
 

Chapter 8
Curves

det A curve is an irreducible alg variety
of dimension 1

Points of a curve have local rings of dim 1

Prop from CA Aim Noetherian local domain
of dimension 1
Then are equivalent
1 A is regular i e dimaMurat K Alm
A is integrally closed

3 m is principal
4 A is a PED and all ideals are

powers of m

Such A is a discrete valuation ring
with a valuation

A O 27 a awniforunizerst.tfEAoisf 2 tt hell LEA
A discrete valuation satisfies
1 v9 f v6
2 ulfeglz.mn v18 v19

if uld v6



If pec is a regular point of a curve

then a uniform
zeratpistEOxgps.t.mgt also called

a local parameter

That means t has a asimple zero at p
or a vanishing of order 1

and f can be thought of
as the order of tadpole offtp.fsttulflwhereulfktandaed
Moral curves are easier to study because
regular local rings are duo's
and singularities can be resolved via
normalization any normal curve is regular

Of course curves are simple geometrically
but not arithmetical
Fermat's Last Thur is a statement aboutcurves

Cover

Classification of projective curves

Then X Y projective regular curves

Then X У X EY



Non Ex 1 P In A not projective

2 N'xp IP not curves

3 P artefact 52 not regular
Extension lemma X curve pex regular point
ф X p IP morphism

Then 7 ф x P that extends ф
Proof We can assume X affine because
it's enough to extend ф to an opennbhdofp.ltD Dela or We can assume

g D ex is a non empty open
Then ф U D A

is given by f G fits EOIN
Let х A

x gold g n gut
If p 0 we get an extension

uthdofp
W h.nl о

where gisdon't vanish I It
simultaneously I D and win

Want change to guarantee p 40



let t
EOx.pbeauniformizer.thenvgihiltl.tt where tilt top

does not vanish at р
Define vi think 4

M v v70 and Jj Mj so
We replace each Gi by defined in a

T gi.tt It Mi neighborhood of p

not all I vanish at p
and not extends ф to a nth d of p
because

If sgt where both are defied

Non Й fails for singularities

08 6 р
х g ĸу

ужж
d.es not extend to 0



Cor X curve pox regular pt У projective war
Then И rational тар ф X У ЕР
extends to a morphism near p

Proof Let Usp open hbhds.tn
ф U p У is a morphism

Then ф extends to
ф и A and ф a с because
У Epm is closed

фу EU is closed and contains U p fly и

Proof of Tm
4,9 protective regular curves

we have X У
0
и Il isom with inverse g

by Cor ф and y extend to morphisms

We get that qoy id.andyop idu
on nonempty open sets
by separateness on Х and У

so ф and у are inverse isms



Fundamental then for curves

К katy field extension with tr deg ĸ 2
э regular projective curve х

upto ish sit k Х K as b extensions

Cor There is a contravariant equivalenceofcats

regular curves overt t.sk extensionsoftrays
dominant rational maps th algebra hours

Earlier we proved analogous equivalence
for all irreducible varieties and
fin gen field extensions of h
and now we know that all
tr deg 1 extensions correspond to curves

FundamentalThen
Proof Uniqueness follows from the Thu
because two such curves X and X
would be birational since
ИХ hell as k extensions

Existence K a tr deg 1 Э seek
ĸ is finite separable over bloc



That means If eks.tk 67
and f is a root of an irreducible polynomial

у aunty a a 0

This equation defines a curve in A
with Kile ĸ

Then Tcm is a projective curve

We define X as the normalization
of I it's a regular curve

with K Х HE hee K

Fact X is a projective curve

follows from the general construction
of normalization which we shipped

Over a there are bijection

regular projective
complex curves

hangД
finger G extensionsof tr deg 1

compact connected
1 dim complex adsRiemann surfaces

Geometry algebra and analysis come together



Elliptic curves

Let k aly closed charter

Elliptic curve С уг ха жру.CA
I pet

T.hn Elliptic curves are hot rational
i e С Gilt
Reason they have different gene
GLR 0 us gE 1

i pictures over E

and genus is a birational invariant
Genus over e holes in the Riemann surface

over k more complicated definition

Proof can assume I t p 1 same proof
Let K here and
Let L k c key where g x e 1 x D
want L htt

Claims V valuation vi Ч Z v6 is even

Proof a о ok



v69 0 v6 1 mills v4 оно
Get 1 v11 0

уч v6 tube 1 v61
26 Гы

Их 0 v1 e D utero who
20 y

1 30 a v6 even

Claim 2 Let gehltl.tt v19 is even

t valuation v http then g is a square

Proof Kst so we can factor
gltlsnlt ai.li hi EZ died

We have ni orda g if they all
are even then

g g is a square
LIE Frackttlct a.rs

Claim 3 xel is not a square
Proof L is a 2 dim K vectorspace withbasis11,9
Assume х Саву а в EU
Then х ангаву 626 1 ха

Zab 0 др either a 0 or в o.uaoff at у
If b 0 then seat in Kalla but ardiles 1

If a O then 1 atl is a square ink but
it has oral 1 S


