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Exercise 13.1.
Let f ∈ Lp(R, λ), where λ is the Lebesgue measure. By means of Fubini’s Theorem, show
that the following equality holds:∫

R
|f(x)|pdx = p

∫ ∞

0

yp−1λ({x ∈ R : |f(x)| ≥ y})dy.

Hint: |f(x)|p =
∫ |f(x)|
0

pyp−1dy.

Remark. Compare with Exercise 10.4. In that case there was an underlying Fubini-type
argument in the proof. This time we can use Fubini’s Theorem and get a straightforward
proof.

Exercise 13.2.
Define the function f : [0, 1]2 → R as

f(x, y) :=


y−2 if 0 < x < y < 1,

−x−2 if 0 < y < x < 1,

0 otherwise.

Is this function summable with respect to the Lebesgue measure?

Exercise 13.3.
Let 1 ≤ p < +∞ and f ∈ Lp(Rn) and, for all h ∈ Rn, consider the function τh : Rn → Rn

given by τh(x) = x+ h. Show that

∥f ◦ τh − f∥Lp → 0 as h → 0.

Hint: use the density of continuous and compactly supported functions in Lp (Theorem
3.7.15 in the Lecture Notes).

Exercise 13.4.
We say that a family (φε)ε>0 of functions in L1(Rn) is an approximate identity if:

1. φε ≥ 0 and
∫
Rn φε(x)dx = 1 for all ε > 0;

2. for all δ > 0 we have that
∫
{|x|≥δ} φε(x)dx → 0 as ε → 0.

(a) Given φ ∈ L1(Rn) such that φ ≥ 0 and
∫
Rn φ(x)dx = 1, define φε(x) = ε−nφ(ε−1x) for

all ε > 0. Show that (φε)ε>0 is an approximate identity.

Let (φε)ε>0 ⊂ L1(Rn) be an approximate identity. Show that the following statements hold.

(b) If f ∈ L∞(Rn) is continuous at x0 ∈ Rn, then f∗φε is continuous and (f∗φε)(x0) → f(x0)
as ε → 0+.

(c) If f ∈ L∞(Rn) is uniformly continuous, then f ∗ φε
L∞
−−→ f as ε → 0+.

(d) If 1 ≤ p < +∞ and f ∈ Lp(Rn), then f ∗ φε
Lp

−→ f as ε → 0+.

Hint: use Hölder’s inequality and keep in mind Exercise 13.3 and part (b).
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Exercise 13.5.
Compute the following limits:

(a)

lim
n→∞

∫ 1

0

1 + nx

(1 + x)n
dx.

(b)

lim
n→∞

∫ 1

0

x log x

1 + n2x2
dx.

Exercise 13.6.
Let I = [0, 1] and consider the function

f : I3 → [0,∞], f(x, y, z) :=

{
1√
|y−z|

, if y ̸= z,

∞, if y = z.

Show that f ∈ L1(I3,L3).

Exercise 13.7.
Find a sequence of Lebesgue-measurable functions fn : [0, 1] → R such that {fn(x)}n∈N is
unbounded for any x ∈ [0, 1] but fn → 0 in measure.
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