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Prof. Emmanuel Kowalski

Exercise sheet 1

Exercise worth bonus points: Exercise 4

1. Determine the real and imaginary parts and write in polar form the following
complex numbers:
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(c) (1+4)*"+ (1 —14)* for n € Z,.
2. Let a,b,c € C. Find the solutions z € C for the equation
az+bz+c=0.
When does it have exactly one solution?

3. For each of the following subsets of C = R?, indicate whether they are (1) open,
(2) closed, (3) compact, (4) connected:

(a) [0,1] x {0, 1},
(b) {1/n [ n>1},
(c) {1+1/n)" | n>=1}U{e},
(d) {zeC|2<]z] <3}
4. (Worth bonus points) Let H = {z € C | Im(z) > 0}, and H = {2 € C |
Im(z) < 0}.

(a) Explain why H is open in C.

(b) For a matrix A = 2 with a, b, ¢ and d in R and (¢, d) # (0,0), show
that the function f: H — C such that
az+b
J(2) = cz+d

is well-defined.
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(c) Compute Im(f(z)) and conclude that exactly one of the following conditions
holds:
e f is constant;
e f maps H to H;
e f maps H to H.
Find a simple necessary and sufficient condition on the matrix A for each of
these cases to hold.

(d) Show that f is holomorphic on H and compute its derivative.

(e) Show that if f is not constant, then f is either a bijection from H to H or
a bijection from H to H; compute then the inverse bijection of f. What do
you observe?



