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Exercise 12.1 Consider the SDE

dXx
t = a(Xx

t ) dt+ b(Xx
t ) dWt, (1)

Xx
0 = x,

where W is an Rm-valued Brownian motion and the functions a : Rd → Rd and b : Rd → Rd×m are
measurable and locally bounded (i.e., bounded on compact sets). Let U ⊆ Rd be a bounded open
set such that the stopping time T x

U := inf{s ≥ 0 : Xx
s /∈ U} is P -integrable for all x ∈ U . Consider

the boundary problem

Lu(x) + c(x)u(x) = −f(x) for x ∈ U, (2)
u(x) = g(x) for x ∈ ∂U,

where c, f ∈ Cb(U) and g ∈ Cb(∂U) are given functions such that c ≤ 0 on U , and the linear
operator L is defined by

Lf(x) :=
d∑

i=1
ai(x) ∂f

∂xi
(x) + 1

2

d∑
i,j=1

(
b b>

)
ij

(x) ∂2f

∂xi ∂xj
(x).

Suppose that (Xx
t )t≥0 solves the SDE (1) for some x ∈ U and u ∈ C2(U) ∩ C(Ū) is a solution to

the boundary problem (2). Show that

u(x) = E

[
g(Xx

T x
U

) exp
(∫ T x

U

0
c(Xx

s ) ds
)]

+ E

[ ∫ T x
U

0
f(Xx

s ) exp
(∫ s

0
c(Xx

r ) dr
)
ds

]
.

Exercise 12.2

(a) Show that the spaces R2 and A2 defined in page 174 are Banach spaces.

(b) Let β, γ be bounded predictable processes and define

Y = E
(
−
∫
βsds−

∫
γsdWs

)
.

Show that, for any T > 0, the random variable

Y ∗T := sup
0≤s≤T

|Ys|

is in Lp for every p <∞ (see page 180).

Exercise 12.3 Consider a probability space (Ω,F , P ) supporting a Brownian motionW = (Wt)t≥0.
Denote by F = (Ft)t≥0 the P -augmentation of the (raw) filtration generated by W . Let T > 0,
α > 0 and let F be a bounded, FT -measurable random variable.

(a) Show that the process X = (Xt)0≤t≤T given by

Xt = −α logE[exp(−F/α) | Ft]
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solves the BSDE

dXt = 1
2αZ

2
t dt+ ZtdWt,

XT = F.

Hint: We have that Xt = −α log Yt, where Yt := E[exp(−F/α)|Ft]. Apply Itô’s representation
theorem to YT and Itô’s formula to X to derive a solution pair (X,Z) ∈ R2 × L2(W ) for the
BSDE.
Remark: Note that the generator of this BSDE is not Lipschitz, but quadratic in Z.

(b) Let b ∈ R. Show that the process X = (Xt)0≤t≤T given by

Xt = −α
(

1
2b

2(t− T )− bWt + logE[exp(bWT − F/α) | Ft]
)

solves the BSDE

dXt =
(

1
2α Z

2
t − b Zt

)
dt+ ZtdWt,

XT = F.
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