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1. (a) Let a,b,c,d be integers. Show that the map (m,n) — (ma + nc,mb 4+ nd) is a bijection on
72 —{(0,0)} if and only if ad — bc = 1.

(b) Hence show that for k > 4 even, the Eisenstein series

1
Gr(2) = Z (mz +n)k

(m,n)#(0,0)

satisfies G|,y = Gy, for any v € SL2(Z), without using Theorem 1.2.2 (a) as we did in class.
(You may assume that the sum defining G (z) converges absolutely for any z € H.)

2. (a) Prove the identity

cos(mz) ~uBr 1
= 2 — 1.
Tz Sn(m2) k>0§e:ven( i) e Vz| <

(b) Show that
chos(ﬂz) =1-2 Z C(k)2" V2| < 1.

Sin(ﬂ.z) k>2, even

(c) Deduce that the values of the Riemann zeta function at the even integers k > 2 are given by

(QFi)kBk

Ck) = =

(d) Prove that By is non-zero if and only if &k is 1 or k is even.

3. (a) Show that the Eisenstein series Fy4 has a simple zero at z = p and no other zeros.

(b) Similarly, show that Fjg has a simple zero at z = ¢ and no other zeros.



