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1. INTRODUCTION

1.1. Euclidean and Unique factorisation domains. By a ring, we will always mean a commutative
ring R with an identity element 1 distinct from 0.

Example 1.1. The Gaussian integers
Z[i|={a+bi:a,beZ}
form a ring with the natural addition and multiplication.

Definition 1.2. An element a € R is a unit if there exists b € R such that ab = 1. We denote this
element by a='. Note that a™' is unique. We denote by R* the set of units in R; note that R* is a
group under multiplication.

Example 1.3. (Exercise) We have Z[i]* = {1, +i}.

Definition 1.4. A ring R is an integral domain if it has no zero-divisors; i.e. if a,b € R satisfy ab =0,
then a =0 or b=0.

Example 1.5. The ring Z[i] is an integral domain, as it is a subring of C (which is a field, and hence
automatically an integral domain). One can also show explicitly that the product of two non-zero
Gaussian integers cannot be zero.

Definition 1.6. (1) An element r € R — {0} is irreducible if it is not a unit, but if we write r = ab
for some a,b € R, then one of a,b must be a unit. Otherwise r is reducible, and a,b are factors
of r.

(2) Two elements r,s € R are associate if there exists uw € R* such that r = su. In this case we
write r ~ s.

Example 1.7. Define the norm map
N:Z[i]| = Z, a+ib=a®+b>

I claim that 2 + ¢ is irreducible in Z[i]. Indeed, we have N(2 + i) = 5. Suppose now that 2 4+ ¢ = xy for
some x,y € Z[i]. Then by the multiplicativity of the norm, we must have

N(z)N(y) =5,

so either N(z) = 1 or N(y) = 1. But the only elements with norm 1 are the units, so we get a
contradiction.

Remark 1.8. We can easily show that any x € Z[i] such that N(x) is a prime is irreducible. However,
the converse is false!

Definition 1.9. A ring R is a unique factorisation domain (UFD) if it is an integral domain, and if

(1) every non-zero element x € R — R* factors as a product
T=T1...Tn,

where the r; are irreducible;
(2) this factorisation is unique up to units and up to reordering of the factors.

Example 1.10. Z is a unique factorisation domain.
Theorem 1.11. The ring Z[i] is a UFD.
To prove this result, we need to introduce the notion of a Euclidean domain:

Definition 1.12. Let R be an integral domain, and let ¢ : R — 7Z be a function such that ¢(x) > 0 for
all z € R, and $(0) = 0. Then R is a Eucliden domain if the division algorithm holds: for all x,y € R,
y # 0, there exist g, € R such that x = qy + r and either r =0 or ¢(r) < ¢(y).

Remark 1.13. The elements q and r are not required to be unique.
Proposition 1.14. Any Euclidean domain is a UFD.
Proof. See Algebra 1. O

We can now prove Theorem



Proof. We take ¢ to be the norm map N. We need to show that it satisfies the axioms of Definition [1.12
Let z,y € Z[i] with y # 0. Let z = £, and let g be an element of Z[i] such that

2 —q| < |z —¢|

for all ¢’ € Z[7] (i.e. g is the lattice point closest to z.) By elementary geometry, we have |z — ¢| < %
Let r =2 — qy. Then
2

=yPlz—q* < 5N(y) < N(y).

N(T)ZN(x—qy)ZIw—qyl2=‘y<§—q> %

O

1.2. Solving Diophantine equations. We will now see that we can use the property of unique fac-
torisation to solve some Diophantine equations.

Problem 1.15. Determine all z,y € Z which satisfy
(1) 2 =y? + 1.

Remark 1.16. The equation is an example of an elliptic curve. Elliptic curves play an important
role in modern number theory; for example, they are central to Wiles’ proof of Fermat’s Last Theorem.

Proposition 1.17. The only solution is (z,y) = (1,0).
Proof. Suppose that (z,y) is a solution. If = is even, then
=0 (mod8) = y*=-1 (mod38).

But this gives a contradiction since —1 is not a quadratic residue (mod 8).

Hence z is odd and y is even. Now factor (1)) in Z[i]:

(y+i)(y —i) = 2°.

