
 

Chapters
Properties of morphisms

Morphisms are the main bed for studying
algebraic varieties you try to map
your variety into something simpler
with fibers that we can understand

Ф X У us properties of
fibers fly
image ф х

General principle a morphism isnt too bad
on a dense open set complications
happen on a proper closed subset

Fibers

Generic structure then

ф X У dominant map 4,9 affine irreducible
7 open affine subset they sit

ф фи И factors as Ту

фав на I и
finite projection
surjective INoether normalization in families

Rem и dim X dim У because Y

Y finite surjective



Proof Let K holy

Let A hey B text ф dominant
BIA and В is a f g A algebra
B is generated by be b as Aalgebra
вĸ Bik is a f g algebra

By Noether normalization lemma
Э alg.indep.cnwwEBus.tkKEWn wwJisafin.gen module
Hence 6,01 6,01 are integral over keg Со2
as elements of a finite module

Let h be the product of all denominators

in Wi's and crafts of monic equations
of by 1 s Gets belong to Kun tl

Then LEA We have

D n c у is affine КЕДЫ Аĸ
FEDELI DEGLI

KEFDCADIBL.aedefine U Dlt
We have
bi EBL and they generate Bh

as an An algebra



and they are over Autun to
Bu is a finite litigation

wits are alg independent over Ah

we get Atilla was фи АИ

Stu и II
Cor ф X У dominant X S irreducible
Э affine open KEY and a covering

ф a Ftv by affine opens at

Ф1 По Yi where 4 Vishnu is finite
Suriectic

Proof can assume У affine replace У with fineand xwithpreima.ge

Х stay any affine
open cover

74159 s.t.fi ФИНД0АМИ 74U affine open inside 14

f U Itv where Vi Ф Until

The open sets Vi are affine
because flu snow is an affine morphism Vi



Cor ф X 9 dominant morphism
э и cф х St И У is open

Roof take V Intent was in the tha
Mean и because 4 is

dominant finite surjective and й

issurj.EX.AEA
ф A D GOO

ту Floes хд
neither opens22
nor closed

one can bake ДА blog CAR
here 6 0 Ipen

In fact when и 0 a stronger
statement is true

Fact ф X У dominant morphism X y irreducible

dime dime
Then э dense open UES St

Ф фи и is finite

it's not obvious because finiteness isnt
open on the source so you can't glue finitemaps



Recall p X У dominant morphism
X у irreducible yep 6

dimtydimx di.my

component EEF у

Ех П В
p
Р Р2

dim A dim Bep A a

dim 510 dimm 270
strict inequality

Idea the equality holds generically

Than ф X У dominant 4,9 inducible
I KEY open set st yen

dint dimx
dinyarlsion.ttcomponent ZE y

Proof Let Usb as in the generic structured

So flu Tui sit Vi И factors as
D

Vittatus
Since yell 7 i Vin 740
dint dimitri vi dim flu 5 ц



We have fluinuint hhxt.gg у
finite
dominant

dimvinz dimhthxtyj wedimx d.my

Intuition in general fibers can be

complicated and have components of
different dimensions but as yes varies
dim y can only jump up
ie the function
у dinghy is upper semicontin.name

which means

Prop Let ф X У morphism of inked varieties

Let for ф lgeyldimf.ly эт

be a stratification of 9 Wash E 49

Then calf EY is closed tr

Proof Replace ywi.tk xssq dominant

If rsdimx dim.ly her 9
In general induction on dim
If dim 9 0 Wr g У or 9
Assume dim У dso and r dime dime



Pick U EY open st Hythe temp TEETH
dint dim х dim У from Then above

Then y н Iti Z closedirredsdimtild.liФ ti I.TTZij ZijEXclosedirned

we get Call V01 ftp
and each torch Eti is closed

by induction hence
Wrt is a finite union of closed subsets



Images
def х top space A subset У EX is

locally closed it yell is closed
where И EX is open

For varieties if g honk where
DEX is closed and HEX is open
A constructible subset is a finite union
of locally closed subsets

Ex ф A A

9 46,24
У фи At that v0 DAVEY
is a constructible set

Chevallier's thin

ф X У morphism of varieties

ф х EY is constructible

moral the image of a polynomial map
At AM can be described Nia

polynomial equations g g so

and polynomial inequities hate hato



Proof Enough to prove for Xp irreducible
because we can check on

every component of 6 and

image of irreducible is irreducible

Replace У by фт assume ф is
dominant

Induction on dim У
we know from the Cor of the
Generic structure then
ЭИЕЦ орет Исфа

Then у_U Iti tidosedirred.dimticdi.my
and ф tis.FI tijiZijEtidosedirred
By induction

ftp.itij Zi has
a constructible image

фиĸцией Ейconstructible

Images of projective varieties are closed

Then ф X У morphism of varieties
If 2 EX is projective then

ф Z EY is closed
We skip the proof



Projective spaces are universally closed
Cor X alg variety Is Xxiii closed subset
ĸ X xp х projection
Then TCE Is closed

