
 

Excision
A fundamental property of relative
homology groups is given by

the

following EXCISION THEOREM describing
when the relative groups th x A are

unaffected by excising deleting a

subset ZCA

THEOREM EXCISION

Given subspaces ZCACX such that

the closure of Z is contained in

the interior of A then the inclusion

X Z A Z G x A indices isomorphisms

Hp X Z A Z Hp X A for all p

Equivalently for subspaces
A Box

whose interior covers X the inclusion

B An B G X A induces isomorphisms



Hp B An B Hp X A for all p

the translation
between the two

versions is obtained

by setting
B X Z Z X B

Then An B A Z and the condition

ECI is equivalent to

X A u B since X B 7

The proof is quite technical and

will be done in several steps

RELATING HOMOLOGY GROUPS OF A

COVERING TO HOMOLOGY GROUPS OF A
SPACE

Let X be a space and U UI a

be a collection of subsets of X s t



the interiors of the Ua's cover X

X LIL
We say that a subset Qex
is U small it FLEA sit QCU2

Consider the subgroup of Sp x generated

by Sp Us KL Denote it by

Spu x The elements are chains nibi

such that each has imagecontained

in some set in a cover U

The boundary map 2 Sp x Spy

takes Sph x to Spl x so the

groups Spix form a chain complex

We denote this chain
complex Chex

and it is a subcomplex of Cn x
uh



We denote thehomology groups of Glx
by Hpu x

THEOREM 1
the inclusion chain map in CMX Glx
induces an isomorphism in homology

VI Hp x Hp x up

To prove theorem 1 we will apply

the so called barycentric subdivision

process

BARYCENTRIC
SUBDIVISION

BARYCENTRIC SUBDIVISION

OF SIMPLICES

Let 6 van gun
be an M simplex

in Rd Then

G E.tv OEtieI Eti I



The BARYCENTER or centerof gravity
of the simplex 6 is thepoint

b bz f1ÉoVi
NO

N I oooo

no I
The BARYCENTRIC SUBDIVISION of

veil in is the decomposition of

veins gun into n simplices

b Were um where inductively we Wn it
is an m 12 simplex in the barycentric
subdivisionof a face Eve Yi in
The induction starts with N O

