
 

Chapter 4
Projective varieties

Projective space

det The ndimensional projective space is

A A 01 Рсо хуево idea
ДЕК

A has quotient topology
EP is closed iff й U is closed
for П Anti 0 И the projection

We denote Coco ion Пво ха
these are homogeneous coordinates on A
not unique beware that 0 o is forbidden

E д 4 3 216 01 0 5 in Ф

Intuition

Points of A correspond to lines through theorigin
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По pt M lines through o in at A optTas sets
More generally В has an open cover

by wet open sets foci 03 ix 1 which
are isomorphic to A and one can

choose any of them to decompose
ph I ht и put
assets I hyperplane at

depends on the choice of cords

In that sense one can think of A
as compactification of A
you glue in the holes at a

Projective algebraic sets

del A graded ring is Rs 91 set

SERI gerj sf.ge Rig
For ten we can write f t.tt

howfenlouscomponentEX.RKEX.se a with
Rd sums of degree d monomial

i e fs.t.fi txo txn t floca.ssen
homogeneous polynomials of degree d



det An ideal Isr is homogeneous if
it is generated by homogeneouselements

Сеĸта I I homogeneous
INT I 17 IT 5 are homogeneous

deftehlxa.fi a degd polynomial и

homogenization of fwrtx.is

ftp.ca.gocn sadНад ЧЕLolosenons ofdeg A

We can recover f from the

f th
х 72

Ex texts х with xb.tk
xpEdefI

lFn Fr oklxo eu homogeneous
Then the zero locus of I

2 I 16 X EP FIG 2 soft
is a closed subset of A
because TITLED 2 I n A O

We call tell projective algebraic sets



Lemme They satisfy similar properties
1 7 a b 7 a 07 8
2 2 a b 2 a n 2 в

3 2 a 2 Т

Conversely for any XEN define

IG fELEo.i.eu I homogeneous
f GOO EX

get An algebraic set WSA is a cone

О EW and xtw f.se Ew idek

For a cone W its projectivization.is
PCW й W O Elp

For a closed subset XEN its cone is

Х от Х 0103 A

Cones are exactly zero loci of homes ideals

Prop There is a bijection

lanes in A e projective algebraicset

CIXI Z a X 7 a

Proof ackles a homogeneous
Plical stela and offal Z a

and any tone is of this form



det For a graded ring f Id its

irrelevant ideal is.gg
For example 2 loco xD Ф

Then Projective Mullstellens.at

1VprojectivealgsetxcA we have

E ICED х

2 V homogeneous ideal 70659,27
with Б ха sea we have

ICTP 55

This gives an inclusion reversing bijection

projective homogeneous radical

algsets in p
M ideals in kexa.tn

Хо 2
Х NICK
217 I



Proof of 2

I 7 17 homog.IEКто Хи G О KEIO
11 the О Охе 26 O

L Н 1764 O Ux Etf
to locus is closed 265 homes polynomialsvanish at О

I U 164 O Ux EZO I I ZO
26 is a cone

so its ideal is necessarily homogeneous

ICHI 255
usuaetwullstellensa.tt



Projective varieties

def The distinguished open sets definedby xi are

Dt Lxi Хо Ж Х 703 С 113

Сосо 1.1 х

Consider Ai tix 1 с 0
then AIA and the map

Ma Ai Dylan is a bijection
with inverse 2 G ix 57 1 5 Ai

Will show Details is an affine
cover that makes A into a variety

Ex conics in Т

in Pelz hyperbola
projective conic

ху й

in pipe parabola

So in fact all comics are up
to the

choice of cords the same when
considered as a conic in WI Lst



Construction g hehe Xo 2 d homogeneous
of deg d

Eliteftp.nsos
gives a rational function on IP

det X Elp projectivealg set Its structure sheaf is
f is continuous and

они tuk also

IggyIii msn.us

Ox is a sheaf of b algebras

Now A ID i is an affine open cover

Prop Тр A Detail is an Isom of hingedspaces

Proof continuous and bijective ok kik
home want tff nai c Dix closed tekec.li
We have TCZCftnail flci.i.sn lxis1andflsca

sxn 0
Хо aocielandwntocisfhbca.nu ol Zffh nD lxi



hams of ĸ ringed spaces similar to the

proof that Dth are affine varieties

Cor X Elp prog aly set Х 9 is
a variety with affine cover

Х То х not a

We call them projective varieties

An open subvariety of a projective variety
is called a quasiprojective variety

det Xslt prog variety Its homogeneous
coordinate ring is

SIX KICK
where CHIEN is the cone over Х

The ring six is graded since X 2 a for
a homogeneous and 2 a Z a

Ex IS R Ktxa хы

2 С projectile twisted cubic

C Im ф P В Е g тв хвх X Ж

S С Кхо 4,22 хз
х х ход эй хрез й

to make the ideal radical и xoxs x.sn



Regular functions on

projective varieties

Recall YEA affine O X then and
KIX recovers all the info about х

In contrast we will prove
Than X Elp connected projective variety Then

Ох Х К

Rem Liouville's then in complex analysis says
f EP c holomorphic Alice bounded him

I is constant

Prop Op Ф eh

Proof Anti 0

труgift
tf is regular on

Mutt 0

It is a polynomial in х Pen

But wtf is constant on lines through
the origin it must be constant

Exercise X irreducible alg set
ĸ 4 trackers 2114,7 where UEXdenseopef.CO

U



Proof of thin We can assume kelp irreducible
and X xi 03 V0 otherwise rush 1

Let f X k be a global regular function
ах о

Ettt.reh
LetDii _CLxlnDCoeil.eachDiisaffine opennon empty dense inwith LTD 2514 localization М