Claim. y+ i and y — ¢ do not have a common factor: they are relatively prime. Proof of claim: suppose
there exists o € Z[i] which is not a unit such that «o|(y +4) and «|(y —¢). Then

of [(y +14) = (y —9)] = 24,
so since 2i = (1 +14)? and 1 + 4 is irreducible, we deduce from unique factorisation that (1 4+ 4)|a. Then
(1 +a)l(y +i)(y — 1) = 2?,
so by unique factorisation we deduce that 1+ devides z, i.e. there exists 8 € Z[i] such that z = (1+1).
But then
2® =2z = (1+1)(1 —1)BB = 288,
so 22 (and hence z) is even, which gives a contradiction. This proves the claim.
We now deduce from unique factorisation that each of i + 4 and y — i are of the form u/3? for some
u € Z[i]* and S € Z[i]. Now the units in Z[i] are all perfect cubes, so y + i and y — i are both cubes in
Z[i].
Write y + i = (a + ib)® for some a,b € Z. Then

y+i=(a®—3ab?) + (3a®b—b%)i = y=a(a®—3b%) and 1=0b(3a*—1?).

We deduce that b = £1.

(1) If b = 1, then 3a® = 2, which is clearly impossible.
(2) fb=-1,thena=0=y=0=x=1.
O

Remark 1.18. The proof relies crucially on the fact that unique factorisation holds in Z[i]. It is tempting
to use similar ideas in order to tackle more complicated equations.

Remark 1.19. Finding the integral solutions of the equation
¥ =97 -1

is much harder. Euler showed that the only non-trivial solutions (i.e. with xy # 0) are (x,y) = (2,+£3).
3



Example 1.20. Let p > 5 be a prime, and consider Fermat’s equation
(2) ZP = XP +YP,

Suppose that there exists an integer solution with p t xyz. Let ¢ be a primitive pth root of unity, and
consider the ring Z[¢]. Then (2 factorizes over Z[(] as

(3) P =(@+y) @+ (z+Cy) .. (z+ P My).

Assume now that Z[¢] is a UFD. It is then not difficult to prove (exercise) that the terms on the right of
are pairwise relatively prime, so each of these terms can be written as ur? for some unit » and some
r € Z[¢]. One can then derive a contradiction, similar to the argument above. The idea was pursued by
Lamé and Kummer in trying to prove Fermat’s last theorem. But Kummer realised that the ring Z[(] is
almost never a unique factorisation domain! (In fact, it is only a UFD if and only if p < 19.)

Nonetheless, Kummer was able to make a lot of progress towards resolving Fermat’s Last Theorem
by suitably modifying this argument. First of all, he realized that even though unique factorization of
elements into irreducibles often fails in Z[(], a weaker property always holds: every ideal factors uniquely
into a product of prime ideals. This discovery was really the birth of modern algebraic number theory.
Kummer then initiated a careful study of the discrepancy between ideals of Z[(] and elements of Z[(].
This involves studying the so-called ideal class group, as well as the unit group, of the number ring Z[(].
In this way, Kummer was able to sufficiently understand the units, and to recover enough of a fragment
of the unique factorization property in Z[(], to show that Fermat’s Last Theorem holds for what are
now called “regular primes”. We will discuss all of this in more detail later in the course. In fact, it can
be fairly said that understanding the ideal class group and unit group of a number ring is our primary
objective in this class.

Remark 1.21. Already the ring Z[/6] does not have unique factorisation. Can you give an evample?
1.3. Field extensions. We recall some results about field extensions:

Definition 1.22. Let K C L be fields. The dimension of L as a K-vector space is the degree of the
extension L/ K, denoted [L : K|. We say that the extension L of K is finite if [L : K] < co.

Proposition 1.23. (Tower law) If F C K C L are finite field extensions, then
[L:F]=[L:K|[K:F).

Definition 1.24. Let L/K be a field extension, and let « € L. Then « is algebraic over K if there
exists a polynomial f(t) € K[t] such that f(a) =0. If no such f exists, we say that « is transcendental
over K.

