
 

Chapter 7
Birational itу

N in this chapter all varieties are bydefault
assumed to be irreducible and separated

def A variety X is separated if Detox is closed

Lemma Xseparated 744,4 Z X loads 110 43 is closed

Rational maps fingered
det A rational map Х У of varieties
is a morphism y U У defined on И EX open

A birational map is ф X 9 5.7 74 4 х

s.t.gov id and pop id where these

maps are defined
In other words it's an Isom фи V

for И EX VEG open

We identify rational maps that agree
on some non empty open subset



If Lemma Given ф X 9 э GEX that is
the maximal subset of definition of ф
Proof 7 S VEX open ф extends to a

morphism on V3
Х Noetherian E has a maximal element

assume both ф V7 privity extend Ему
Want a a on Venue then
we can extend ф to U v0 by gluing
hence U Ur as they are both maximal

But we knew that ф ф on 40404
У separated bydef the locus sq фз is
closed in Venus as it must be whole You

Ex Cremona transformation quadratic transform

ф Ipl Ж Legit rslxyixz.ge

4 O o U 011 o 0101011

But on Belaya lay 2 a у I

hence фф id on Delage
not on 4 since q collapse g IfZeta to 0 01

Z о



Rem 1 ф X У us plug Ey doesn't have
to be open so a priori we can't compose
ф X У and 4 у Z because
it may be that ф 4 144 0
But this is not an issue when

ф is dominant i e ф 4 EY is dense
a I X All f фены

so rational maps to correspond to rational
functions hence the name
In particular ф X У rational dominant
induces ф K 9

klxsfrstoq.deThe category Rath consist of
irreducible k varieties and dominant
rational maps between them

Them There is an equivalence of categories

Ratp fielders ions
of К

X их

ф X 19 4.49 Их
Cor X Ey iff k Х key ask algebrasK extensions

I



Rem It's important that klxt h.ly as bextensions

CT and e are isom as fields butnot as e algebras

Ex Atgm xD because kindly Ну
both have Alas a dense open subset

Proof fflkfin.ge IX Felix
holds because F Franc R R reduced fin sen heals

given k algebra how 2 49 Их
want ф х sys.tn ф
Choose any affine opens Usb and V4
Let A Ox U EKA B Oy U ally

А priori 218 A so we want to
replace A with some A a D a

so that B Etta
Choose в в generators of В as a balgebra
they give 46 216 EKG
Write Nbi e 66 ai.GE A

it's possible because K Х Fractal

Hence 2 B Aa key and
we can choose U D a EX

Main theorem of affine varieties gives
a unique morphism ф D a V sit A a

other U U n same rationalmap Ф XP У rational map



Now we can prove the promised Prop

Prop Any variety of dim his
birational to a hypersurface in A

Proof n dim X tr dega
hence k Х keen a is a finiteseparable extent

By the Primitive element then

ЭyEh Х algebraic over ka a sit
Ых k у ж Хи

у is algebraic э minimal polynomial
ymtam ym.lt 190 0 9 EKG Хи

clear denominators
fly 04 a 0 f irreducible

2 f CA is a hypersurface sit
half h х as extensions of k

by Corollary х 219
bin

uses that every extension of a

perfect e g algebraically closed field
is separable see Lang Algebra VI G 4.4



det A normalization of a variety X
is a normal variety E with a

finite birational morphism defined on whole I
П П х that is universal

K dominant y У х where У is normal
factors through П

Then И variety X 7 normalization
Т П х unique up to isom I S

Proof for attires in general gluing lengthy

A hex B integral closure of A inFractal ИХ

Fact A B is a finite A module
In particular B is a f g b algebra
so B LEXI and т X х is finite

Since at b х X is an isom
tis birational

Universality
µ 9 х dominant k х ELLY
у normal key Chey integrally closed

Hence V2 Elk integral over LEXI LEWIS
so KEE ELIM giving the factorization у I



Birational automorphisms

Birational automorphisms glean important invariant

Х Birk fф X X birational
a group under composition

Rem I Birk Bir У х У

2 Auth E Bin х
И

µ X Ix subgroup

Bir IP is called n th Смешна group
Then we proved Birir Galkkn.sn

By Remark Paulk EB.ir

PhGIna he acts on A via
linear transformations

Ex 1 Bir IP I PGL L prove later
Birk is generated by Patch

and the Cremona transformation so

only linear quadratic transforms MaxNoether'stha

3 Birth is huge when 433
no simple description uncountable many generators



Prop Rational maps В can

always be extended to morphisms

for Bir A Auth Patch
prove later in the course

Proof p p M U maximal subset ofdef
Let vis g plug nblx.DE open
we get a morphism
фр U D loco A

which in turn corresponds to
LIE Я 4 chap
t и f where to f they у

homey of deg d
without common factors
and foto an V

Define M ml as g g tolyo.y.li lyo y
is a morphism because fat have tocommon factors

extends ф x.to ф f
Rem By the same argument ну
ф P A extends to meth



Ex O Z a ay Clp quadric surface

О Гĸ Р2 4 а 2192 µ
х b 20 Ю х у Z

ĸу Z ЧЕ х у Z

a M on Many 2 lines intersect
but on A we have disjoint lines

2 x y and 2 a n

a and Ж are not homeomorphic

Bir AE Bip

Anta Author

win Iancu
И

ZYPGlluxPGL.tk



Birational classification

Giant goal classify varieties up to isom

Big goal 11 upto birational.by
и

Rationality problem detect which varieties are

rational i e birational to EP

Hard problem even for 2 f clotting hypersurface

To work on this problem one constructs
birational invariants and tries to compute them

