
 

Quick Intro to Homological Algebra
Let us first recall the definition
of a chain complex homology of a

general chain complex

Definition
A CHAIN COMPLEX is a sequence of
abelian groups Ci ie 27 together

with a sequence of homomorphisms

Ji Ci Ci sit 2,02 o ti

sometimes written as 002 0

2 is called the BOUNDARY OPERATOR

C CE.ci É
cycles

Let Zi ker Ci Sci 1 and



Bit 1m Car 9g
boundaries

Since 202 0 we have Biczi

Define Hill Ziti
Phonology E C 2
in degree i

Definition morphism of chain complexes

Hot CA 2 B fB B are chain

complexes a CHAIN MAP

foot B is a

collection of homomorphisms

f Ai Bi ti sit fo JA 2Bof

Ait A A
all
squares

If If If are

Bite Bi Bit commutative



PROPOSITION

Let f ft B be a chain map

Then f induces a homomorphism

SI Hi lot Hi B

for all ite by the following procedure

Let LEH Cot Pick a cycle

a c Ai St a L Define

D flat
Moreover if A B and E are chain

complexes and f A B g B E

de chain maps then got is
also a

chain map And gof g of and

idiot idiot for all i



Key ingredient Chain maps map
boundaries to boundaries and cycles

to cycles

EXACT SEQUENCES

Let A B C be abelian groups and

A BI c be two homomorphisms

The sequence A BIC is called

EXACT it Kerj 1mi
A sequence Aw AÉAÉ
is called EXACT if AKIFAITAky
is EXACT for all k

