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Exercise 7.1 Let (Wt)t≥0 be a 2-dimensional Brownian motion on (Ω,F , P ) started at 0 and
C 6= ∅ an open cone in R2, i.e. C is an open set and for every x ∈ C, we have λx ∈ C for all λ > 0.
Note that 0 need not belong to C. Consider the hitting time TWC of C, i.e.

TWC := inf
{
t > 0 : Wt ∈ C

}
.

Show that TWC = 0 P -a.s.

Exercise 7.2 Let Ω = C([0,∞);Rd) and Y = (Yt)t≥0 denote the coordinate process. For each
x ∈ Rd, let Px be the unique probability measure on (Ω,Y0

∞) under which Y is a (d-dimensional)
Brownian motion started at x. Moreover, for any open set A ⊆ Rd, we denote by

τA := inf{t ≥ 0 : Yt 6∈ A}

the first exit time of the Brownian motion Y from the set A.
Fix an open set G ⊆ Rd such that Ex[τG] < ∞ for all x ∈ G, a bounded Borel function

g : Rd → R, and define the function u : G→ R by

u(y) := Ey
[∫ τG

0
g(Ys) ds

]
.

Moreover, for any ε > 0 and x ∈ Rd, we let Uε(x) := {y : |y−x| < ε} denote the open ε-ball around
x and set σε(x) := τUε(x).

Fix ε > 0 and x ∈ G such that Uε(x) ⊆ G. Show that

u(x) = Ex

[
u
(
Yσε(x)

)
+
∫ σε(x)

0
g(Ys) ds

]
.

Hint: First show that τG = τG ◦ ϑσε(x) + σε(x). Then compute u(x) by conditioning on Fσε(x) and
using the strong Markov property.

Exercise 7.3 Assume we have a filtered probability space (Ω,F ,F, P ) satisfying the usual
conditions.

(a) Let M ∈ Mc
0,loc. Prove that M ∈ H2,c

0 if and only if E[〈M〉∞] < ∞, and that in this case
‖M‖2H2 = E[〈M〉∞].

(b) An optional process X is said to be of class (DL) if for all a > 0, the family

Xa :=
{
Xτ : τ stopping time, τ ≤ a P -a.s.

}
is uniformly integrable. Show that a local martingale null at 0 is a (true) martingale null at 0
if and only if it is of class (DL).
Remarks:

• As a consequence, we obtain that a local martingale M null at 0 and with integrable
supremum, i.e. M∗t := sup0≤s≤t |Ms| ∈ L1(P ) for all t ≥ 0, is a true martingale.
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• There exist local martingales null at 0 which are uniformly integrable (i.e. the family
{Mt : t ≥ 0} is uniformly integrable), but are not true martingales.

Exercise 7.4 For any function f : [0,∞) → R with f(0) = 0, we define its total variation (or
1-variation) |f | : [0,∞)→ [0,∞] by

|f |(t) := sup
{∑
ti∈Π

∣∣f(ti+1)− f(ti)
∣∣ : Π is a partition of [0, t]

}
= sup

{∑
ti∈Π

∣∣f(ti+1 ∧ t)− f(ti ∧ t)
∣∣ : Π is a partition of [0,∞)

}
.

We say that f has finite variation (FV) if |f |(t) <∞ for all t ≥ 0.

(a) Show that f has finite variation if and only if there exist two non-decreasing functions
f1, f2 : [0,∞)→ R with f1(0) = f2(0) = 0 such that f = f1 − f2.
If so, find the minimal such functions f1 and f2, in the sense that f̃1 ≥ f1 and f̃2 ≥ f2 for
any other non-decreasing functions f̃1, f̃2 with f̃1(0) = f̃2(0) = 0 such that f = f̃1 − f̃2.
Hint: Start by showing that |f |(t)− |f |(s) ≥ |f(t)− f(s)| for 0 ≤ s ≤ t.

(b) Show that if f is right-continuous and has finite variation, then |f | is right-continuous.

Using the Carathéodory extension theorem, one can show that for any non-decreasing right-
continuous function f̃ , there exists a unique positive measure µf̃ on (R+,B(R+)) such that
µf̃ ((0, t]) = f̃(t)− f̃(0) for all t ≥ 0.

(c) Let f be right-continuous with finite variation with f(0) = 0 and g : [0,∞)→ R such that∫ ∞
0
|g(s)|µ|f |(ds) <∞.

Let f1, f2 be the minimal functions defined in (a). Show that∫ ∞
0
|g(s)| dµf1(s) <∞,

∫ ∞
0
|g(s)| dµf2(s) <∞,

so that ∫
g(s) df(s) :=

∫
g(s) dµf1(s)−

∫
g(s) dµf2(s)

is well defined.

Remark: If f is of finite variation and right-continuous, a function g is f-integrable in the
Lebesgue–Stieltjes sense if g satisfies

∫∞
0 |g(s)|µ|f |(ds) < ∞. In that case, we define the

Lebesgue–Stieltjes integral to be
∫
g(s) df(s).
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