
 

Chapter 3
Sheaves and varieties

Main idea a variety is a space that
locally looks like an irreducible algebraic set

E g projective plane P will be glued outof
3 copies of А

An algebraic set comes together with it

and we want to keep track of
www.t ithis information category of ringed spaces

in prison ring

det A president of sets groups rings spaces
on a category С is a functor
F cop Set Grp Ring Top

A prested on a top space X is a

presheaf on the category Openly
Obi open subsets И of X
Mors inclusions V94

This means that a presheaf Roux
consists of the following data



U U EX open MR U set group ring

и Usu opens n R 4 SIRIUS Gap haul
restriction map

sit pun idea and pun pawpaw for 470

Elements of rly are called sections
elements of Rex are global sections
and puff is denoted flu
Rem A notion of a preteen is

very general but we will mostly
work with presleeves of b algebras out
so pun will be b algebra hams

Ex 1 representable prestel one

By Yoda lemma V AEE
gives a present
ha shout A

constant presheaf Ax CowХ
again pick Reset Ring Top

А4 А Un open in X

Pur Sida
U V54

hear I fund



3 prestel of C functions

Х smooth manifold
RIU c U Т

да usual restriction of functions

Similarly for X a complex manifold
we can consider a present of holon functions

Now we want to be able to
glue values on x from local data

det A sheaf Ron X is a preshat on Х

that satisfies

1 U U ITU EX open cover S TERM

sloth ki s set
Ui

sections agree locally agree globally

2 U O open cover SIE RIU QЁ
Vij 775 ERM

Siding Я
king SL si Wi

sections agreeing on overlaps can be glued



Ex 1 the prestel of co functions on

a smooth manifold is a sheaf
same for holomorphic functions

2 continuous b valued functions
forma sheaf of k algebras

Rx U

If
U Al continuous

i e taek f asUisclosedlopresheafofkalgebrasowX
locality.f U Ah continuous sit

fly 0 0 f о

gluing fiilli AIS.t.fi ugny.tfidinjdefine floe file Visit key

3 bounded functions do NOT form a sheaf
being bounded is not a local condition
so you can't glue a bounded
function in general
4 constant prestel is Not a sheaf

say X 4,4 42 A Z

Д О
5,15 5 7

be



SIE Alai Sal 54 because 4,40
442 44 assuming A 9

but SEA Х F SI Si because
restriction maps are identities

To fix this one defines constant sheaf
И loc connected

Ax U locally constantИ АЗ ЙАconnected components

This is an example of a more general
canonical procedure shatitication

see Exercises

Now let's focus on the example
of continuous b valued functions

Const pullback of functions

ф X У continuous map of top spaces w

gives a map from Ry to Rx

Ф Ryde Rx g U dalgebra hem

f ff f ф
фи 74

v16



det Asubsheafkcrisasubfunctorofrthat.is
a sheaf itself

def A Charing space is a pair Х R
7 is a top Space
RERxi.sk algebra subsheaf of the sheaf of

continuous k delved functions on Х

leg polynomial c analytic

A morphism of ringed spaces
4,2 I 9,8 is a

continuous map ф X y sit

If ER g U V7 ESCH

Лет More generally any top space
with a sheaf of rings is also
a ringed space and the definition
of morphisms is more abstract
but in practice we'll be

using these specific kinds of sheaves
so we stick to the more concrete def

Sheaf willusually mean a dalgebra subsheaf of Rx



Ex smooth manifold ringed space K R

that is locally Isom
to R CT

complex manifold ringed space K R

that is locally Isom
to 6 Acn

Salette
functions



Regular functions following
Milne

det.kalg.se И EX open f U k
Toe say that f is regular at peu

if one can write in an open V р
f t in V g HELIX

In particular hip 0

2 A function f Uah is regular
if it's regular Hp Eu

Ex ф
X У polynomial map of alg.ses

fregularonUey sff is regular on fleek
def X cm closed subset
the structure sheaf Ox of X is definedby

Ox U filth If regular on 43
It's al algebra sheaf for the same reason

as Rx regularity is a local condition



Prop Every regular function is continuous
Ox E Rx is a dalgebra subsheaf

Proof V regular t is locally fight
so it's enough to check forge ho
Both g h are continuous polynomial maps

Want
e

a is closed in Dlt track

И

to DM CALL

Affine varieties

def An affine variety overkisakrngedspa.ee
х 0 which is isomorphic to 0,0
where WEA Is a closed subset
and Ww is the structure sheaf of Х

Isomorphism offringed spaces IX R and 9
is a homeomorphism ф X У st
FES U e 87 ER 00 j
Rem Some sources use variety
for irreducible variety those are simpler