Remark

O A FB is exact

f is injective kerf 03



A B 0 is exact e

g
is surjective Img Kero

B

O ABB o is exact

h is an isomorphism

If O A B Ceo is

exact the embedding i AGB

and the surjection j induce an

isomorphism Bila IC

this holds since j induces an

isomorphism Blaj Imj

Blin
I



An exact sequence O ATB co

is called a SHORT EXACT SEQUENCE

SES

Let A B Y be chain complexes

Let i not B j B E be chain

maps We can look at the sequence

Ota 58 E 0

We say that this sequence
is exact

if Knez O An Brien O

is exact

We call x a SES of chain complexes



THEOREM

Let out B BE o

be a SES of chain complexes then

It induces a LONG EXACT

SEQUENCE IN HOMOLOGY

Glinda HnfB7FHn.ie

HFHCB.lt
Ha EHnfB

IHnTT

The homomorphism 2x Hn E Halt
is called the CONNECTING

HOMOMORPHISM



Proof
Let's examine what happens on

the chain level in degrees p and

p 1

o Ap ÉÉÉ o

o ftp Bp gt o

d ab

We will define 2 Hp E Mpilot
as follows

Let Hpd
Choose a cycleCelp

lie 2C o s t c p

Bp Cp is a surjection so

Fb cBp sit j b a c



Since j2 b 2 j b 20 0

2 b e key 1mi

F ae Ap sit ila 2b

Note that

ilsa Sila 21267 0

But i is injective hence 29
0

ie A is a cycle

Define 2 p a

CLAIM the definition of 2 is

good ie it doesn't depend on

the choice of C with Loser

nor on the choice of
b



Proof of claim

Fix first c and suppose that

C j b Define a as before but

using b

j b b 0 since jb jib c

b b ckey 1mi so

b b si la for some a EAp

2b 2b Fila ilsa

But ab 2b ila ila ila a

So i Ca a i aaa Since i is

injective a a 2A a Eat

We'll show next that the definition of
Ip is independent of e with

c M



Consider another cycle C Elp with

of p

c et de

Since j is surjectivewe may choose
b with j b c and b with j b c

Put
bl b tab

j b j b job ct2j b

et Jc c

So b serves as an element that is

sent to c by j Now consider

2 b then take the unique a eAp

with ilan ab But

2b abt 22b e 2b



ital abl 2b ila

Since i is injective aka

this completes the proof of the claim

CLAIM 2 is a homomorphism

Proof of claim
Let c cheap be two cycles

From the recipe for 2x we choose

b beBp al de Ape with ilan Jb

i a2 2b

Then 2 61 91,2 62 a

To apply 2 ON OF a ate

we can choose cite to be

the representative of CT
c



g b
b
j b j b cite and

i Carta i Lakilakobtab
2 b b

2 CCD Ca aka all Cay

ACT ALE

This proves the claim

Proof that the long sequence

Glinda Hn1B Hnfl

HFHCB.AM
Ha EHnfB EH T
is exact



We must verify six statements

Imi E Kenji Kenji Elmi

Imj E Kera Kera Elm j
Imay E Keri and Keri E lm Ji

Imi C Ker j
This follows since ji 0 implies

that join 0

Imjacker 2
Let BeHp B and let beBp be
a cute with B b

O Ap
Bbp

Cp 0 By construction

o o

0 ftp Bdp qt o
8 562 0



Im IE Ker i

We must show that 5 2 0

Assume that Cccp is a Ide
i I c Lila where at Ap 1

is such that i a sb where

j lb c

1 2 11 Lila obj O

Kenji Imi

Assume that j b O where b

is a cycle Since j b Lgbt

it follows that j b se for
some

Ce Cpa Pick b with j bi c



Note that

j lb 2b job j lab

C J j bi 2C 20 0

By exactness of the SES

Fa s t

ila b ab

Let us show that a is a cycle

Ji a 2b job 0 0 0

its a
Since i is injective Ja O

i La Lila b ab

b

b Elm in



Keri Clm 2

Suppose that it a 0

ila 2b for some beBp

Put c j b We have

2672g b j2 b ji a O

C is a cycle Now by the

definition of 2x ICC a

Kera Clmj
Suppose 2,10 0 for some

cycle co op Choose
beBp with

j b c and at Ap with

i a 2b

Since 2 102 Ca O a Ja



for some alt Ap

Now Oi al coal ila ab

2 b icai 0

It follows that b ild is a

cycle
We have

j b ila g b joilalf

j b O

and from here

j b iCan Lo

B

This kind of methodof proof

is called DIAGRAM CHASING



ADDENDUM to theorem SES LES

Let O A B E 0

It to th
out so e o

be two SES of chain complexes

and f g h chain maps
sit the diagram

above commutes For Kp we

have a commutative diagram

0 Ap Bp IE p
0

It IS the
0 Ap Bp yep 20

Then we obtain two LES in homology

with maps
between them that makes all

the squares commutative



Hp A Hp B Hp E Mp lot
If I go Lh If

Hplot Hp 8.1 Hp E Mpla

Proof
commutebecause on the

chain level commute

To prove commutativity of 30
Let Ce Ep be a cycle

2 6 La where a cAp with

i Ca 2lb where j b r

Consider fla Firstly
ii flatgoila yes b g g b

definite

and

jog b hey b hee



It follows that

I oh of 2 LIO flat Iaf
f 2 C

B

THE 5 LEMMA

Let
A TB CID TE

d te la deTAIB d DIE

be a commutative diagram of

abelian groups with exact rows

If bed are injective a is surjective

c is injective

If bed are subjective e is injective

c is surjective



If a bid e are isomorphisms

C is an isomorphism

Definition
Let fig A B be chain maps

A CHAIN HOMOTOPY From f to g
is a sequence of homomorphisms he

hp Ap Bpa PEZ

for which

Ip 1 ohpthpy Lp gp fp

Ap Ap Ap

getftp fgpffphPfgpffp l

Bpa Bp Bp it

Example
Let f g X 7 be continuousmaps



P Cp x CHI pyramid operator

P is a chain homotopy from Fc to go

A chain map fit B is a CHAIN

EQUIVALENCE if thereexists a chain map

g B ot and chain homotopies

from fog to id and from gof

to rot

Two charm complexes are chain

equivalent if there exists
a chain

equivalence between them

F and g are chain equivalent it

there exists a chain homotopy
between

f and g



Proposition

If f g A B are chain homotopic

then f g
Proof

Let fig
Let a be a cycle ie sa o

Then no

gla fla 2 hila th Ja

2 kla

9this
is a boundary

glad flat g f


