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Exercise 2.1 Let (92, F, P) be a probability space, W a Brownian motion on [0, c0), Z a random
variable independent of W and t* € (0, 00). We define another stochastic process W’ = (W})¢>0 by

W/ =Wilgepy + (Wt* +Z(We — Wt*)>1{t2t*}-
Find all possible distributions of Z such that W’ is a Brownian motion.

Exercise 2.2 Let X be a stochastic process on a probability space (Q, F, P) with Xg =0 P-a.s.,
and let FX = (FX);>0 denote the (raw) filtration generated by X, i.e., FX = o (X5; s <t). Show
that the following two properties are equivalent:

(i) X has independent increments, i.e., for all n € Nand 0 < tp < t; < -+ < t, < 00, the
increments X;, — X i=1,...,n, are independent.

i—17

(ii) X has FX -independent increments, i.e., X; — X is independent of FX whenever ¢ > s.

Remark: This also shows the equivalence between the two definitions of Brownian motion with
properties (BM2) and (BM2'), respectively, when we choose F = FW.

Hint: For proving “(i) = (ii)”, you can use the monotone class theorem. When choosing H,
recall that a random variable Y is independent of a o-algebra G if and only if one has the product
formula E[g(Y)Z] = E[g(Y)]E[Z] for all bounded Borel-measurable functions g : R — R and all
bounded G-measurable random variables Z.

Exercise 2.3 A function f : D C R — R is called locally Hoélder-continuous of order « at
x € D if there exist 6 > 0 and C' > 0 such that |f(x) — f(y)| < Clz — y|® for all y € D with
|z —y| < 0. A function f: D C R — R is called locally Holder-continuous of order « if it is locally
Holder-continuous of order « at each z € D.

(a) Let Z ~ N(0,1). Prove that P[|Z] < ¢] < ¢ for any € > 0.

(b) Prove that for any o > %, P-almost all Brownian paths are nowhere on [0, 1] locally Holder-
continuous of order «.
Hint: Take any M € N satisfying M (o — %) > 1 and show that the set
{W.(w) is locally a-Hélder at some s € [0,1]} is contained in the set

M
UCEN U»,neN nnzm Uk:O,..A,n—M ﬂj:l {|W% (w) - W% (w)| < Cn%} .
(c) The Kolmogorov—Centsov theorem states that an R-valued process X on [0, T satisfying
E[[X, = X, ] <Clt = 5", st €0, T),

where 7, 3,C > 0, has a version which is locally Hélder-continuous of order « for all a < 8/7.
Use this to deduce that Brownian motion is for every o < 1/2 locally Holder-continuous of
order a.

Remark: One can also show that the Brownian paths are not locally Hélder-continuous of
order 1/2. The exact modulus of continuity was found by P. Lévy.

Exercise 2.4
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(a) Let W be a Brownian motion on a probability space (Q, F, P) and let F; = o(W,,0 < s <)
be the natural filtration of W. Let Fo4 := N¢soF:. Show Blumenthal’s 0-1 law: for A € Foq,
either P[A] =0 or P[A] = 1.

Hint: Show that A and the increments of W are independent.
(b) Show that

P

W,
lim sup =t = oo] =1.

~no Vit

Hint: Start by showing that for each C' > 0,
lim P [ sup (Ws —C'\/E) > O] >0

™0 0<s<t

and use (a).
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