
 

Chapter 6
Smoothness and singularities

Tangent space
Intuitively

ЕДА
We want to define the tangent spaceTpx
as the space of vectors that have a

high order contact with X at p
However it's tricky because we don't want
Tpx to depend on the embedding
ХА A and we want it to be
defined for non affine varieties to

Hypersurface in A

Assume X 2 f CA p Can an EX
parameter

line passing through p lsllanttbi.e.anttbulte.LI

deft is tangent to k at p if the polynomial
get flatten antbtn has a

multiple root at t 0 i e gift 0
Intersectionmultiplicity of x and tap



Equivalently Eb It p 0

i e в в belongs to the tangent space

TX 114 4 Eh E vi ЕЕ p 03
vector subspace of h

Affine varieties
Х A affine variety IN f fr

def The tangent space of X atp is

Tpx un.su Eh E vi If р 0 НАХ
Г

enough for fy.fr
her I where

I It p
ру

Jacobian matrix

Tpx is a k vector space

dimtpx n

rks.deThe affine tangent space of X at p is

p Tpl uy.su A Eff p Viti B
translation by p



Lemma For X EA and polo 0

p Ipx 2 f If EIA
Minear part off

Ex X 2 f cat f у It 2x p 1,1
ретрх

If р 35 21 1

ДА

83 p чур г

Трх Guy

ehltlgsoj kzt.tl tek3

Intrinsic description ofTpx
want get rid of the data of _A

log
Assume X EAT p 10 0 I I х

Let M s on a chokes ж

For fellas an denote

A Ёд10 х linearization off atp
fin gives a linear function husk



We get a k linear map
d M K
I й

Observe
d is surjective since doe х

federal stall terms in f have deer
If Emr

we get the following
Lemma I induces an isan

Мы и

We had Tpxask.Dualize.CIСР
obtain Ми КУ ТЮ

0 surjective map

Сента her O M I

Proof feder a f 0 on Tpx
e fly get for some GET
Emma c f g e herd Meg tents



We get altogether

ТХ EM мейĸ миру
and the latter is mine for

me Ох p
the wax ideal in the local ringОхр

By taking deals we obtain

Prop А affine variety XE A there is a
natural isomorphism b vector

Space

Tpx thing Homa mplag.LI
intrinsic invariant of X

Tangent spaces in general

det х alg variety pex
The Zariski tangent space of X at p is

Tp X Homa myung
4 MC Ohpр



ф X У morphism of varietiesFunctionality

goygptxipfisaloalhd.fm
plmMPlmp

c is
dpp Трх ТРУ

The map Afp is called the differential offatp
Lemma If ф X У is a polynomial map
induced by A A sons f a Ambo

then dpp is the multiplication by

74 thistleJacobian matrix
A х

Ex cusp idol cubic

ф A C 2 F 2 A Я КEsty
We have ф Hogg g a

Let

х Е
у_а

Let's compute differentials



p O so ф p 0,0

Then Офф от p
is just the localization off at

х g resp t

It restricts to

щит Ууууу.IM E

which sends sent and guts
Hence dgp Tp A Tpc is the zero map

40 E A dig is an isom checkby
hand

Cusp is a singularity



Singularities
We want to define singularities in terms
of the intrinsic def of tangent space

Lemma A M Noetherian local ring K Ali
dimeMan dim A

Proof pick a basis we и of b vectorspaceht
by Nakayama's lemma we can lift it to
a set of generators us y.com she

By Krull's principal ideal theorem
ht wer and

dimashtm.deA m Noetherian local ring is regular
if dim late dim A

G X alg variety pex

dimtpxydimoxpde.vecall a point pex non singular
or regularif

dimtpxsdimoxgple.itthe local ring of X at p is regular



Otherwise we call p singular

Singh fp ex p singular is the

singular locus of X

pf.la р regular
q singular more tangent

directions

defy
we say that Xis non singular or regular

Sing Х 0

Rem forfuture Singularities may appear after passing
to a bigger base field in general
The reason is that say
K Fp а xp t chess is radical

but xp t a ttf c Eso is not radical
and that's how singularities can arise

see later in scheme theory
defy we call dimOx p the dimension of X atp since

dimox.p maxdimxi.li
spinedcomp

Х irreducible as dimpx di.mx Кр



p

dim 1IIIT dimer
Fact A m regular local ring Then
A is an integral domain
Cor pex regular Э irreducible comp Kick
passing through р

Jacobiancriterion X EA affine pex dimple d
Then X is non singular at p iff
the Jacobian matrix I has rank n d.at p

Iitith ЕЁ maximal fuk
Rem Same condition for implicit function them
in Analysis
Prop Sing Х is a closed subset of Х

Proof Enough for affine X X Singh is open
Then posing х means that the

Jacobian matrix I at p does not
have full rank which is a closed condition

Moreover krsolpexldimtpxs.tl
is a closed set determined by vanishing
of G DX n rel minors of I



Ex X 2 д L car

At a b 5 Elp of p зач 26

ptTpX 2 за х a 26 у 6 с Л

х is non singular at p Tpx has dim 1
а b 710,0

Computing up up
М G а у в I х 52 changeof

cords
Ир
ну

х а g в

ха х a у в у 65 уг х

I

х у

6525,1 9 4 65 ЩЁК
у

polio smwthx okyasdim.am w

2p7lo0 gGcg is a linear equation
so dim w

my 1

charts 2,3 ты П 5
charter mm 5 char k 3 mints



Alternative description ofTpx
del Let A be a k algebra Man A model
A U derivation of A into Misa b linear map