Definition 1.25. If « is algebraic over K, there exists a unique monic polynomial f(t) € K[t] of smallest
degree such that f(a) = 0. This polynomial is the minimal polynomial of « over K.

Definition 1.26. If L/K is a field extension and ai,...,a, € L, we define K(aq,...,a,) to be the
smallest subfield of L containing oy, ...,a,. We call this field the field obtained by adjoining to K the
elements aq, ..., Q.

The following theorem will be of fundamental importance in this course:

Theorem 1.27. If L/K is a field extension and o € L, then « is algebraic over K if and only if K(«)
is a finite field extension of K. In this case, we have [K(a) : K| = O(f), where f € K|[t] is the minimal
polynomial of a, and a basis of K() as a K-vector space is given by {1,c,...,a? =11,

2. ALGEBRAIC NUMBER FIELDS

2.1. Algebraic numbers. We now have all the necessary ingredients for studying field extensions. We
will be particularly interested in the algebraic extensions of Q:

Definition 2.1. We say that a complex number « is algebraic if it is algebraic over Q, i.e. if there
exists a non-zero polynomial f(t) € Q[t] such that f(a) = 0. Let A denote the set of algebraic numbers.

Definition 2.2. An extension K of Q is algebraic if every element of K is algebraic, i.e. if K C A.

Theorem 2.3. The set A is a subfield of the complex numbers.
4



Proof. We use Theorem which says that « is algebraic if and only if [Q(«) : Q] is finite. Suppose
that a and ( are algebraic. Then

[Q(a, 8) : Q] = [Q(ev, B) : Q(@)][Q(e) = Q.

Since B is algebraic over Q, it is certainly algebraic over Q(a), so [Q(«, 8) : Q(«)] is finite by Theorem
But each of —a, a+ 8, a8, and (if 8 # 0) «/8 belong to Q(a, 8). So all of these are in A, which
proves the theorem. O

Definition 2.4. A number field is a subfield K of C such that [K : Q] < co.

Theorem 2.5 (Primitive element theorem). Let L be a number field. Then there exists 6 € L such that
L =Q(6); 0 is called a primitive element for the extension L/Q.

Intuitive proof. By Galois theory, K has only finitely many subfields. Let # be any element of K which
does not lie in any of the subfields. Then we must have K = Q(9).

2.2. Field embeddings. We’'ll now think a bit about maps between fields, because that will help us to
understand the structure of number fields.

Definition 2.6. Let K = Q(0) be a number field. A (complex) embedding of K is a ring homomorphism
K — C.

Remark 2.7. Suppose that K = Q(6), and let n = [K : Q|. By Theorem 1,0,...,0" 1 is a
Q-basis of K. If o is any complex embedding of K, then o is uniquely determined by o(0): if x =
ag+ a0+ -+ an_16™"1, we have

o(x) =ap+a1o(0) + -+ an_10(0)" " .
Recall the following theorem from Galois theory:

Theorem 2.8. Let K = Q(0) be a number field, with [K : Q] = n. Then there are exactly n distinct
embeddings o; : K — C. The elements 0;(0) are the distinct zeroes in C of the minimal polynomial of 6
over Q.

Definition 2.9. Let 6 € C be algebraic, and let K = Q(0). Let o1,...,0, be the embeddings of K into
C. Define the conjugates of x to be the elements {o;(0) : i =1,...,n}.

Note 2.10. Let 0 be algebraic, and let 61 = 0, 0, ...,0, be the conjugates of 0. As [, (t — 6;) is the
minimal polynomial of 6 over Q by Theoreni2.8, it follows that both 6y -- -6, and 61 + ---+6,, are in Q.
We will see in the next section that this observation can be generalized: if (X1, ..., X,) € Q[X1,..., X,]
is any symmetric polynomial, then g(61,...,0,) € Q. (Of course you can also prove this using Galois
theory, but the results on symmetric functions are stronger, as they respect integral structures.)