Prop X affine variety 2 EX closed subset
Then Z is also an affine variety

Proof 4,0 w Ow for Wlan Ag setOw structuresheaf

It 912 210 Get for 4 satalg.se

Prop X an affine variety FELIX
Then DCA Oy

is an affine variety

Proof Assume X 2 a EA
Let W 2 a sent 2 EM

We have prow х forget an

лёд
Projection is a polynomial map

we get a map of kriegel spaces
price D f

Ida
want get an inverse jot



Define 2 D f w

Can a rstenixn.FI
2 is clearly an inverse of pr
To show a is continuous homed

2 g ЕЮ я

2 261 a Хи EDA 964 FI I9

о Iitдва Хи о

Hence 2 2191 2 g nD f EDA closed

Remains to check 2 is a map of
b ringed spaces i e

ФЕЙ a 24 e G 2И

Being regular is local
can assume Ф f clear

х thedenominators

Iii's



lemma X Noetherian space e g affinevariety dope
Then И is compact
Proof И It infinite open cover U open in X

If there's no finite sub cover you can pick
4,41 s.t.Unfun i.fi then 69 з

opencha

det An algebraic variety g It
a ringed space which is

locally isom to an affine variety
and quasicompact Compactbut wet Hausdorff ie

finitexsuis.tt 4,01
are

in

isomorphic to algebraic set structure sheaf

we call isetiitto.tn sheet of х
regular functions on Х

morphisms of varieties regularmaps
Rem Some sources require that a

variety has an extra property
it's separated which is an analogue
of Hausdorff condition for manifolds

7 is not considered a variety
line with two origins
All the varieties we consider will be separated



Prop 0,0 alg variety И EX open
Then и 9 is an algebraic variety

Proof Let X IV s.t.li Ох are

affine varieties Suffices to show

unvi.hu is an alg variety ti
Hence we can assume X affine usualtrick
Then by the Lemma И is quasdmpa.ch
and Dlg form a basis 74 IID дSELIN
Then we win because we've already
proved that Dlg Ong is an affine variety 0

Than Х I aly rarity EX closed subset
Then 79 E Rz k algebrasubsheafs.t.CZ9 is an algebraic variety and
the inclusion zest is a morphism of varieties
choice of a structure not a property

Proof idea HUEZ open define

02 14
continuous functions U k
that are locally the restriction ERMof a regular function on X

Then Ots Rt is a b algebra subshed
and 2,02 G X Ox is a map ofb ringedspaces
To check 7,0 is a variety see exercises



Regular functions
on open sets

Recall fromCA R ring GOER
Localization Rt is the universal R algebra
where f is invertible

4 Em GEEK where

Im of it af bf enough 61

Than X affine war Lehto Then
LEXI и Ox Bchl is a k algebra isom

localizations Pitt
In particular h 1 gives

LEXI хах

so regular functions are the same as

polynomial functions out
Ram I For a general И EX open
there is no explicit description of 0614
2 Nonetheless the Theorem describes Ox Uniquely
as a sheaf of b valued functions



Proof well defined and injective follows from

Claim fsoinblhliffgh oink.cn

surjective fix some fellow
By definition Э open cover DCL IV
s.t.fh.IE Si LEKKI
Steps can assume U D hi
We can always assume Vi D ai aided
Since Dla Cotuit we have

a hi.gl for some MEN д ELIO

Hence on Mail f E gig sit
So after replacing go with gig
and hi with a we can assume VEDA

step 2 construct the candidate in Wish
We have Dll Tochi and thugsSince DCL is quiscompact.com assume 8.7
On blindly we have I ду
hihjlgihj hi.gg 0 in hey
hihjgi.sk hjg 6



Since DCL VD IDLE
Trick

we have Zhu 2 hi I i e

Эв ELIN NEW U E bih d

Candidate function Elite kWh
Step 3 check that on Dlt we have

f Edin
Pick pe DCL then Ij p e D hi We have

4 Fbigihigfbighihiggj.hj.hn
index

But fly 91 fhjsg.oubl.it
Hence on DG we get

F Ebi gi.hi f.HU
Se on DG colt we indeed get

f 56211 та



Nowexample U A 0,0 opensubset of A
but it's not Deh because dim1903 0 ditch

Claim Udhr induces an isomorphism
LE.se ОКТ 794

Rem This means that for good varieties
called normal we can extend
a regular function to a dime subset
such as a point in A
This is similar to Hartog phenomenon
for holomorphic functions
e g an isolated singularity is removable
for an analytic function of и 1 variables
but it's not removable for 41

e g fla El is holomorphic in 0 103
but cannot be continued holomorphic toe
Proof SECRET exercise

Hint f regular on И
f regular on bloc and Bly simultaneously



Stalks

def let х 01 be a b ringed space
A germ of a function at pex is
an equivalence class of pairs U f
where Ulp is an open ubud and 76914
two pairs Ц f and U f are equivalent
if I open nbhdptltunul.tl sty
The stalk of Ox at p is

A p germs of functions at p
solicit direct limit of Oxen over Иэр

Prop properties of stalls
1 Any stalk O p is a k algebra

и f U 1 Unh t.tt
2 И EX open реĸ
Он Ох х inclusion and restriction

are inverse is ours

3 Х affine PEX
ЧЁТOx.pt KYW ideal mp

where mp lgehexslglpld.lk p is called the
local ring at p By 2 this makes sense UvarietyX



