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Exercise 1.1.
Recall the definition of open set:

A set Q CR" is called open if for every point xo € 0 Ir > 0 s. t.
By (zg) :={z € R": |z — x| <1} C Q.

(a) Prove the following properties of open sets:
i) @, R" are open;
ii) 01, Qs C R"™ open = 2y N Qy open;
iii) Q; CR" open Vi € I = |

.1 $2 open (here I is an arbitrary index set).

Solution:

i) For & there is nothing to prove; for R", it suffices to take r = 1 for each xy € R"™, because
B1 (CL‘o) g R™.

ii) Let zp € Q1 N Q2 and let r; such that By, (z9) C §; for ¢ = 1,2. Then set r to be the
minimum of r; and 79, so that » > 0 and

B,(z0) C By, (z0) €
for each ¢ € {1,2}, and therefore B,(z¢) lies in the intersection.

iii) Let Q := (J;c; Qs and 2o € Q. Therefore 3i € I such that o € €2; and thus we can pick
r > 0 with B,(z¢) C Q; C Q.

Recall also:
A set A CR" is called closed if R™ \ A is open.
(b) Prove the following properties of closed sets:
i) @, R" are closed;
ii) Ay, Ay C R” closed = A; U A, closed;
iii) A; CR"™ closed Vi € T =

.1 Ai closed (here [ is again an arbitrary index set).

Solution: All the properties follow from the corresponding properties of open sets and the laws of
De Morgan. More precisely, 1) is trivial, ii) follows from

(Al U AQ)C = A({ N A;

and iii) follows from
(ﬂ Ai> = U AS.

i€l i€l

Exercise 1.2.

(a) Show that the intersection of infinitely many open sets is in general not open.
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Solution: Let n = 1 and consider the open sets ) = (—%,—i—oo) C R for k = 1,2,.... Their
intersection is clearly the interval [0,+o00), which is of course not open because it contains no
interval around 0. Note that even for countably many open sets the statement is false.

(b) Show that the union of infinitely many closed sets is in general not closed.

Solution: We can take as an example the complements of the above sets: A = (—o0, —%] for
k =1,2,.... Their union is the open interval (—oo,0), which is not closed because its complement
[0,+00), as we have seen, is not open.

Exercise 1.3.

(a) Let A be a fixed subset of a set X. Determine the o-algebra of subsets of X generated
by {A}.

Solution: The o-algebra generated by { A} necessarily contains the following elements:
0, A A% X.

Due to the collection {0, A, A°, X} already being closed under taking complements and unions of
sets, this is the o-algebra generated by {A}. O

(b) Let X be an infinite set; let
A={AC X :Aor A is finite}.

Prove that A is an algebra, but not a o-algebra.

Solution: Clearly, we have that X € A and A is closed under complement. Thus we only need
to check that A is closed under finite union. Let A, B € A. If A and B are finite, then A U B
is finite and thus AU B € A. Otherwise at least one between A° and B¢ is finite and therefore
(AU B)¢ = A°N B¢ is finite, which implies again AU B € A.

We now prove that A is not a o-algebra (for every infinite set X). Indeed, let Y = {a,}, C X be a
countable subset such that Y¢ is infinite, and define A,, = {a,} for all n. Note that A, € A, since
it is finite. On the other hand Uj2 A, =Y is infinite with Y infinite, hence it is not contained in
A. This proves that A is not a o-algebra because it is not closed under countable union. O

(c) Let X be an uncountable set; let
S={E C X:FEor E°is at most countable}.

Show that S is a g-algebra and that S is generated by the one-point subsets of X.

Solution: Firstly, let us show that S is a o-algebra. Clearly, ) and X belong to S. Moreover, it
is easy to see that S is closed under taking complements. Let therefore {A;} C S. If all sets {Ax}
are at most countable, then so is U72 ; Ay, implying that the union again belongs to S. Otherwise,
Ay, is uncountable for some m, therefore A¢, is at most countable. Due to the inclusion

( [j Ak> C Afn,
k=1
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the complement of UZZ | Ay, is at most countable and therefore

U Aces.
k=1

It remains to show that S is generated by the one-point subsets of X. By the definition of S,
all one-point subsets belong to §. In addition, for every A in S, either A or its complement can
be expressed as a countable union of one-point subsets. Consequently, every element in S can be
obtain from the one-point subsets using unions and complements. ]

Exercise 1.4.
Let X and Y be two sets and f : X — Y a map between them.

(a) If B is a o-algebra on Y, show that
{f7(B): E € B}
is a o-algebra on X.
Solution: Let A be the collection of sets defined in this way. Observe that X = f~1(Y), so that
X € Aand

(f7UB) ={z € X|f(2) ¢ B} = {z € X | f(z) € B} = f1(B°),

so that A is closed with respect to complements. Finally, given a sequence (4;) C A, take (B;) C B
so that A; = f~!(B;) and observe that

(@

A; = G f7Y(B;) = {x € X |3i > 1 such that f(z) € B;}
i=1
:{xeX'f(x)E GBz}
i=1
= f! (U BZ-) cA
i=1

because (J;2, B; € B. This proves that A is a o-algebra.
(b) If A is a o-algebra on X, show that
{ECY:fY(E)ec A}

i=1

is a o-algebra on Y.

Solution: Denote this collection of sets by B and observe first that f~1(Y) = X € A, so that
Y € B. Moreover, again, f~}(B¢) = (f~}(B))¢ € A if B € B, so that B¢ € B too, showing
closedness under complements. Finally, given a sequence (B;) € B, we have as before

o (0)-Oramea
i=1 i=1

so ;2 Bi € B.
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Exercise 1.5.
Let X be a set and {A,}22, be a collection of subsets of X.

(a) Show the following:

limsupAn:{xeX | ‘v’NZl,EInZN:xEAn}

n—-+00

limiann:{xeX ’ EINZl,VnZN:xEAn}

n—-+o0o

Solution: Observe that:

limsup 4,, = ﬁ UAn:{:cEXlVNzl:xE UAn}

n—+00 N=1n>N n>N

:{xeX‘VNZLEInZN::L‘eAn}

The other case follows similarly. O
(b) Show that liminf A,, C limsup A,,.
Solution: Using the characterisation of the previous exercise, this is immediate. ]

(c) Assume X = {1,2,...,6} and A,, = {(z,)3, € X | z,, = 6}. Interpreting X as the
possible outcomes of throwing a dice infinitely often and A,, as the subset of all outcomes
where your m-th throw is a 6, give an interpretation of limsup A,, and liminf A,,.

Solution: The set lim sup A,, is the subset of outcomes, where at every point N in time, you will
throw another 6 in a later turn. Therefore, lim sup A,, contains all outcomes where you throw a 6
infinitely often. On the other hand, lim inf A,, consists of all outcomes where, after a certain point
in time, you exclusively throw 6. O

Exercise 1.6.
Let p be a measure on a set X, and let {4, }°°, be a sequence of subsets of X satisfying

D n(A,) < oo

Consider the set

E ={x € X : z belongs to A, for infinitely many n} = limsup 4,,

n—-+00

show that p(F) = 0.

Solution: For every n, we define
o

1=n
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It is straightforward to see that for all n, we have the inclusion E C E,,. Therefore, we obtain the
following for all n

W(E) < u(Ey) < ZM(AZ‘)

due to the subadditivity of u. Because of

Z,u(An) < 00
n=1

we obtain

which yields
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