2.3. Interlude: symmetric polynomials.

Definition 2.11. Let K be a field and let f € K[X,...,X,]. Then f is called a symmetric polynomial
(in n variables) if for all permutations o € S, we have

f(XO'(l)7"'7XO'(7L)) = f(X177Xn)

Example 2.12. The polynomials X; + X5, X1 X, X? + 3X; X5 + XZ are symmetric in two variables.
The polynomial

(X1, X0, X3) = X{Xo + X X3+ X5 X1 + X5 X3+ X5 X1 + X5 Xo — XTX5X3
in Q[X1, Xo, X3] is symmetric in three variables. However, the polynomial
9(X1, X2, X3) = X7Xo + X5 X5+ X3X,
is not symmetric, as it is not invariant under the transposition (2, 3).

Note 2.13. The symmetric polynomials in n variables form a subring &,, of K[X1,...,X,].
5



Definition 2.14. The elementary symmetric polynomials in n variables are defined as

81:X1+...+Xn,

S9 = Z Xin,

1<i<j<n

S3 = Z XinXk,

1<i<j<k<n

Sp = X1X2 s Xn
Example 2.15. The elementary symmetric polynomials in 3 variables are
s1 = X1+ Xo + X3,
SS9 = X1X2 +X2X3 + X3X1,
S3 = X1X2X3.

The following remark will be important later.

Remark 2.16. The elementary symmetric polynomials arise as follows: if f(X) € C[X] is of the form

n

70 = [[(X - ),

i=1
then by expanding this we obtain

FX) = X" —s1(a1, .y 0) X" b (D)0, . a).

The following theorem shows that the elementary symmetric functions are the building blocks for all
symmetric functions:

Theorem 2.17. (Newton’s theorem) Let K be a field. Then the subring &, of K[X1,...,X,] is generated
as a ring over K by the elementary symmetric polynomials in n variables, i.e. every element h € &,
can be written as a K-linear combination of elements of the form s{*---s%  where a; € Z>¢ for all i.
Proof. The idea is to order the monomials lexicographically:

X& . X0 > X X

if and only if a1 > by or a; = by and as > bs or a1 = by, as = by and az > b3 etc. We can therefore define
the leading term of a polynomial in n variables. In particular, if f is symmetric, then its leading term is
of the form aX{*X5? .- X2 for some a3 > ag > -+ > a, and « € K. Then the symmetric polynomial

g1 T2 g32 a8 L gan

has the same leading term as f, so f — asft™ 255279 ... 5% has a smaller leading term. We can now
) 1 2 n

proceed by induction. ([l

Example 2.18. Consider f(Xi, X2, X3) = X?X3 + X2X2 + X2X?2. The leading term of f is X?X2, so

a1 = ap = 2 and a3 = 0. Hence we subtract s{s3s = s3:

f(X1, X2, X3) — 82 = X2X2 + X2X2 + X2X7 — (X1 Xo + Xo X3+ X3X)?
= 2(X?Xo X3+ X1 X5 X3 + X1 X0 X3).
The leading term is —2X12X2X3, so a1 = 2, as = ag = 1 and we subtract —2s153:
f(X1, Xo, X3) — 53+ 25183 = 0,
so f = 83 + 2s133.

Example 2.19. Let f(X X5, X3) = X3 + X3+ X3. The leading term of f in the lexicographic ordering
is X7, so we subtract s3:

F(X1, X0, X3) — 5% = =3(X?Xo + Xo X3+ Xa X1 + X1 X2 + Xo X7+ X3X?7) — 6X; X0 X5.
The leading term of this expression is —3X? X5, so we subtract —3s1sa:

f(Xl,Xg,Xg) - S‘i’ - (—38182) = 3X1X2X3 = 383.
6



We deduce that
(4) X34+ X3+ X3 =53 — 35189 + 3s3.

We can apply this identity to study properties of the zeroes of polynomials of degree 3. Suppose for
example that «, 3,7 are the zeros of the polynomial t3 + 3t% 4 6t + 15, i.e.