I such as Birk

Ex 1 most varieties we've seen were

rational since they had a parametrization
E д Girlz a зз фи

и

2 simplest example of a non national variety
is Fermat cubic

2 2 43 E CIF maybeprovelater

3 X 2 f C A degree 4 hypersurface
Is kaushik Manin Birk is finite

1970 Х not rational



Blow ups
N varieties are no longer assumed irreducible
Blow ups important examples of birationalmorphisms

e g between projective varieties
Blow up Zoom in i e replace a

subunit with its tangent directions

Idea to blow up a closed subcarrier
without changing its open complement
i e for tax closed
construct a surjective birational map

Т П х at
a х 7 X Z is an isom

For example one could choose Z Sing Х
in such a way that E
is less singular and in chew О
one can always obtain a regular variety
by a finite sequence of blow ups
this procedure is called
resolution of singularities of X

E E Tx hits a
very hardthanthat resolution

reeler T I singular exists in charo

blow up



Ex blowup along a point in Ir

Recall tn gEr there is a unique
line ecm connecting blow

lines in m that pass through
a fixed point p are parametrized by Т

Say p 001 then the plane at
is H say o 3 A plane that doesn'tcontain
and the bijection sends lap to late Eti

We can assume p 0 011 Elf

Let х F F way say Eiffel
Exercise I Ecg e get help lifting
Intuitively clear

lines through p

Prop Let
E p Tie

I x P projection

Тре E
E X p is an isom

so й is birational surjective
Proof clear by construction



consider the rational map
µ 82 A х X 22 G Ж

We define the inverse to Tf as
x p ĸор хна х 46

The image lies in I because in coordinates

Guise 3 is Loco c 2 xlog.sc satisfies
theequation

Moreover taek is in the image because

E хох 2 х yo у ED G xp

aol.xoy.tn assume

ход жуо Also or Dulag
Хо 0 7640 Т а он X p

Illustration

staircase a

taxi through

at the level Get

ft
А we have the

line laps
ПМЖ Exley

E is the projective cone of
tangent directions at p

E is parametrized by all directions
in which p can move



General blow up
ХЕ A affine variety 2 ex closed Их 7

ICE f f Chex
Define f U p

ха t.cat trod
Consider the graph

Г я вен сих рт сххры

def The blowup Bly of X along 7 is

П I с хит closure in X xD

projection there's a different
construction in the
languageofschemes
with a

The exceptional locus is universal property
E й Z

Ram If EU xp is closed because
prt is separated hence

T E 7 Х t is an isom

so й is birational



def Let yet closed subvariety st У 7

The strict transform of У is
J BIG F нет ей

The total transform of У is 4 119
не have

ц I extra
where e 9 NE satisfies He Gynt 99

7 e is nottoo big

Now let х уerfcuxprt.byconstruction Guy а 4 y b
where yrs.gr is proportional to false trial

That means the matrix

М 11 f Ж

ул уг

has rank 1 on Г because

film yj fjlod.li 0 it
These equations also hold out
so we get
Prop The blow up Eckert satisfies

I flag exxprtlrk.fi 474у Yr factually



notionfrom CA a when key is CohenMacaulay

fact If ICZlslfy.fs.t.CA fr is a

regular sequence dim Z r

that is fully determined by these equations
ie E in the Prop is s

Ex Blow up of A at the origin
we have OEM U M 0

and 7 U рил
хы х хы

The graph re A xD consists of
loan a х y Yu sit

М а Хи
91 y

has rank 1

Let w can xp be the salaried
defined by vanishing minors of М

We know that Blom Ew

Claim Blom W

Enough to show
W is irreducible and dim Со a

because so is the blow up
Blom I and FEA O Blom is imed

of dimension



To do so we will show that
W has open covering by И A
at ninety 9
Lemma W Thi open covering of atopspace
И irreducible Ui Hing to Vij
Then W is irreducible

Proof exercise

Let pr Murph фи and

pr fly
We have

A хД I фи 1

Ican assume y 1
Then wow is defined by equations

Xi tix I 2 4 весна

xiyi yigyj yisg.tt if

Hence Wnw A and same for
other charts vi

The sets ui fwnv.li form an

open covering of W by A s
and Uin.us OUi.i



Ex blow up of a capital cubic
c 2 уч х car

4 A K Вipad p 0,0

I a у но и их ноу ор смех В

The total transform of с is
Их Ноу О

С
уг 2 о

САХА

As we saw a c Eocene
because Сэр

strictFandom exceptional locus

Consider the chart И n 13

155330 fromupset 2 silat х 0
Р
E T

Hence Endo is the conic
2 lui х CAR regular variety

In the chart 4 и 1
ноу

де из уЗ уч г иву 0
Г Чё

Hence E и 2 1 nicht E is regular



Pictures

IG
E

CE дед
It I T

да Даж да
tyres c lysine styrene'tхз

с is singular C is singular Cis regular

this bijective Flo is 2 points Tf is isombut not isom at isom
outside0 no coincidence

B Blow up of a singularity can be singular
Ex C ELI E car

E Bloat 2 их ноу c Arx Rt

In the chart 414 13
у 412

у 5 404 ZACH 2 CA

I is the cuspideal cubic E te

ETE ТЁТЕ


