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EXAMPLE

Computehomology groups of the torus

using
the Mayer Vietoris sequence

A

B

O equivalent

f

B

An B homotopy

to

o
Sus

AB homotopy equivalent
to s



The Mayer Vietoris sequence is floras

Hp CAN
B Hp A aHp B Hp T Hpl D

For p 2 we get

a 000 Hp t 30
Hp S1 O p 2

and therefore HpIT 0 for p 2

For p o consider

Hal AHLB HITZ MIANB H A AHCB

H F H ANB
theC a Td

ECT 00

From here we get to t O Now consider

O Halt2 AH AnB FEETA AH

Hilt He ANB 0



Let us first compute H2 T2

2 is injective so Half is

isomorphic to 1m2 By exactness

Ima Ker it By So the next step
is

to determine Ker it BA

For this we choose the cycles

generating the homologies of
A B AnB

An B homotopy

to

Gf
B an equivalent

QB
SUS

New thCA nB I a SB
In HalA Mn B a B so

it it d o lit 8210,87 12 B



Hence it BA can be represented

1 11 27 22 22027

Hence theCt im Ker 1 1

a p 3

For H t we focus on the following

piece of the MVS

HeCanB É'm A OH B 5711 T2 7
HoCanB

We know all the groups except
H T2

Making an argument similar
to the

previous one we can show that

list it HolanB He A a Ho B

can be represented by 11,1



Now we produce a SES from

the sequence
above

O Ken Halt 71m 270

Ima Ker it i ke 11 1 27

We also know that a
second iso theorem

kerylmlja.jp 7204Ken ja ja

1041m if É
EZ

thence we have the following split
SES 27 is free so wehave a right inverse

0 27 714,17 27 00

Thus He T 27027



So for the torus the homology

groups are o izz
0 2

Hilt Eoe it

2 NO

EXAMPLES

show that Mph tiplsx for all p
where SX is the suspension of X

More generally thinking of SX as

the union of two cones Cx with their

base identified compute the reduced
homology

groups of the union of any finite number

of cones ex with their
bases identified In3

Recall that the suspension of X SX

is XXI with xx of and Xx I

collapsed into a point



an

Let A g xx fir the interiors of

B g xx 0,2
A B cover

SX

A B are both contractible and therefore

have vanishing reducedhomology
ANB is homotopy eywivalent to X

Then the reduced Mayer Vietoris sequence

yields
HI AOH B ITISAMI XD

HI A AHI B
and hence MICSD Hip x



Now consider n 3

We denote this spaceby
G

SzX

We use the Mayer Vietoris sequence

for
s x sxf.ci thsiIkened

Hplx tip sx aHplex tip Ssx 7

We have Hp ex o for all p
Furthermore the morphism induced by
inclusion Fp x Hp sx is trivial

since any cycle in X is a boundary

inside SX boundary of the cone for

example Hence this sequence simplifies

to



O Hi SX Hp IS x Tp x Otp

Now observe that there exists

a retraction r Sox Sx

Y

Atta

É

this retraction induces a map

tip Sox tip Sx with

Foix idppisp where i SX SX

is an inclusion This means that

this SES is split In particular

tip SX I Tp IDOHp Sx



EXAMPLE I special case of the previous problem

X S n 21 I ftp x a tip x

Sh Xo xn ERM X t xn I
1AXn

F in
t t

A exes in esh
i
een e I

B Go NES A since

A B I Bn so A B are contractible

Hp A Hp B 0 Up

Also An BI SM CARB Id since n 21

We now use the Mayer Vietoris LES



Hp Sm 000 Hp Sn HI SH 000

Hpl Sn tip CsnD

tip Sn I I ftp.nlso 8pPIn
There is also a version of Mayer Vietoris

for closed subsets
MALER VIETORIS SEQUENCE FOR AOSED

SUBSETS MV 2

Let X be a space A B closed

subsets of X s t X AUB Also assume

that A is a strong deformation

retract of its neighborhood
in X U

B is a strong deformation retract of

its neighborhood V and Ar B is

a strong deformation retract of un V
Then


