
 

Chapter 5
Dimension revisited

Motivation

Previously in the series

Х top space и its dimension is

dim X supfrlx.se Gtr irreducible closedsubsets of Х

Х affine variety dim X dim Их
Thrall dimension

Problem how to compute dimension of varieties

Prop х top space X 04 open over
Iet

Then dim X sup dim ИIET

Proof dimxzdim.tl provedbefore true их

dimxssupdim.tl
pick a chain Ites Gta irreducible subsets
Choose U U sit 71 40
Claim all c c Zanu chainof irreduciblesink
Indeed tjnwc.tl is a non empty open
it's irreducible and dense Hence It 7 EX
so tin И tie all closureinХ



Another approach
consider each irreducible component separately

and dim is the maximum of dim's of component
for each component use the following

Fact X irreducible variety их open ф
Then dim и dim Х

Rem E general fact for top spaces
specific for algebraic varieties

Ex 1 P Atl is irreducible
A CP open dim Ю и

2 612,4 is inedible
has an open cover by Diem и

dim 612 n 2.6 2

More generally dim G d n d a d

The fact follows from the following
important result prove later

Then X irreducible variety then

dimx trdimnk.ly transcendence
degree



Dominant and
finite morphisms

det A morphism of varieties q X У is

dominant it ф х EY is dense

Ex 1 A A is dominant
dart

2 A a A is not dominant
hypersurface

Prop ф
X У morphism of affine varieties Then

ф dominant c fihE9IkExJisinjective.ProofiletfekEy3 fto

ф dominant фп 81470
f фф on D f 9 47 40

suppose F 794
У affine 77 2 I for a non zero ideal ICLУ
Pick FEI f to We have
f vanishes along t Ф1 0 on Х

def A morphism of affine varieties x Fy is
finite if klxsisafin.ge hey module vial
Exercise finite all fibers are finite

с



det Let ф ну a morphism of varieties
ф is affine if V affine WEY ф U Ex is affine

ф is finite if it's affine and

tyeyfaffinevays.t.jo U U is finite

Ex 1 X 2 Ж 5 car

ф X At protection to x axis
ft

ф LEAD LEX
Их G КЧР

д хз cuspidb.ie

ask.IE TEs.s kexs.y
ф is finite Inter module

corresponds to mostfibers being I points

2 ф A 09 A

Ф htt gktt.to
open embedding

is not finite although it has finite fibers

N closed embeddings are finite
whereas open embeddings are hot

Lemma ф X У affine varieties хех yay
Then else y iff my Smx in KEN

Functions vanishingatxProof ф ц хех ĸ 93
fxexlf.GG 0 Ufcmy 2 thy



Prop ф X У finite morphism of varieties
Then D Ф is closed sendsclosedsubsetsto closedones

2 if ф is also dominant then fissured
Proof 1 2 but we want to prove 1 using2

We can assume X У affine

ф dominant hey CELLO provedabove

If э yeys.t.gg Х then

my ну LEXI LEX
injecting Lemme

LEXI is a finger hey module by Nakayamalmao

Э а e my G a LEXI 50
But this would imply
0 f a 1 111 a a 1 by infectivity

of ф1 Emg contradiction

assume ZED closed
at irreducible w spicy closed ined
and plz Zaw is dominant
and finite LEXI generated by a sad
over KEY belts generated by 5 Td overhead
Hence by is surjective ф a disclosed
Z Z U utrirred.es Z qlt v ufltr is closed



We can refine it
Prop Going up appeared in CommAlg

ф X у finite dominant morphism
Z EY closed irreducible subset
Э Wax closed irreducible at 1 Z

Proof By previous Prop ф surjective

ф Ex closed non empty
ф a swn.ua our irreducible comps
фш 0 Wpwr Z
э pwi 2 because tired

Сента

ф X у finite dominant morphism
2 CX proper closed subset f Cy is proper

Proof We can assume X 9 affine irreducible
Suppose plz У let feta

ф finite text в a finger key modules
7 relation

f plant f a 0

with a sanek93s.tn is minimal
Since flat 0 Ux et

ф a a 0 so a vanishesalong 067 У
hence a so because ф injective
This contradicts n minimal f 0 and 7 х



Using these tools we can deduce

Than ф X у finite morphism
dink s dim У

If ф is also dominant then
dime dim У

Proof Replacing У by Б we reduce
to proving the second statement

Take Nof fur chain of dosed

irvedinx.Thenqlw.scfloor is a chain in У
imed oh closed because ф finite

Last lemma inclusions are strict
dim XE dim У

Conversely a chain Zog Gtr in У

by Going up gives a chain
Wo G for in X sit фш ti

I build it fromtop Cortona
Hence dim X dime



Йl х irreducible variety units function field is

их и f Efx open веди
equalinafmallernbhdwecall.ttOlle rational functions on Х

Rem 1 И EX dense open KIK KIX
2 We don't define 6 as free 916

because for projective varieties we'd get just k

Ex LCPYtkCAY kban.sn
because Ahem is a dense open



Noether normalization
Recall Noether normalization lemma

Than A finger k algebra s

A is a finite extension of hanged
Moreover for infinitely A hits a д
х can be chosen as linear conditions off
Ех А Сеху ру у Отой

hot finite over has

set х uti

у a i M A G T Thats
finite over head

because v2 ur 1 is monic in И

time
Cor Geometric interpretation ĸ infinite
EAT affine Э projection A Ad
which induces linear map

