwg.es flick
Want f Spect k ft peep
We have a commutative diagram

R Is

Eti
Hence ф R р 55 91 so ФК Ep фурHowever ft is local so g Ер

so Speeget as maps of top Spaces

From the diagram we also get that
А х the stalk map ft equals the localization
of ф i e Speedie because the map
R S Sg factors uniquely through Rp

Similarly f Dehn Rn Salts is the localization ofg ther

Hence map of sheaves Spect and ft almeida



Reminder X Speck

1 D f ĸ EX 16703 м

Ox DLA Rf
we allow to invert powers of f

because they do not vanish on Dlf

2 Ох a 4,1 ХЕИ EX open
fed U 31 и

Ох х Rpa
germs of functions encode local
behaviour around х hence we

allow to invert all functions
that don't vanish at х i e R ра

Ex X Spect
Ох пер Ox Spect D ZEE Ер
Oxy Чр 12 р Хер



Schemes

del A scheme is a locally ringed space 6.06
which is locally isomorphic to an affine scheme
i e X Teti open cover

s.t.fi7 ring Ri Mi Okla SpeckOspeer
хех the stalk of is the local ring at х
If seen spec REX open then

Она вĸ Rp рорж
Residue field at х

w c Ox и их ox.aem.oxiRPp.Rp
A morphism or a map of schemes is a

map 1,17 of locally ringed spaces
Schemes form a category Sch AffSch

One can compute maps to affine schemes

similar to the case of varieties

Thu V X scheme R ring

Maps sch
X Speer Mapping

R Ox xD
for X Specs see above in general similarproof

Hence giving a map X Speck is equivalent.to
giving an R algebra structure to Ox



Gluing how to get non affine schemes

Idea
х schemes that
agree on intersections

ох is ascherХа

Roughly speaking on Dink you
should specify gluing isms

Qi lying Filling
Ex projective line

и Ёĸаетcharts
it variable

но Specter U Spec This At
D a Specter Yo D us Special

We glue U and Un along На 74
and get the projective line

Indeed for a 0 11 a Eta 1
coordinates in different charts



Integral schemes
die A scheme 4,9 is reduced if
all local rings are reduced Lonipotents

Exercise Ox.se reduced Vx ex c

Ox и reduced U affine open И EX
In particular Speck is reduced iff R is reduced
Associated reduced scheme

Sparred Speck where Ried R
Nien

T dsdiwmersi.ae
same top spaces different structure sheaves

Ex R htt w Spurred Speck Speck

For any scheme X one can glue
red X and it is universal

fora reduced scheme У any map
у х factors through X red

del A scheme is integral if it is
reduced and irreducible

Exercise X 0 is integral iff
Ox и is an int domain U affine open ИХ

Speer integrates Nier 0
Nil Ris prime

O is prime



Structure sheaf of an integral scheme

We can think of sections of Ox as

of certain rational functions

det х integral scheme a ex thegenericpt
The function field of X is

Х Ох 2
It is a field because V Speer Ex open

9.2 ospeer.geRiots Fr Fingal domain
Prop х integral И EX open hex genericpt
1 The canonical map
Ox U Ox g

ĸ Х is injective
2 V EU open as the restriction map
Pur Ox U OU EM is injective

3 txEXOxg.sk Х and

И эх Ох и e Охх
4 Ох и 18 ч EKGХЕИ

If X Speck Ox и веĸа Ux EU

can pick a representative
52,46707д LER

it depends on х



Proof 1 Let feo assume 711 0

Then t affine open U Specs EU
we have pull 0 because

Sis an integral domain I S Facs ĸа

Take Ust Vi affine open covers
id

Pur f 0 Vi f 0 because Ox is asheaf

2 The inclusions OU ĸа
are compatible with restriction maps Ри
Ox U ди

ox.gl
commutes spur is injective

3 we have a canonical map
0 x 04ч
4,63 44,73 opennbhd.tt'sinjective Ox.se O.se for x EV SpecA

Они I Aps Fac A 9.2for A an integral domain

For И эх the map Ох 4 ИХ
factors through Ox ж

Ох и 90х х



4 ву 37 914 f Ох х

Let ferox a EKG
Then Use Э open nbhd.ae V69 ЕИ

FE Ox х

Since U TUG we can glue
a function fEOx и because
the values agree on all Ulan V6
since they coincide inside их

The last equality follows because
X Speck Ox.se Rpa



Varieties us schemes

Schemes are more useful than varieties

Examples from our course

projective schemes ЕР can be
conveniently built from graded rings
MI P RTtr.stn

tanabe of Spec for graded rings
And blow up are better defined this way
BE speed Prof Got EEPTG.tlSpeck I

intersection theory is done using schemes

multiplicities of intersection pts can be
encoded by scheme theoretic fibers
which in turn have nilpotent

solving classical problems in enumerative geometry

def.es Esch An S scheme is a scheme X
with a chosen map X S called
structure morphism
A morphism of 5 schemes is a comm diagne