Proof of 3 Ox.pt U7p tEQ U to Isis
DШэp FEI DG 2 Form

L DChip fetish 1 If
fetish s.t.hqmpJLILEY.mgpropertyof localization

For X affine pex we get from

prime ideals prime ideals
of Ox p of Lex contained inпр

This means there is a bijection

prime ideals
of Ox

4
irreducible closed
subsets of X

passing through p

p U R fled Zap imed closedsubset

equivalence classes fr
minimal prime ideals irreducible components

Sa Ox p is an integral domain iff plies
in a single irreducible component



Construction 414,7 9,9 map of hinged
For any И EY open we have

у Оу и ох 4 из
In particular Up ex it induces

Я р
Ох р

14 f 74 4 и for
Х У varieties it is a homomorphism
of local rings

By construction 4 is a local homomorphism

4 нар отр

Slogan life is easy if you are irreducible

Recall X irreducible Asset I X prime
LEXI is an integral domain

dei х irreducible a.ly set

The function field of X is

LIX Franc 663 localization
cont key



An element telex is called
a rational function on Х

Every rational function defines a function

on some dense open subset of X
f En defines a function on DCL

Claim for irreducible X all the rings
attached box that we discussed
are subrange of KIX For example

1 FELIX hip 03

Ox DILI Eu ELLA ISELIN new

Ох U ftp
Morphisms into
affine varieties

Lerma being a morphism is a local property
Let X y alg varieties ф X У continuous

Assume there are open covers X V4
and y V4 s.t.HU Eli
and ф 4,74 is a morphism Vi

4
Then ф is a morphism



р

Reap the benefits of last time work

Let X be an algebraic variety and
fi fm regular functions on Х

This gives a continuous map

4 X Am sets f a Eula

Claim у is a map of b ringedspaces
to show Uff Omm U фfEЙ ФИ
By the Lemma we can assume

U D g and so f fr.ro Theoremfrom
last time

Then tf total
which is regular on qibla since

96,6 tub 70

Moreover all morphisms ф X At
arise this way
define fi prop and get
m regular functions Xtrawhich give back ф via the constructionabove

This reasoning implies the following



prop X alg variety there's a bijection

morphisms b algebra hours

ф X Am filly ул 0
У на f

Moreover we can generalize this observation

Prop X variety У affine variety 7

morphisms

ф X y
as

d algebra home

Ф 919 охх

Proof assume YEA closed subset
then ф X У is given by

х Да
н e they ум

ту ĸ
hey IM zls
I

Ох Еду
b algebra how



As a corollary we get
Than Main theorem of affine varieties

There is a contravariant equivalence
between the category of
affine b varieties and the category of
reduced fin gen K algebras

After I Red FinGenAlyn
X LEX

ф X У ф KEY LEXI

This means that the additional condition
on ф is automatic for morphisms
of affine varieties
and that all the topology of
affine varieties is encoded in their
algebra of regular functions

Cor X У affine then

xfyiffh XJ k 9

tn particular LEXI does not depend
on the choice of embedding X EA



Ex 1 A 0

It
haze

is NOT an affine variety
because A 0 chat is not surjective
hence not an isomorphism of varieties
however it is an isomorphism
on coordinate rings

2 twisted cubic
ф A C Z у 2,2 2 c A

E t.EE
is an isomorphism because

Чу gz.ae
KEN

sent
g А
e E3

is an isom of b algebras

3 cusp

treat

ipt
ф A A

Ф A C is a bijection A C play

but not an isomorphism



Indeed on global sections we have

LEESE her 4
уг 2

х

E у
So ф is injective but not surjective



Products of varieties

Recall X У tobe for a category Ч
then their product it exists
is an object xx's with given pry and pry
such that V2 e 05Ч ф 2 X фу 2 9
Э 4 E xx that makes the

diagram commute

fit

universal papers
of a productХХУДУ

It xd exists it's unique up to isom
Then 1 The category of affine
varieties Aff has products and

КЕНУ Код НУ
The category of varieties Vara

also has products obtained by
gluing products of affine varieties

не ship the proof of 2



Proof for affixes
assume X EA IG t.fr

YEA I 91 9
Let I fy.fr gy.gs Ekexn.in У ум
Facts DIET Ily radical I radical
uses kik 2 if EG I 9 are prime that is prime
Define W 2 E E Atm

kEwJEhExn.pa.yuyiy
kIXJEk59J.wGy

Projections
ALI

A
d

It Ей
Universal property Z affine

ф 2 х and ф Z У polynomialmaps
define ф Z Ahem zrfqxla.at
By construction plz w and
the diagram commutes

prxopsqxandpry.ge фу
Rem As a set XD is the Cartesian product
but it has a different topology
Ex A A х х ATwhere х is product inAff