a finite dominant morphism X d
puretranscendental algebraic

Morally it's similar to Lik decomposing as LIFE L



We how can deduce the following importantresult

Tha X irreducible variety

dimx trdegh.lk
Proof 1 X affine

Take ф X Ad finite dominant
dim X dimAd d as we proved before

Moreover KIX IKE хд is finite trdegnkcxt.de

2 X general X SIT open affine cover

As we saw dim X sup dimUi and

dim Ui trdegnhluil trdeg.tk

Cor X irreducible variety И Ex dense open
dim И dimХ

Proof follows from Them because
LCU Kk



Codimension

Х top space У EX closed irreduciblethe codimension of У in X is

coding sup ful У X 545 GREY
Xi closed erred

Rem For any subset У one can take
min coding
45 irred.com

but this motion

behaves well only for irreduciblesets

Prog 1 dimbtcodimysd.int
х affine sscodi.my ht Ily dimly

height ofpetty
3 Х irreducible variety

dimy codimxY

dimx.noЕх
з р X pull

dim p O coding 0 dime 1



Proof 3 we can assume X affine
Then key is a f g b algebra and
an integral domain key is a

catenary ring ice all maximal chains
of prime ideals pc.a.cat have the same lengthfor

fixed P.r

Prop X У alg varieties
dimxxy

dimxtdimy.proof sketch reduce to affine exercise
Х У affine dime w dim У she s

finite dominant maps Noether's normalization

ф X A µ У Am

фу Хху A ха which is dominant

Why фф is finite it is the composition

Хх УДНЫ ху Джихан
and grid also idea is finite because
LEXI finite LEA module
LEXJ kEYIfinitekElanJxhtyJmodule.k
Hence dim xx 9 dim A xA ntm



Then Krull's principal ideal bum
A noetherian ring f 0 f EA

minimal prime ideal pot htp 12
Iff not antero divisors ht pet
Car X variety too Eddy It Elated
then coding 1 tired component toftit
an extra equation drops dimension atmostby 1

Ex Руĸ It has adin о

colima in 26 g

B Not every codimtsubnarie.by is
cut out by one equation

let X ZCxy ztlc.la irreducible dim X 3

Consider the plane 76,7 ex
it has dime dint in X
but it is not cut out by one equation



Than X aly variety f LEICA
Then every component E of 2 f fr
has codi.ms ĸ

Proof Х irreducible Want dim 27 her n dime

Induction on r r 1 previous case

2 let bed be a component off E
that contains t

By induction dimws.at 1

Z is a component
of Wnt f

К 3
fr IO on W fr go on W S

Z w and

dimzyh rtns.nu
dimtsdimw lbykrull'sthm
dim 736 rel I n n

X Ox irreducible comps
Fix Z us choose

is.t.ZEXiandcodimfcodimflie.codim in X is maximal

Then t is an inn comp of zlty.fr nXi

scodimfcodimfEr



Systems of parameters

Morally local coordinates

del A local Noetherian ring ofdim и MCA
A seguenceffn.in f in m is a

system of parameters if fn.tn is m primary

i e Thing т

In other words A
g g

is Artinian ring

Geometric interpretation

deff x affine var of dim и хех

12 G eOx A is a system of parameter
at a it all fits vanish at х and
х is isolated i e an irreduciblecomp in 2 finish

By wllstellensa.tt it's the same def

Ex Asking 9 y y
choose the point190,0

a g form a system of parameters at 0
because Тут say a

bat does not 4
because A

g
Ку Ёна

so B set easy is strict parabolaforfixedу



Prop they exist
Х affine irreducible of dim h хех
Then Ifa helix s.t.se is an isolatedpoint
in Alfa G EX

Proof skip
uses Krull's thin and prime avoidance
ветта comm alg



Applications

Fibers of morphisms

Prop ф X У dominant morphism уефаof irreducible varieties

Then V component 7 of pity
dimzzdimxdimy.tnbe strict

Proof Can assume X У affine A dint
Choose f f system of parameters at у
By replacing У with an affine open
we can assume tht G y

Hence g y 7 14 ФК
By generalized Krull's than

every component of fly has
co dimer

Hence dim X dime eroding

A stronger statement is true but harder toprove
Them Under the same assumptions
I non empty open us sit V you
know empty comp Eof pls dimt dimx d.my



Intersections

prop Affine case

Х У EA affine irreducible varieties
Then И non empty component

ZEXnycodintfcodimxtcodimy.hu
A A

Proof Consider the diagonal
Gotta xp D xxx reduction to

the diagonalFor X У Eh
хау хху a Джи СА ха

Х у3
Hurrah Ann CA хм is cut out by h equations

loci у 33 and has code'm h

Hence xxynbmcxxy.is cut out by
restrictions of these equations to Хху

By Krull's then V component 2 СХУ
Satisfies

dimthdimhxxy
ndimxtd.my

и

coding coding coding



Ex X ssi is important otherwise
Q 2 xw ya CA 3 dimensional

Zn key and t.es t.ws intersect at pro
We have coding 3

coding coding 1

and 341 1

Prop projective case

4,9 EM irreducible projective varieties
such that codimxtcodimb.sn

Then 1 xn у
ты

2 И comp
ZEXnycodimnscodimn.tt coding

Proof Consider affine cones 66 COEN
We have dim CCXI dimXHUXE.ph
hence codim ax codingДым

We know that о Есн nay
For any component ЕС с nay



by previous Prop we have by

codimzscodimclxtcodimccysnssm.pt
Anti Anti hut

so dim 271
9 nay о is non empty

хау 79
Moreover Clinch is the cone

over Хау
so the desired inequality of odin
follows from the previous Prop
applied to the cones

Ex Again Elp is important otherwise

take D х M with cords х X 409

Consider L Z a and Lotta
We have
codimhtcodimh.sn 11 dim Axp
рр хр В хр

but Lan L 0


