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Exercise sheet 9

Through this exercise sheet, we let E = Rd, J an interval on R, and denote SigJ : C1
0(J,E)→

T(E) the signature map such that for all X ∈ C1
0(J,E).

Exercise 9.1 (Properties of the space of signatures)

(a) Let X ∈ C1
0([S1, T1], E) and τ : [S2, T2]→ [S1, T1] a non-decreasing surjective reparametriza-

tion. Then
Sig[S2,T2](Xτ(·)) = Sig[S1,T1](X). (1)

(b) Let X ∈ C1
0([0, T ], E) and X0 = 0. Prove that

Sig[0,1](X)1,2 + Sig[0,1](X)2,1 = Sig[0,1](X)1 · Sig[0,1](X)2. (2)

(c) Prove that neither is Sig[0,1] surjective nor the range of which a linear subspace of T(E).

(d) Prove that signature of the augmented paths i.e. X̄t = (t,Xt) is unique.
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