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Exercise 12.1.
The goal of this exercise is to compute the following Riemann integral:

o : a :
sinx _ sin
/ dr = lim dx.
0
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(a) Show that the function @ : (0, 00) — R,

(1) :/ e’msmxdx,
0 T

is well-defined and differentiable everywhere.
(b) Compute ®'(t) for ¢t € (0, 0).

(¢) Compute ®(¢) for t € (0, 00).

(d) Show that the convergence

a : o :
. sinx 4300 . sinx
e doe —— et dx
0 z 0 'y

Hint: this part is technically more difficult. It is not true that faoo |e_t‘“i%’ dx converges
to zero uniformly in t as a — oo. Here one has to use the cancellations of the integral, for

example by seeing that
2(k+1)m sin
/ e dx
2

km x

is uniform in ¢ > 0.

o0

k=m
converges to zero as m — oo uniformly in ¢.

(e) Conclude that

Exercise 12.2.
Let 1 < p < oco. Show that if ¢ € LP(R") and ¢ is uniformly continuous, then

lim @(x) =0.

|z| =00

Exercise 12.3.

Let p be a Radon measure on R" and 2 C R™ a py-measurable set.
(a) (Generalized Hélder inequality) Consider 1 < py,...,pr < oo such that = = Zle [%i <1

Show that, given functions f; € LPi(Q, u) for i = 1,..., k, it holds Hle fi € L™(Q, u) and

k k
[1r] <TIIle.
i=1 L i=1
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(b) Prove that, if () < 400, then L5(Q,u) C L"(Q, u) for all 1 <r < s < +00.

(c) Show that the inclusion in part (b) is strict for all 1 <r < s < 4o0.

Exercise 12.4.

Let 1 be a Radon measure on R™ and 2 C R™ a p-measurable set with p(€2) < +o00. Consider

a function f: Q — R such that fg € L'(Q, ) for all g € LP(Q, u). Prove that f € L(Q, u)
for all ¢ € [1,p'), where p' = 1% is the conjugate of p.

Exercise 12.5.
Let p be a Radon measure on R" and 2 C R™ a py-measurable set.

(a) Show that any f € [,y LP(S2, 1) With suppen- || fllzr < 400 lies in L>(Q, p).
Hint. Tchebychev’ inequality.

(b) Show that if 4(€2) < +o0o, then for any f as in part (a) we have that || f| L~ = lim || f||z»-
p—00

(c) Find f € (,en LP(2, 1), where pu(§2) < +o0, with f ¢ L>(€2, u1), i.e., show that the result

from part (a) does not hold true without the assumption sup || f||z» < +o0.
peN

Exercise 12.6.
Let (Znm)mmyenz C [0, 400] be a sequence parametrized by N?. Show that

oo 00 0o o0
E Tnm = E E Tnm = E E Tnm-

(n,m)eN2 n=0 m=0 m=0 n=0

Remark. Given a sequence (4)aca C [0, +00] parametrized by an arbitrary set A, we define

Zxa = sup Zl’a-
€F

acA FCAﬁnltea
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