
 

We need two more definitions from

homological algebra in order to define
relative homology groups

Definition

Let D D 2 be a chain complex

A chain complex EECa 2 is a

CHAIN SUBCOMPLEX if

CpcDp Hp and it 242 c
Definition

17 ECD is a subcomplex then

we can define the QUOTIENT COMPLEX

Dq 1
mapsinduced on quotients

Dpg
2
Ppg Ppg

202 0 Since the boundarymaps are



induced by the boundary maps of D

RELATIVE HOMOLOGY

Let X be a space and ACX a

subspace We denoteby G A Cn x

the chain complexes of singular

chains in A and in X

Cn A c Cn x is a subcomplex

Denote by i C A Cn x the

inclusion This is a chain map

Let
a x A G

a

singular
when

Sp x a spliffoff ns
in A

SoCalx A is
a SpMsp Says F SpBap



p

The homology groups of this chain complex
are called RELATIVE HOMOLOGY GROUPS

Intuition X

the elements of t relative
cycle in

Hp X A are represented six A

by RELATIVE CICLES CE SpAA

A relative cycle can be represented by an

n chain te sp x with j e c

such that JoeSp A
A relative cycle c is trivial in

Hp X A iff it is a RELATIVE BOUNDARY

C 2b a for some beSpix
and a e Sp A

These properties makeprecise the intuitive

idea that Hp x A is homology

of X modulo A



We have the following SES of chain
complexes

O a A IG x a x A O

This SES of chain complexes induces

a LES in homology

Hp A Hp x Hp x A HpA

The connectinghomomorphism has a simple

description

2x Hp X A Hp CA

O Spla ÉspÉTÉspÉA so

12 to La
0 Spla Isp x SpxA O

e É



2 LA LA

g
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Exactness implies that if H x A D

for all p then the
inclusion Aux

inducer isomorphisms Hp x a Hp A up

So we can think of Hp x A as

measuring the difference
between the

groups Hp
x and HplA

There is an analogous LES

of reduced homology groups for a

pair X A with A d this

comes from applying the LES



theorem to OG A Calx Glx A so

in non negativedimensions

augmented by the SES 0 22254 10 20

in dimension 1

Example
LES for X Xe where X EX yields

of Hpt Hp x Hp xx

Hp XP Hp G
o

f Hp x Xo Hp X for all P
Soon We will provethe following theorem

THEOREM
17 X is a space and A is a non empty
closed subspace that is a deformation retract

of some neighborhood in X there is



an exact sequence

tip A Is Tipu HpYA

Tp A 5 tip x Hp C'A t

where i is the inclusion Asx

and j is the quotient map XIA
EXAMPLE

Hp Sn D and Hp Sn O for it n

For n o let x A In Sm
N 1 _o

Iot
J

na

Ots It



For a general m DYgn no5h

The LES for homology for DnSnD
is

HICSM HEIDI Tp Sn rip Sn

HEIDI tipCsm HIDDEN O

D is contractible and therefore

tip Dn Hp o O fp
It follows that atp Sn a tip Sm for

all p and th Sn O

Let n O so

We know from theorems in class



that Hfx IE AHpXD where

Xx for LEA are the path connected

components of X So

Hp so Hp ooo I Hpl a Hp o

Hp se
27022 pro
0 otherwise

tipis a Po
O otherwise

New we use a to get tipISD tip so

for p 1 from before weknow
that tease 0

Hp si Z pat
O otherwise

By induction it follows that tip 8 pin
0 otherw



If we have a map
f x A LI B then

we also have an induced map

Fc Cn x A GCL B

fi Hp x A Hp I B
FP

Since Fe takes a A to

Cn B the map on quotients

is well defined Also

Je2 2 fc holds for relative

chains since it holds for
absolute

chains We have the following

statement about homotopy invariance



PROPOSITION

If two maps fig x A 17 B

are homotopic through maps

of pairs x A I B then

JI g Hn A Hnc B

Proof
Exercise proof in Hatcher on

page 118

FinallyConsider BCA CX

We have a SES of chain complexes

0 Cult B GlxB GlxA to

this sequence induces a LES



HnCA B Hn x B HixA

Hm CAB

SPLIT EXACT SEQUENCES

Let O A B GO be a SES

of abelian groups
Definition
the sequence is called

SPLIT if F

an isomorphism T B A AC sit

the following diagram commutes

0 a IB Ic O

O II ÉÉ did
where is Lalita o End IT la e c



Proposition
To say that

the SES 0 AIB Go

is split is equivalent to any of

the following three statements

F a homomorphism e B B

with e e e sit here imi

I a homomorphism CAB

s t.jo save O A BI C O

s is a right inverse to j
F a left inverse to i ie

a homomorphism le B A with Untidy
O A FB GO



Proof

split O A BIC so

o ÉÉÉÉtigo
it To

Put ebb t t.ie j b

Exercise check that e e e and

kerecimi

split
Note that b elblelmi

ecb ecb eld e ecb

ecb ecb O

b e b e here lm lil

Define tb a jCb where aft

is the unique element with



g
ila b e b

Exercise check that T is a homomorphism

and that it makes the diagram in

the definition commutative

Put elb soj b

split
Put so t toiced

I split
Exercise B



Example
0 27 427 I 422 0

is a non split SES because

2 is not isomorphic to 2702722

Alternatively I 2728122 right

inverse to j because
s must be O

PROPOSITION

Let OJAI BIC TO be a SES

of abelian groups If C is a

free abelian then the sequence
splits
Proof
Let G I be a basis for C



Define c C B as follows

KEI pick byEj G CB

Define s Ca by
T not empty
since J
is surjective

Now extend linearly
to s GB Clearly jes ide

Let A B E be chain complexes

and Ota B E to be

a SES of chain complexes the

sequence
is called SPLIT in the

sense of chain complexes if f

a CHAIN MAP S E B with

je side



F a splitting t with t being
a chain map
F a left inverse of i with

U chain map
If A E are chain complexes we

can define cta o E where

it A E p ApotCp

and the boundary operator is
2 JA 2B

Note that HpCat 0 E I Hpla HplE

because ZpCat O E Epcot Ap E
Bp A 0 E Bpla Bp E

If O A B E 0 is a split
SES of complexes then



Hp B EHplot Hp E up

Remark
Sometimes Os Ap Bp Cp 0 splits

for all p as a sequenceof
abelian groups but Not as a

sequence of chain complexes

Example
X space As subspace

0 CnA Ig x Glx A TO

Claim Kp Sp x A is free abelian

A basis for this group consider

6 OP X G ODAY G
and Ej 6Tag this family
freely generates Sp x A



ely

So Kp the sequence
O Spca Spa SpaA to

split as a sequence of abelian

groups but usually not as

chain complexes since usually this

splitting is not a chain map

Usually Hp x Hp A a Hp x A

EXAMPLE
Brouwer fixed point theorem

Every continuous map
h D't DN

has a fixed point that is a point

X E D with h x x

Suppose that h x X AXED

proof by contradiction



then we can define r D sht

by letting Hx be the point

of Sh where the ray in Rh starting

at h x and passing through
X leaves

Dh
This map is continuous

r x
h x X esh or

with other words

a retraction

For A Shy X D such an IX A

gives
a splitting

Hp D I Hp Sm Hp DnSm

However for pan 1

Mm Dn o

whereas Hm 5 1 22which is not
possible


