
 

Chapter 2
The Zariski topology

Zariski topology

Last time

affine space A I as a set topspace today

closed algebraic set zero locus of an ideal
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Main idea algebraic sets are building blocks
for algebraic varieties same way as

open balls are building blocks for manifolds

In Russian French Italian Japanese

gritty manifold
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An alg variety is locally analyst
To make sense of locally we

introduce Zariski topology which is well

designed to work with algebraic sets
with the cost of being rather counterintuitive



defile The Zariski topology on A

closed subsets are algebraic sets
open sets are their complements

Proof check axioms of top space
1 0 2 2 and A 710 are closed sets
2 2 a v2 b 2 an b is a closed set
3 2719 E Sai is a closed set
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Zariski top on X forten an algebraicset

the topology induced from Zariski top on.MY
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From Hilbert's wullstellensa.tt we get
Prop There is an inclusion reversing bijection

closed subsets
in x

radial ideals
на in KID
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Closed sets finite sets and A

non empty open sets are of the form
A Isps pt it's the cofinite topology
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Building blocks of closed sets
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M 1 say K c
Then K G also has Euclidean topology

every alg sett has an induced topology
called complex topology
Complex top isvery different from Zariski top

UEL ask

open in complextop open inZariski top

Open balls Bu are not open in A III
2 Even the example X A shows
that Zariski topology is far from
being Hausdorff 42,42 non empty open
subsets ink 7 или 0

So this topology is counterintuitive

It doesnt look
this way

Nonetheless we use it because it's
defined over any field e g when dark 0

and it's good for encoding information
about zeroes of systems of polynomial equations



det A distinduishedopens.at in Х
is a subset of the form

Dlf fsceXIf toJ.forsomefekXJ
Indeed Dlf X 218 is open in Х

Prop X closed alg set Then 201813
form a basis for the Zariski topology on Х

Proof Let Uet be open
Want U ID fi for some FELIX

Since И is closed

и Z a for some ideal a.tk
Let a files then
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Irreducible components

def A top space is irreducible if it is not
a union of two proper closed subsets

Equivalently a space is irreducible if the
intersection of any

two nonempty opensubsetsnon empty otherwise Х Ц и Ц
Ex M 1 1523011 172

imed not imed
Lemma Х irreducible Then
1 Исх open И irreducible and dense

Ж Й х

хах I is irreducible

3 f X У continuous s fly is irreducible

Proof follows from the equivalent description eg
3 4,476 non empty open
f 41 f 4 ex non empty open
f 444 f 4 n film 9 34440
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Prop An algebraic set X C A is
irreducible iff a 56 is prime

In particular A 710 is irreducible

Proof if t.ge a then
Х ZIG U ZIG 2 f NX X or ZG AX х

Х EZ f or X EHS tea or gea
if X 2 a utca 2 aina

with at a radical then a a'na
a a or a a because a is prime
X Zeal or X 2 a

Algebra geometric dictionary
Х aly closed set Kay closed We get abijection

algebra ofhex geometry of X

maximal ideals
prime ideals

points
irreducible closedsubsets

radical ideals closed subsets
Algebra and geometry shed light oneachother's problems

def An algebraic set X 2 f for fekba.in
is called a hypersurface
If f is linear it's a hyperplane



Cor Irreducible hypersurfaces correspond
powers of irreducible polynomials

EX.GL с Manta is the complement
of a hypersurface tdet 03
GL is open subset of A irreducible
In fact Idek 0 is irreducible too

Rfl Noether Lasher them Comm all
every ideal in a Noetherian ring eg Lexa XD

is a gun Agr Ei Fili
where qi are primary ideals i e Yi are prime
The decomposition is unique modulo
embedded components in particular
the associated primes fi are unique
This translates to the geometric language
Them Any closed algebraic set has a decomposition

Х Х и Uk YETI ti

where Xi are irreducible closed subsets

The subsets Xi are maximal irreducible subsets

they are called irreducible components of х
The decomposition is uniqueupto reordering
This is an example of a more general phenomenon



def A topological spacey is Noetherian
if every chain of closed subsets

bit Ebi E 9409
stabilizes eventually Yjsywjs.WS

Hilbert's
basis

themEx А alg set X ismotherian
LEXI her sea ishaNoetherian ring

ascending chains of ideals in KD stabilize
and they correspond to descending chains

of closed subsets of X

Thin X Noetherian top space GEX fed
у у и U Yr Yi FTII

sit Yi are irreducible The decomposition isunique

They are irreducible components of У
Proof Э
Х Noetherian 6 family Ied of closed subsets

has a minimal member Gone of its subsets are in
otherwise you can extend anydescending chain
Let E be the family of closed subsets of

that don't have such a decomposition
it has a minimal element М
М is not irreducible м м омг

1 the



and one of them doesn't have a

decomposition Etheria M would S

M was not minimal 7 E 0.4 a

This argument is called Noetherian induction

Ex 1 hypersurface are the simplest
sZ f f the.IT fi irreducible

х Z f и v7 fr is the decomposition
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Dimension

def У topological space The dimensionof У is
dim y sup Yo 44 д 896
where Itd are closed irreducible subsets
Dimeo is possible but not for algebraicsets

It в defied in such a way thatit's compatible with Krull dimension

Prop X closed alg set s dim X dim LEXI
In particular dim A n Gamay fact

Proof By Nullstellensa.tt

IX exec CX JMtoetlx.ie CIYclosedirredprime ideals
subsets of X in LIX

so suprema of lengths are the same
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