barycentric
N O

subdivision



hey no bthntric are

Ve Ve subdivision bye
big

my 1 It buffbffenia
y a

subdivision
ve
band

W 22 begentric h simplices
6 ve Mn subdivision T b Wo Wnt

where Wo Way is

a Ch l Sy from
the barycentric subdivision
of a face Ve ti in
of 6

CLAIM

diamlbino Wn i E diameter in
Imax distance
between any two

of its vertices since

Iv Etivil Eti tu vile tilv vil



2 timax v v l max v rat
j J y

To obtain the bound we therefore need

to verify that the distance
between

any two vertices Wj and wk of

a simplex t of the barycentric

subdivision of Evo gun is at most

Ig diam Evo rn

Wn Wj Wk b

É In this case the statement

m as these two points

lie in a properface

of von un

h 1 you
diam Eveb

diam Eunb
FI diamEvo u



g
IH

Iwi Wj K NI diamEver Vi un

Ea diam Evo sun

E
s

Suppose whos that Wj b

then
I b Walt lb Vil for some I

Let bi be the barycenter of Vo Vi k

bit tf j

b f Vi Nabi



I b Vit Ma I bi pi
Important

5

FYI diam von.vn

BARYCENTRIC SUBDIVISION

OF LINEAR CHAINS

Let Lord be a convex set

We define

LSply 6 P I 16 is a linearmap

linear t Hettie titled
simplices standard
in 1 basis

Lsp 1 C Sply the boundary map

maps Lsp 7 to Lsp 1

Let LS 17727210 emptysimplex

and 2 w J O K O Sx Wo



We have the following chain complex

ALSpa LSpy LID LSIH LS.GL
27

a subcomplex of only that we denote

by Edt
Each be 1 determines a homomorphism

b Lsp 7 Lsp I defined by
b Wor Wp b we Wp

extended to all of Lsp 17 linearly
PANE OPERATOR III

we

b sends a

linear chain to the cone

that has this chain as a

base whose tip is b



Let's compute

2 b We Wp 2 CbWe wp

1 Wo wp 617lbwas Wp

C N bWo Wa Wp t t 1
P bwerWpi

won Wp b Ewa Wp CD wewa up

1 P We Wpi

we up b 2 we yup

id b 2 we Wp

2b id boo

b is a CHAIN HOMOTOPY
between

0 and the identity on
the augmented

chain complex La I



Now we define W SUBDIVISION

HOMOMORPHISM SI LSPCIFLSpII
by induction on p

p 1
sd 47 O

sd id

pzo for generators ZE Lsp 7

SdpCb by Sdp 126
whereby is the barycenter of 6

p o sd W We CO we

Sd ioi

p 1
Sd l WeWi

Ftw b CNEW CNews
D Ewa wed



bwit bWe

sum of the 1 simplices

in the barycentric subdivision
with certain signs

compare the def of sd with that

of the subdivision of
a simplex

Sd is a chain map

We prove this by induction

Sd 102 20 Sdo

id Id

Lsp 1 Lsp G I DLS 4 LS O

dsdpre dsdp fid if
LS pa 1 Lsp G I DLS 4 LS 0

Squares up to pcommuter



Obo id by
induction step

2 Sdf2 21balsdplab

Sdp 26 by Casey26 12 12

Sdp 26 by sdp 121227

Sdp 6

Next we build a chain homotopy

D Lsp 7 LSpalybetweeny
Sd and id

chain map

Dp Lsp G LSpIY
St 2D Da id sd

We define D inductively



LS pa 1 Lsp G I DLS 4 LS 7 O
sdfidfsdf idf 2

LS pa 1 Lsp G I DLS 4 LS 7 O

D O

D 0
2D I D22 0 0 0

id sd e id id o

2D it D aid sd i

p 20 We defineDp inductively
GELSp I a simplex

Dp 6 bz 6 Dp11287

barycenter of 6

We check using induction that

2D Do id sd Assume that

all maps up to Dp satisfy this



2 8 2 by lb Dp 26 I 25 id by

6 Dp126 by1216 1826
6 Dp 26 by 6 2DpaG

LSpalmLS pa 1 I Lsp G Lsp 4 y

I Ed T t t
LSpratt Ls pa 1 Lsp 4 Lsp 1 s

In ODp Dp it id sd

id 2Dp SdptDp it

6 Dp126 by sdp26 Dp1266

6 Dpa 2 bySdp 26

G Dpa G Sdpul b

20ps 6 Dp2 6 8 Sdp 6



BARYCENTRIC SUBDIVISION OF

GENERAL CHAINS

Let X be a topological space

Define homomorphisms

sd sdp Sp x Sp x

on generators 616 P x

We subdivide this space
which is a convex subset in RP

sd b be sd is

id O OP ELsp OP c Splon



6 P x induces Gc Sp o Spex
id e

Sp OP Sp x

Isd Isd
SpOP Spix
said

Sd is a chain map

2 sd 21 26 I sd lid or OP

I 62
sd id Op op

G is a chain

map

be sd 20dg

be sd Ef Iida p

I restriction of id
to the ith faceof GP



sum of
Effa i Ge sd i dop signed simplices

in thebarycentric
subdivision

E C 1 sd blog
of 07

Sd E C 1
i belop

Sd 26

In a similar fashion we define
here

D Sp x Spa x we take the

D 8 be D lidop
D defined for
linear chains

D is a chain homotopy between

Sd nil G is a

20 6 02 b D lidop

chainmap

Ge 2D idp



Thain Gc idop Sd idp D2 idp
homotopy
for linear
chains

f sd z D2 6

id sd D2 6

PROOF OF THEOREM 1

Let U be a covering as in the

statement of theorem 1 Let GeSp x

be a singular simplex
then 6 o Iver is

an open covering of DP DP is

compact so we can select the

Lebesgue number 5 of this covering

Lebesgue's number Lemma



If the metric space X d is

compact an open cover of X
is given then there exists

a number

370 such that every subset of X

having diameter
less than b is

contained in some member of

the cover

Pick m e N large enough that

F1 my EI dimeteran
oh simplex

m will determine
how much we have

to subdivide simplices
so that each lies
in some VER

If we use sd m times on



6 we get a chain consisting

of singular simplices of which

each lies in some U'EU

be sd
m
idg sama espy

For each p simplex 6 we select

Ma in a way that it is the

smallest non negative integer

for which sdma 6 as x

Ma O E G E Spacx

We define
D Sp x Spa x

DC 8 D sd's z

j O this is

for f a p simplex
the D that
wedefined

for linear chains



If My O D 2 0

We calculate

25 52 121 2 EFD sa

EEITI Gn
i th face
of 8

IET aD sd5161 C 1ÉÉÉ D sd ai

Sdi o sdin o D2 sdi z

E C 1FEEDLsdCai

f sdm3 z EE D Isdi 281



É C 1ÉÉÉD Csdiczi

G sd 16 5E.tt lsdicat

E C 1ÉÉÉ D soli
6 same 6 Ef 1 É'D

lsd'stail
j MG

Ma Ema

We set

plz G 2512 5012

Note that PCO E Spa x

This P is a map Sp x Spx



p is a chain map

2p 2 26 22518 25216

26 25216

26 25216 52216

p so

25 Da id IEP
when i Crux Glx is

the inclusion

D is a chain homotopy from

igp to it

Also poi p i 2

6 25 idle 526121



id

so P is the chain homotopy

inverse of it
It follows from homotopy invariance

statements that it is an isomorphism

Hp x Hplx

PROOF OF EXCISION THEOREM

Let Me ABY such that tub X

in GUN Calx
is a chain equivalence From

proof of theorem 1 we get

maps P D that map simplices

in A to simplices in A



P and D induce maps on

quotients

p Splysp SR
a

p Spg Spa Ayy
It still holds that

25 52 id ie p
and that

if Cn a Man

is a chain equivalence and

consequently it induces an isomorphism

on homology



The map

spliff
7 SFMspCA

induced by inclusion is an

isomorphism since bothquotient
groups are free with the bases

singular p simplices
in B that

do not lie in A

Hp x A I Hp Gaza
Hp B An B

B

Here is an example of the machinery
we developed a classical result from 1910
due to Brouwer known as



INVARIANCE OF DIMENSION

If non empty open sets Ucam

and Vern are homeomorphic

then m m

Let Xe U By excision

HpLu V X 1 HpCRM IRM x

From LES of CRM IRA x2

HPTIRMEXD HtpLIRY HPLIRYIR.MIL

Ip firm xy HI Rm
we get Hp RmIRKED HI IRM X
Since RM x strongly deformation

retracts to Sm
1

Hp U U x2 I Hp sme
Erm
O otherwise



Homeomorphism h b V yields
a homeomorphism of pairs

U U x and V V ha

and so

Hp U U A I Hplv V h xD

Since also

Hp Yu had eHp Sm
EPN
O otherwise

it follows that man


