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Serie 7

1. Compute the dimension and find a basis of the following spaces

(a) The space of upper triangular matrices in MnˆnpRq over R (for a definition,
see Serie 6, exercise 2.b));

(b) The space of diagonal matrices in MnˆnpRq over R, where diagonal matrices
are all matrices A “ paijq such that aij “ 0 whenever i ‰ j;

(c) The space of symmetric matrices

W “
␣

A P MnˆnpRq | AT
“ A

(

,

where ¨T denotes the operation A “ paijq1ďi,jďn ÞÑ pajiq1ďi,jďn;

(d) The space of matrices A P MnˆnpF2q such that the sum of the columns of A
is the null vector.

2. Let W be the linear subspace generated by the vectors
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˚
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˚
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˚
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.

(a) Determine a system of equations whose solution is W .

(b) Find all the possible bases of W that can be built using v1, v2, v3, v4. How
many are there?

3. Determine a basis and the dimension of the following spaces:

(a) The set of solutions S Ď R3 of

x ` y ´ z “ 0

3x ` y ` 2z “ 0

2x ` 3z “ 0

(b) t0u;

(c) tpz, wq P C2 | z ` iw “ 0u as a vector space over C;
(d) tpz, wq P C2 | z ` iw “ 0u as a vector space over R.
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4. Let K be a field, fix gpXq :“ X`5 P KrXs, and let d ě 1. Compute the dimension
of the space

W “ th P KrXs | degphq ď d ^ Df P KrXs : h “ gfu.

5. Consider the following subspace of Kn :

U :“

#

pα1, . . . , αnq P Kn
|

n
ÿ

i“1

αi “ 0

+

,

D :“ tpα, . . . , αq P Kn
| α P Ku .

Determine a basis and compute the dimension of U,D,U X D, and U ` D.

Remark : Do not forget to consider the case where K is a field such that n ¨ 1 “ 0.

6. Determine a basis and compute the dimension of the space

tf : R Ñ R | f is continuous ^ pf ` f2
“ 0qu.

Hint : Note that f, f 1, and f2 exist and are continuous. Moreover, you can use the
following result from Analysis: the function f : R Ñ R such that @x P R : fpxq “ 0
is the unique continuous solution to

"

f ` f2 “ 0
fp0q “ f 1p0q “ 0
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