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Exercise 1.1.
Recall the definition of open set:

A set Q CR" is called open if for every point xq € 0 Ir > 0 s. t.
B, (zg) :={z € R": |z — x| <71} C Q.

(a) Prove the following properties of open sets:
i) @, R" are open;
ii) 1, Qs C R"™ open = y N Qy open;
iii) Q; CR" open Vi € I =
Recall also:

A set A CR" is called closed if R™ \ A is open.

(b) Prove the following properties of closed sets:

.1 $2 open (here I is an arbitrary index set).

i) @, R™ are closed;
ii) Ay, Ay C R™ closed = A; U A, closed;
iii) A; € R" closed Vi € I = (,c; A closed (here [ is again an arbitrary index set).

Exercise 1.2.
(a) Show that the intersection of infinitely many open sets is in general not open.

(b) Show that the union of infinitely many closed sets is in general not closed.

Exercise 1.3.

(a) Let A be a fixed subset of a set X. Determine the o-algebra of subsets of X generated
by {A}.
(b) Let X be an infinite set; let

A={AC X :Aor A°is finite}.

Prove that A is an algebra, but not a o-algebra.

(c) Let X be an uncountable set!. Let
S={E C X:E or E°is at most countable}.

Show that S is a o-algebra and that S is generated by the one-point subsets of X.

LA set is uncountable if and only if its cardinality (which corresponds to the number of elements for finite
sets) is bigger than that of the set of natural numbers.
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Exercise 1.4.
Let X and Y be two sets and f : X — Y a map between them.

(a) If B is a o-algebra on Y, show that
{/(B) FeB)

is a o-algebra on X.
(b) If A is a o-algebra on X, show that

{ECY:fY(FE)e A}

is a o-algebra on Y.

Exercise 1.5.
Let X be a set and {A,}22; be a collection of subsets of X.

(a) Show the following:

limsupAn:{xeX‘VNZl,EInzN:xEAn}

n—-+4o0o

liminf A, = {z € X [IN=1,¥n=N:zeA,|

n—-+o00

(b) Show that liminf A,, C limsup A,,.

(c) Assume X = {1,2,...,6}N and A,, = {(z,)>, € X | 7, = 6}. Interpreting X as the
possible outcomes of throwing a dice infinitely often and A,, as the subset of all outcomes
where your m-th throw is a 6, give an interpretation of limsup A,, and liminf A,,.

Exercise 1.6.
Let p be a measure on a set X, and let {4, }°°, be a sequence of subsets of X satisfying

Z u(4,) < oo.

Consider the set

E ={z € X : z belongs to A, for infinitely many n} = limsup 4,,,

n—-+o0o

show that u(F) = 0.
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