D A M satisfying
Leibniz rule Dlfgsfblgltgbltl.tnparticular week Dlc 0 because

D 1 D 1.1 011 141 011 2 DCT

The space of k derivations of A into м

DelA M is a b vectorspace

Our case X alg variety pex и

A Ох p M he is an A module via Oxp k
f flp

def The differential map is the map
dp Oxp

smplmjwftdpfif

flplhodmplemma.deish linear and satisfies Leibniz rule

Ex X A p 10 0 doc.li forma
basis at the cotangent space mint and

If ftp.dxitfeklx sn



Thin There is a canonical isom of b vectors
О

Detox у Tpx

Proof define О

we can decompose Ox as k vector space

Оĸр hemp
f rsdlp f flp

Pick a derivation D Ox p
k

zero on constantsC
D mp

shleibnitndebmplu.sk
Defy ftp.blgltgplbtft
Тт в

0 D ETpxshomalmplu.gr b

inverse map
Given any b linear V hip up

k

we define D vdp Of й мррр the
derivationby theEmma fnsf FInulf fi.ee



Rem Morally 0 sends a tangent vector и
to д the directional derivative

More concretely if we

replantwith CIM pen stalk of smoothfunctions

then Berlin M M

where f Анф 9 И
directional

derivattlalytiederieati.ve

along и



Tangent spaces
for projective varieties

First let X F СФ be a hypersurface
and p 1 co Wu e Decent
Then in Dela IA we have

pttpk f.lt a Em tf p a coils
where 117 tu F уж ж

We define the projective tangent space
as the closure of

pttpxinph.TKG xn ElP4EGf 1w an Giotto

Euler's formula F homogeneous ofdeg d

d F Egg It check for monomial

We have F 1 was Wu 0

Hence E 92.4 w 4 C wise Stallion.vn r

Трх 16 a isf p ĸ 0



def х Elp projective variety pex
The projectivetangentspace of x at pex is

трх furioner ifeng.EE
Projective Jacobian criterion follows fromaffine

PEXlet x t CEEIE.la ideal
I IT pick a representable of p

Then orks does not depend on the
representative of p

X is non singular at рiff rt I a dim Х

Ex Fermat hypersurface
Х Z F с Ф F хд xp

У рост poet poor
char k q p rko t everywhere

х is regular
char k

p Jacobian criterion falls because
F Got xp not radical Instead
D E Got a IMM also regular



Singular loans

Then X alg variety х Singh is dense in X

Enough to prove for every irreducible component
so we can assume k irreducible

and then we just need to show that
х Sing х 0 we know it's open

We first consider the case of a

hypersurface in an affine space

Prop FIA G A irreducible hypersurface
Then singly CY is a proper closed subset

Proof posing У ti t 0

Hence Sing 9 У EDGE e Ily f Hi
But f was prime and dyes deg f

Hence of 70 Hi

dark 0 f is constant У 0

dark p tis a polynomial in sepsis

f gpforgekcoeng.pesfhotinreduabtus.esk perfect



To prove the general then
we need the notion of

birationality.deTwo varieties X y are birational if
Э open dense VEX WEY St V1

Ex A G M

Сента X У birational varieties
If X admits a regular point
then so does У

Proof Let ф V5 w VEX.ws У dense open
Then 4 X sing Х EX non empty opens
Unr ж gun EW non empty open

Sing un ф sing plum 0

The Then then follows from the
following claim that we'll prove later

Prop Any irreduciblevariety of dim h is
birational to an irreducible hypersurface in A



Normal varieties
def An integral domain R is integrally closed
if Uae Franck sat Im EN b ER

am theft that to 0 a ER

def An alg variety x is normal if
И хех the local ring Охх
is an integral domain which is

integrally closed

In particular normal connected irreducible
Lemma X affine then X normal iff
KID is integrally closed
localizations of int closed are int closed
LEXI IKIN wand intersections are int closed

Fact Regular varieties are normal regularlocalring
Utd sint dosed

Morally normal varieties can have

singularities but they are not too bad
and later we will learn how to

approximate any variety by a

normal one via normalization
1 2Ex X EG 7 CA

has a singularity at 0 but it is normal



Prop X normal variety 2 ex closed

sabvarietycodimx.tt2 Then any f E Z

extends to a regular function on Х

Ex KENT OJ EKTA и 2

Proof We can assume x connected tired
and affine regularity is a local

conditionAlgebraic Hartog's lemma
A Noetherian integrally closed integraldomain

A A Ap с Fractal
ftp.t

Morally if youhavea fraction whose denominator
is in none of the ht I prime ideals
then the denominator is invertible

Now coding a inside k х we have

I Ox X E Chop И htp 1

because IfpqtcdimzrHencefeoxcx
HsfEALEXJpgkexs.htps.tlX 7 FDM Iti ЕР LEXI is int closed

40 0 7 4EOxlbltillhexq.sk pbytheLemma



Prop X normal variety 2 ex closed imed coding
Э affine open wax sit cont and

Ifn w f chewy for some fe.GG
Proof can assume X affine connected sinned

Then IA p for patch hip 1

Consider KIX
p

it's integrally closed as localization of
hixson for any map EZ

dim LIX p
72

Hence Kelly is a dur it's a PID

We conclude that the maximal ideal

p help f for ft ELA help
We have p S S
Vi si t.tt for ti Чр

We let w DCh.tn i tr then fakes
and 41 thing p KIWI f



Using this we can prove the following

Thin X normal variety
Sing х has codimension 7,2

Cor A singular curve cannot be normal

Rem Prop Them is a criterion of normality

Proof Assume Dosing х irreducible codimxw 1

by previous Prop we can shrink Х
so that X is affine irreducible and

I U f felix variety

we know wet regular point int
Nakayama MGOW.wisgen.by go.gg d dime

Since OWN 9 w f
we can lift gitogiedx.co and

7,15 Бл_ их свх и

Ox w is regular so of Singh

Hurrah


