
 

THE FIRST HOMOLOGY GROUP

We now establish a link

between the present subject

of homology and our

previous discussion of homotopy
In particular what the
connection between the fundamental

group of a space Me of a space

es

THEOREM HUREWICZ THEOREM

Let X be a path connected space
Fix a base point Xo E X Put

G T lx X



then
He x I Ga Ghg Gj

abelianization

Recall that GG is the

subgroup generated by all the

commutators ie elements

of the form ah g high

Examples
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Proving the Hurewicz theorem

ftp.YTI e is nomology



classes

f g means that f g
are homotopic f g

means homologous

Lemma 1

Let fig I X be two paths
with FCA glo Consider the

1 chain
c fog f g ES x

Then C is a boundary hence

c OE Ha x

Proof of Lemma 1
Define 6 Lt X as follows



02

speedÉ

double
simplex

On the edge cop let it be f

on the edge eye let it be g
Extend 6 to the rest of 8

St on each segment in 8

which is perpendicular to leer

6 is constant

So on lolz we get that 6

is f g
Let us calculate 26



Girl26 e FAZ
en en

th ACeo ed Eged

g fig f ft g fig
f g f g

is a boundary

Lemma 2

The constant path o I x

is a boundary
Let f I x be a path

Then the 1 chain fr ft is

a boundary
Proof of Lemma 2
Define T 8 X to be the constant

simplex constant at the same point as c

g t c c t c o



Define 6 02 X by defining
6 to be on the edge log as

well as esta E

III
tkrest of 8 by

setting it to be

segment parallel to lolz

26 5 const tf
Since the constant edge

is also

a boundary by It

2 6 5 8 tf

ft tf is also a boundary



Lemma 3

If fig I X are paths with

f o glo FA ga and

f F g rel af then f g

Proof X

Kt F I X

be a homotopy

rel JI between

f and g We have

Flex const ft

and
F me

const f 1

This homotopy yields a pair of



y

singular 2 simplices
ILIJA be be in x

re V1 Gluevj Evevsf
26 Galanis Glunt Gland

constfly Zitaup f

262 Galang blunt Elvis
g Gluing cont Fto

We compute

216 6 Constant Guy tf

g
t

byron const flat

f g const ft constflat
Since constant singular simplices are



boundaries so is f g this implies

that f g B

Now that we have proved these

lemmas we return to the proof

of the Harewiot theorem

First we need a map from

Helx x to Hix

d Te lx x Mix

Let f e IT x x and let f I x be

a loop representing f in G

f is a cycle since

a f f A f lo Xe Xe O

Define
FY f



CLAIM d is well defined

This statement follows from Lemma 3

Let ge f Then f g.by definition

By lemma 3 we also have that

f Ig ie f Lg

CLAIM d is a homomorphism

of groups
Let f g

I x be two loops based

at X Then

f g p f g
f g f g f toagy

By Lemma 1 If g f g



Since He x is abelian

d sends G G to 0

of induces a homomorphism

d Gab H x

THEOREM HUREWICZ

d is an isomorphism of groups

Proof
For all ex choose in an arbitrary

way a path ax from Xo tox
in such a way that axe const

Define a homomorphism

I S x Gab



as follows
for a

generator of Six
f I X put

11ft ago Haji
E Gab

identifiedg I y Imho

As Sld is free abelian

Gab is abelian the above defines

uniquely the homomorphism I



Lemma 4

F beBak we have I b I eGab

Proof
Because I is a homomorphism

it is enough to check that I
gets the value 1 on b's of
the type 6 28 where 6 02 0

is any singular 2 simplex

f Hee
i

h bl
ex



Y 126 I g fit f

41g 4 ChTT Cf

Gababelian
y f I g 41 7

agiftayy ay g at lay h tail
Toto pic

to const
rel 21

ay f g agita h as

FEE
a f g h agt G

New fig h I consty
rel II
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So far we have

4 di I
Since ICB 6 1113,4
induces a homomorphism

4 th x gab
C we restrict

CLAIM I to Zn
0 In

Proof If f is
1

a loop based
in Xo then



odd f 4 Ef

a f at f

dont dont

CLAIM

4 0 I not

Proof
Note that Xox Ax induces

a homomorphism

Se x Se x

É o do

Ex X E Nx A



We will denote no ax by

exhxx

Lemma 5

Let 6 I x be a t simplex

a path Then

01 416 6 da dam

6 dae

If e is a 1 chain in X

then d Llc c are

In particular if c is a cycle
then 4 1 c c



Proof
0 467 4 auto asci

Ida 6 age
fuse

lemmas 182

Aaa 6 Ra 6 a

Follows from the linearity of
the map SoG ten acts x

and other maps involved here

If c is a cycle JC 0

dat o c aye e OF
COROLLARY

4 1 19 c ie P id

This statement therefore
completes the proof



The next important property of
singular homology is homotopy

invariance

HOMOTOPY INVARIANCE
Recall that a continuous

map fix I induces a chain

map Fe S n x Sn 1 between

chain complexes Cfx and CCI

and fe in turn induces a

map ft Mn x Hn11 We have

already proved that if f

is a homeomorphism
then ft

is an isomorphism Now we

turn our attention to maps

between homology groups induced by
homotopio maps In particular



we can prove the following
theorem For this part we follow

Hatcher

THEOREM
If two maps f g X I are

homotopic then they induce
the same homomorphism

F g iHn x Hn17

In particular if f is a homotopy

equivalence then f is an

isomorphism for all N

Proof
the essential ingredient of
the proof is to subdivide on XI
into simplices



For a general n

Let Ox o ve in

and Dx if We WD

where viand wi have the

same image under the projection

ax I on

We pass from
Evo in to

No Wn by interpolating
a sequence of n simplices

each obtained from the preceding

one by moving one vertex Vi

up to Wi starting
with Un

and working backwards
to Vo



First step Evo un Ivo gungun

Second step Evo in own Ivopain

Ivo Yi win in ve Yanisin
The region between

these two

simplices is exactly the Inn sx

Vor Ni Wi wn whichthas

Ivo ViWin YD as a lower face

and Vo YaWind as an upper

face
he 1
awe Eve.vn sequence

Evo wily of
tuff simplices

5 We We



Regions in between that are

2 simplices EvanWD No no Ws

N Z

JAN
Eve vi Was

i

U

Regions in between that are

3 simplices Veith Va Wa

Vein in Wa

VeWeWeWD



Altogether On XI is the union

of the na simplices Vol Vi Wi gun

each intersecting the next in an

M simplex face

Given a homotopy F XXI y

from f to g we define

Pn S x Sm I

a homomorphism of groups given

on generators by
the following

formula

Plz C 1 F bx id

LIEGE Wn

these are singular
Cm simplices



this operator is called the

PRISM OPERATOR

We will show that prism operators

satisfy the basic
relation

ap ga fo pya top
bottom
the

P sides of
geometrically JP the
represents the prism
boundary of the prism

To prove this relation we calculate

2p 2
3

156 1 Fo xiddtverijs.inWD

pic 1 H FoOxide
waitwindsin

jai



The terms with ig in the
two sums cancel except for

F bxidelad won wnJ which

is go b gold and F xidg.mg

which is fol 6

Theterms with i j are exactly

polo since

Pa 6

pic 1 Fo HideWaitWindswit
is

g piEDJFOCGXidtherivjs.inWDNj



Now we finish the proof of the

theorem

If Ce Sn G is a cycle then

gold face op a Pa c

p c

Since 20 0 this means that

geld fold is a boundary and

so geld fold