Х У us definethe category Sch
gL

Abbreviate Schspeen.si Soha



Ex S SpecA я XES.ch means

giving an A algebra structure to 94
In particular Sch Sch

get
A k scheme X is of finite type
X IFspecAj for some fin gen balgebras A

Assume lest till the end of the chapter
We know

X Speckles
affine bvarieties reduced finite typeaffine K schemes

reduced fin.gen.JPthey р
у Speerĸ algebras

Goal kit a

k varieties reduced finite type
b schemes

A How to get a scheme from a fewaffine variety
A Make it sober 1



det A top space is sober if every
irreducible closed subset has a unique
generic point V7 7 4 T Z

Ex 1Underlying top space of any scheme
for affine proved before in general exercise

2 Underlying top space of a b variety
is hot sober all points are closed

Casuarina ideals

det X top space Its soberidication.is
a sober top space Sk with a

map X SIX that is universal
и хву with У sober factors as Yat
I e Э functor S Top Трав
left adjoint to the inclusion Травstop
Explicitly 54 is constructed as follows
points of 514 are the closed tried subsets of X

open sets in S6 correspond to open sets in X

HEX open us U fir closedsubsetsofxje.sk
д that meet и

declare to be open in SIX



Сента
1 there's a bijection betweenOpen х and Open SCH

И EX орел а и E S Х open

Moreover 41 5514
2 this bijection preserves ft and It
hence Open S X form a topology
and for sheaves we get Shu Х Shu 56

chin of cats3 The canonical map
X SIX a TJ

is continuous

A S Х is sober and satisfies the universalproperty

Proof I 44 V77 и EU и EV's й EV0 и ф
Consider SLU SIX 123 4 E

I в I Ese
The other map is

shutout funny fury
and these are inverse continuous maps

2 ok
3 under X D Х the primacy of и is И

х И T n U 0 because И EX open
4 exercise



Ex X affine le
varietyspeckIDsfxlas atop.spa.ee

Indeed points of speeches are petty
and they correspond to irreducible closed subsets oft
Topologies are compatible
closed subsets of S6 are given by
2 ex closed ЫЙ
when XEN d variety 2 EX closed
TEE TEX chased м petal poker prime

Гthe corresponding closed subset of speckled

Prop 1 4,0 k variety sexy a is a kscheme

2 this gives a functor
S Warn Sohn
f X y 56 SIX 56

Tutsi
Proof 1 X affine e SIX Spee Lex
and Ox gives Osa because she Х Shukla
Х V4 affine cover SIX is some ringed space
which has a cover SCD tspecku.es
S6 is a scheme with О ну Ox
and Oshii is a sheaf of k algebras



2 511 810 519 is a map oftop Spaces
The map of sheaves 561 Osu Alfio
s obtained by replacing 079 I мох and
f G box is defined via precomposition with f
SCH is a b schememap because ftp.reserveskalgelructure

Rem X a K variety
х SIX is a subspace embedding
because all points of X are closed

Prop X b variety PESCA Est EX
closed

Then LCE ĸ p
In particular х irreducible

irreducible

KG ĸG ĸ SCD

by definition of thefunction field ofProof for X imed I X an integral scheme

наш ЕЕЕЕЕ EEESibir genericpt of S х
2 EX irreducible exercise good to do

called k points
Claim X c sexy equals faces Х luck byes х
Proof O trdegklotrd.esahead х is a

O dim closed irredsubvar.ofx.ie a point
Points of X have aces k because also ht is finite



Them The functor
S Varg Sohn

is fully faithful and its essential image
is given by reduced finite type k schemes

Proof fully faithfulness
f X У Evan S f S Х S6
Let his Х Sly want U S f fur fix 9

To show L Х EY so ht X У
Can be checked locally s assume SIX 519 affine
his induced by a ham offinitetype b algebras
by Walls tellers ate the prime of
a wax ideal is a wax ideal
by Claim h sends points of X to points of У

Moreover hi х У is a map of d
varieties

and if hes f then Щ f by construction

Ess image X b variety SIX reduced finitetyped
Let 0 be a reduced fin type d scheme
define x fluffy cw residue field

inkTo get a variety we have oyguqu.gg
of alerts

SINit commutes with restrictions Olu halos и

X affine us this is the structure sheaf check onDCA
4,00 is a variety



X is a subspace ofw and a k variety
Со sober get a map SIX 6

Claim skip proof S Х to is an Isom of schemes


