
Prof. Marc Burger Spring 22 Functional Analysis II

Serie 1

Exercise 1. If Γ is a group, then `1(Γ) with the product defined via convolution and involution defined by
f∗(γ) := f(γ−1) is an involutive Banach–algebra. Show that `1(Γ) is not a C∗–algebra unless Γ = { e }.

Exercise 2. Let A be a Banach–algebra and define on AI := A×C the norm ‖(x, λ)‖ = ‖x‖+ |λ|. Show that AI

with this norm is a unital Banach–algebra.

Exercise 3. Suppose A is a unital C–algebra with a Banach space norm ‖.‖ for which the multiplication is
continuous in each factor separately. Then there exists an equivalent norm ‖.‖′ such that

(
A, ‖.‖′

)
is a unital

Banach–algebra verifying ‖e‖′ = 1 and ‖xy‖′ ≤ ‖x‖′ ‖y‖′ for all x, y ∈ A.

Hint. For x ∈ A, consider the continuous operator Lx : y 7→ xy and its norm.
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