
D-MATH Lineare Algebra I HS 2022
Prof. M. Einsiedler
Prof. P. Biran

Serie 6

1. For each of the following sets, prove whether or not they are linearly independent
over R:
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2. Are the following sets linearly independent over R?

(a) tp1, 0, 0q, p0, 2, tq, p2, 4, t2qu for t in R;
(b) The set of columns of an upper triangular matrix A P MnˆnpRq with Aii ‰ 0

for all 1 ď i ď n. We define an upper triangular matrix to be a matrix whose
entries under the diagonal all vanish, i.e. a matrix A “ pAijq1ďi,jďn such that
Aij “ 0 whenever j ă i.

(c) tf, gu Ď AbbpR,Rq, where fpxq “ sinpxq and gpxq “ cospxq;

(d) tf, gu Ď AbbpR,Rq, where fpxq “ erx and gpxq “ esx, for fixed s, r P R.

3. Consider A1, A2 P M2ˆ3pRq, given by

A1 “

ˆ

1 2 3
0 0 1

˙

, A2 “

ˆ

0 1 0
0 0 1

˙

(a) Show that tA1, A2u is linearly independent over R.
(b) Let

M :“

"ˆ

a b c
d e f

˙

P M2ˆ3pRq | d “ e “ 0, b ´ a “ f, 3a “ c

*

Prove that SppA1, A2q “ M .

(c) FindA3 P M2ˆ3pRq such that tA1, A2, A3u is linearly independent. Is SppA1, A2, A3q “

M2ˆ3pRq for any choice of such an A3?
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4. Show that

U “ tf P AbbpF5,F5q |

4
ÿ

i“0

fpiq “ 0u Ď AbbpF5,F5q

is a linear subspace. Determine a basis of U.

5. Let V be a vector space over some field K that admits a countable basis. Show
that every linearly independent subset S Ď V is finite or countable.

6. Prove that the functions

φa : Rą0 Ñ R, x ÞÑ
1

a ` x

for all a P Rě0 are linear independent.

Hint : Use that a non-zero polynomial only has finitely many zeros.

Multiple Choice questions. Each question can admit several answers.

Question 1. Let V be a vector space over K. Which of the following assertions
is true ?

˝ Let v P V , then the set

W :“ tw P V | Dλ P K : w “ λvu

is a linear subspace of V .

˝ A subset W Ă V is a linear subspace if and only if SppW q “ W.

˝ Let S1, S2 Ă V be subsets. Then SppS1 Y S2q “ SppS1q ` SppS2q.

˝ Let S1, S2 Ă V be subsets. Then SppS1 X S2q Ď SppS1q X SppS2q.

Question 2. Let V be a vector space and let S1, S2 Ď V with S1 Ĺ S2. Which of
the following are true?

(a) If S1 is a linearly independent set, when is S2 a linearly independent set?

˝ Always

˝ Never

˝ Sometimes

If now S2 is a linearly independent set, when is S1 a linearly independent set?

˝ Always

˝ Never

˝ Sometimes

(b) Answer the previous question, replacing “linearly independent set” with “ge-
nerating set for V ”.

(c) Answer question (a), replacing “linearly independent set” with “basis for V ”.
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