We have FI It
for gifted

Since F is constant on lines through 0
д must be homogeneous of des ri
sogiESCXl andxii.F д

graded piece in Di о sin СЮ 0

Choose r Eri
Then U monomial x1 at of deg r

has some di х set 570
Hence хд scln.FES.CA so

F S Х S Х leaves the subspace sett invariant

Cayley Hamilton then F satisfies
рт Gm F в 10 в Eh

FEkCclxDisalg braicoverkesFEh.akst



Cor f X У morphism f is constant on
connected compsprojectile affine

Proof Morphisms X У with У affine
correspond to d algebra hours
04 0 Х h so all maps are constant

for X connected

Cor X projective k affine connected variety X p
Proof X affine Ii X GA

х projective i is constant

A topological detour

We had A Alot where a t.se SEE

PY and P are isomorphic as sets but
have different topologies
both topologies are defined so that regular
e valued functions would be continuous
but a can have Zariski topology 1

or Euclidean topology EP



More generally there's a functor
Re Varg Top called Betti realization
induced by Та же

2 top Euclidean top

Later we will study smooth us singular varieties
22

and the functor restricts to

Re Swore Suman

Morphisms of
projective varieties

Suppose ф X У is a continuous mop of
projective varieties that fits into

СШ о Дсв о

L 2й
х
7 У

Lemma is a morphism so is ф
Proof

Elite mnIsAi foci 13 ofmorphisms
Ф



Ex prototype example
о to fm homogeneous of deg d
E fm a X 0

Х фи
х folic i.fm a

projection

We want a map R R 4
и m

induced from A рашн

G 2 я Хо Хи

Sucha mapp is a morphism outside
рр m t c givenby 169 хы 0

Later it is a rational map Т В

Special case p фи put

projection from the point 0 O 1 Elp

det A map ф у х is a closed embedding
it ф 4 Ex is closed and

ф У ф 9 EX is an isomorphism
canonical variety structure

Being a closed embedding is a local property
on the image enough to take ф 9 54



Ex У Segre embedding

бы и
Н хр 9 114 1164 1

2 12 yot.gr Kayo Хоу Kubu
lexicographic order

Fact it's a closed embedding
т н 1 Б М хр 943

turnstiles и artDECOKELP YEN projective varieties
x D is projective

Proof xx9Elpmx nis.a closed sutwarictу
Хх У 6 рт хриарантен

is a closed embedding

2 Veronese embedding

fix do N 1 1

ф IP HIP e monomialofdegdlo.i.euscion sein in lexicographic
order

ix Ind
n 1 P lpd

Coco a told а X rational normal
curve



Grassmann ans
Chapter 1 in Otten Ellingson olderversion

Arkin parametrized n dimensional linear
subspaces cook
r 1 я Car 1,41 Ф

Goal construct Gdr n as a projectivevariety
and describe its affine charts open cover

Main idea an n dimensional subspace Wak

is determined by a basis was Wr EW

which can be written as an on matrix
but this choice is not unique
There's an action left multiplication
Glock Month Men Ш

A M A М

and n dimensional subspaces correspond
to orbits i e we want to take

a quotient by the action of Glock

Similarly to
p A I quotientof A Obythe

scaling action of his GL k

We'll assume rst just to simplify notations



Construction Consider Me A

I 3 words Гг a 9ч 92

Let Uc Mr be the matrices of full rank
ie at least one of the 2х2 minors is non zero

U M 2 ldetmi.lt Eigen 3
tax matrix 9 Ygopen subset ofMan

Consider ф U p I 1

м и det Mi
We observe Ф is constant on Glade orbits
i e if M A M for AEG Lch then

detmi deta.detmij.se ф м фа
2х

М is determined by day upto all action

because by applying elementary row operations
we can make М of the form

д 17 97 and the entries to are

determined by pen because they are detail

This reasoning proves the following



Prop There's a natural bijection of sets

2 dimensional
subspacesw c K

и U GLI
w Мю

Moreover ф induces a continuous injective map

9 416414 фĸ 1

quotient topology Мам IMAM
for A EGLIN

dei The Grassmann an variety is

Gran Im фарĸ 1

Than 1 G 2 a Clp is an irreducible
projective variety defied by equations
6 uij ukejuikiujetujh uie 01sicjckcle.hn

Pletcher relations
2 Gr 2 in has an open cover by

I copies of An 4

3 ф 41644 5612,4 is a homeomorphism

Rem Zum A get more complicated the rest is
the same



Proof D irreducible because Uca open is irreducible
closed subset of pli I

bet I be the ideal demoted by
want to show Im g

2 I

E follows from

till
take any nettle say in the chart4,32
Then it jsa gives

Une Minute uke
which expresses any Une in terms of UngandUpi
Hence паф M for

me GETS It

2 Let Kjell be the closed subset

given by 1 IE Is 15 Then the map

фу His Delhi n Gr 2,14 Dig
Is
An и

is surjective by row operations argument
and it's an embedding in Delhi



because the induced map

embg.PL Ath UTTAR IIDxlu.gs

has a left inverse the projection to correspondingminor

Hence фр ну Dj is an Isom

We get that

Gr 2 n Oj б 24

И E
and these are affine open charts
of Gr 2,4

2 We have

Ф Mauch Gr 2 n

is a continuous bijection
To show that it's a homo enough to
restrict ф to big Uig
and we have proved before that it's an Isom

Ex Gr 2,4 EIF is a quadric hypersurface
cut out by Uru unsure 442370

4 693,7 413 3797
6 charts
isomorphic
to АД