Proof reduce to the case X projective
Z closed a T 7 Nicki closed

for XIU фан
cover

can assume that tis open in a

projective variety to IKEA W TEN

Denote F closure of Z in о xp

By Then TIE EW is closed

Claim й A K n HE Chena TIX closed

oh
2 Z In xp since 2 EX xp closed
Hee X

xjxpynI fxzxmnznxxmrf.sc xp got
so Хай E С 7

Rem For a topological space
universally closed c quasi compact
so P and other projective varieties in Vara
are analogues of compact spaces into



Disclaimer
underlying top space is a red herring

Ох is importantThe forgetful functor
F Var Top
changes many properties of objects

So F х does not know much about Х
Here are some examples

F does not preserve products

FCLIIFFCAYXFCA.IS
F does not distinguish different curves

FCC F C Q curves C C

any bijection respects cofinit.ee topology

almost all varieties x behave like
Hausdorff spaces they are separated
but their underlying spaces FCA

are not Hausdorff
all varieties x have quasi compact

underlying spaces FIX
but only projective x behave
like compact spaces are universally closed



Projective morphisms

det A morphism ф X У is called projective
if there is a factorization

Х Й УХА

Ут projection
where I is a closed embedding
exhibits X as a closed soubvarie.ly

X is fibered in projective varieties over У

Rem Car projective morphisms are

closed i e ф closed closed

Then Let У be affine variety A 663
and ф X У a projective morphism
Then ф makes Ox И a f g A module

Tringof global regularfunctions on X

Rem Уopt up projective itf X projective
can deduce that Ox Х Eh for connected Х

Proof
Fact from CA enough to show that
Ox Х is an integral extension of A
because 6 is a f g A algebra



We pick teach want tofind a monic equation fort
with coffs in A

Let U D f field F U A

Then Г х f 44 с Их A is dosed

Claim Г ex A is also closed
This is because Г is the primrose of
н that 1 Chita hyperbola

under frid xx a mix
closedsubset

flat f e H ifftsfc.es

Now consider 0 qxid.xx A syxml

prjegte.byСон O Г с Уха is closed

OCT Z a for a e Alt an ideal

We have D 5 n 9 103 0 because f l.ge

By walls tellersate Э Fea GE Acts
6 Flt t.at 1

Consider the image of A ander Atatu
We get F I 0 because OCT ZCa
We obtain 1 6.6 f in Oxley

Multiplying with ft we get an

integral dependence for t over A in0,14
multiply by f again us get monic equation in Ж



det A morphism is quasifinite if
all the fibers are finite

Rem finite quasifinite
hard to check easy to check

Them A projective quasifinite morphism
is finite

Rem In fact finite projective quasifinite
for varieties

Proof Let ф xicsyxpn sy.be projective

By previous Than left toshow
Uy EY has an open affine Ust flu is affine
because pl is still projective

и

We identify X and IX e УХА

Since f y is finite choose a hyperplane
4 th Ф 9.7 fly n н 0

хриер
Consider Х 4x4 c у xp closed

Т X Мхн с У is closed



By the choice of 4 у 4 ПСЖ 1441

7 и affine open nbhdofys.to
ха 4441 и 0

We get 474 xn и xp Xn xD

g 4 E 442322 фи is affine
Аня

Zariski's Main Then
Every quasi finite morphism ф X У
factors as

хд
и ФУ

where j is an open embedding
and y is finite

Ex Symmetric power map

Ф Ф х xp pd
China х xfua.ua s list of coffs of

CurtUnt Cravat EKED
This map projective and finite
died permeate factors ф is finite

By the way ф B х xp a I Pd



Degree

dat let ф X y dominant X У irreducible
dim X s dim 9 The degree of ф is

deg ф 6 66

deg FEN because trdegn.LA tr deg 49
8 619 ELIX is a finite extension

Lemma ХД 912 фу dominant
х 9,2 irreducible dimx dimy dim.tt
Then ф ф is dominant and
deg 4.4 deg 4 Мдф

Ex 1 ф birational leg blow up

4 key thx day ф 1

2

a

C 76 9 car

At
KIC Кипру 4 Ну
LCA hey hlyyssdegp th.ly 6191 2



3 ф A A х fee deg fed
deg These L f led

4 ф P P х flat glad
S t f g Ekta have no common zeroes

Claim deg ф maxldegf.bg дз
Proof Ф healthy

art Lex

Then deg ф this 443
Minimal poly for se over hath flt gltl.to

irreducible Gauss lemma

Intuition degree number ofpts in a generic fiber

fits in char p

4 Frobenius morphism
chart p p A A

х XP

a 2 xp a 2 e a P

Idar pg a 1 На

But deg ф р
Reason head Chloe is not separable



Then Generic treeless

ф X у finite dominant X У irreducible

1 Э open affine key sit
фи is affine and LEVI is a

free ku module of rank deg ф
2 If Ф 69 sky is a separable extension

I always holdsthen 7 open affine US in char о

st.GE и

фу deg ф

Ex С Z G G
ура х

V a 0 Fyi has 2 solutions

ф ж 2

Let us Dla chat ktUJ h.la
х

FLU Plato D ж СС

И

LEVI LED peg EKED 10 lease у
free keihin dude
of rank 2


