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Exercise 10.1.
Let f : Ω → R be µ-summable and Ω1 ⊆ Ω be µ-measurable. Show that f1 := f |Ω1

and
fχΩ1 are µ-summable on Ω1 and Ω respectively, and that∫

Ω1

f1 dµ =

∫
Ω

f χΩ1dµ.

Exercise 10.2.
Show that if f : Ω → R is a µ-summable function and Ω1 ⊆ Ω has µ(Ω1) = 0, then∫

Ω1

f dµ = 0.

Exercise 10.3.
By applying Lebesgue’s Theorem to the counting measure on N, show that

lim
n→∞

n
∞∑
i=1

sin

(
2−i

n

)
= 1.

Exercise 10.4.
Let λ be the Lebesgue measure on R and f a nonnegative summable function on (R, λ).
Show that the following equality of Lebesgue integrals holds:∫

R
fdλ =

∫ +∞

0

λ({f > s})ds.

Hint: In a first instance prove the equality when f is a simple function; in this case, make
a picture of f and of the function s 7→ λ({f > s}) and interpret the two sides according to
the definition of the Lebesgue integral.

Exercise 10.5.
For all n ∈ N, let fn : [0, 1] → R be defined by:

fn(x) =
n
√
x

1 + n2x2
.

Prove that:

(a) fn(x) ≤ 1√
x
on (0, 1] for all n ≥ 1.

(b) lim
n→∞

∫ 1

0

fn(x)dx = 0.

Exercise 10.6.
Let Ω ⊆ Rn be µ-measurable with µ(Ω) < +∞ and let {fj} be a sequence of µ-summable
R-valued functions such that fj → f uniformly in Ω. Show that f is µ-summable and

lim
j→∞

∫
Ω

fj dµ =

∫
Ω

f dµ.
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