343246t +15=(t—a)(t—B)(t — 7).
We then see from Remark [2.16] that

_81(a7ﬁ77) = 3
52(a7ﬂ77) = 67
783(&,[3,’}/) = 15

Then it follows from that
o+ B4+~ = (=32 =3(=3 x6) +3x (—15) = =27+ 54 — 45 = —18.

Remark 2.20. The same proof shows that the subring of symmetric polynomials of Z[X1,...,X,] is
generated over Z by the elementary polynomials.

Combining Remark 2.16] and Theorem [2.17} we obtain the following corollary:

Corollary 2.21. Let L be a field extension of K, and let f € KJt] be a monic polynomial of degree
n such that all the roots of f are contained in L. Denote the roots by aq,..., . If h(X3,...,X,) €
K[Xy,...,X,] is symmetric, then h(aq,...,a,) € K.

Proof. By assumption, f(¢) factorises in L[t] as

ft) =t —ar)---(t - an),

so since f € K[t], we deduce from (2.16) that s;(a1,...,o,) € K for all i. By Theorem [2.17} it follows
that h(ag,...,a,) € K for all symmetric polynomials A(Xy,...,X,) € K[X1,...,X,]. O

Remark 2.22. The same proof works if we replace the field K by the ring Z: Let L be a field extension
of Q, and let f € Z[t] be a monic polynomial of degree n such that all the roots of f are contained in L.
Denote the roots by a1, ..., cp. If h(Xq,..., X,) € Z[X4,...,X,] is symmetric, then h(ay,...,ay) € Z.
This result is not immediate from Galois theory.

We can now give a new and explicit proof of Theorem which states that A is a field:

Proof. We have to show that if o, 8 € A, then a + 5, —a, af, é € A. We first show that o + 5 € A. We
do this by constructing ezplicitly a monic polynomial h(t) € Q[t] such that h(a+3) = 0. For x € {«, 8},
let fi(t) € Q[t] be the minimal polynomial of x over Q; let m = 9(f,) and n = 9(fg). Let 51 =0,...,8n
be the conjugates of 5. We will show that the polynomial

h(t) = fa(t - ﬁl) T fa(t - ﬂn)
has coefficients in Q. As it clearly satisfies h(a + ) = 0, this will finish the proof.
Consider the product
(5) fa(t - xl)fa(t - 552) e foz(t - xn) =t"" 4 umn—l(xh ceey In)tmnil +-+ UO(xla ) In)

Note that we obtain h(t) by substituting f,..., 8, for z1,...,z, in , so we need to show that
wi(B1,...,0n) € Q for all 1 <i < mn. Now as f, € Q[t], it is clear that u;(z1,...,2z,) € Q[z1,...,zy]
for all 5. Moreover, it is clear from the construction that the u; are symmetric polynomials. By Corollary
[2.21] we therefore deduce that

ui(ﬁh-'-aﬁn)eQ V1l <i<mn,

as required. Hence o+ 8 € A. The proofs that —a, a3, i € A are similar and left as exercises. O

Remark 2.23. Using Remark we see that the proof shows indeed something stronger: it proves
that if both fo and fz have coefficients in Z, then there exists a monic polynomial h(t) € Z such that
h(a+ B) =0 (and similarly for af and —a). This will be very important later!

7



2.4. Norms, traces and discriminants. Let K = Q(f) be a number field of degree n, and let
01,-..,0p be the complex embeddings of K. Let a € K.

Definition 2.24. Define the norm and trace of a by

n

Nk jola) = Hai(a) and  Trg g(a) = Zai(a).

i=1
Note 2.25. [t is clear from the definitions that
e the norm is multiplicative: N(xy) = N(z)N(y), and
e the trace is additive: Tr(z +y) = Tr(x) + Tr(y).
We can use the theory of symmetric functions to show the following result:

Proposition 2.26. Both Nk g(c) and Trgg(a) are in Q.

Proof. Let 0, = 0,(0), so 61,04,...,0, are the conjugates of . As K = Q(0), there exists g(t) € Qt]
such that o = ¢g(#). Then

Nisg(a) = [ oi(9(8)) = [J 9(0:(6)) = [T 9(60),
i=1 i=1 i=1
which is clearly a symmetric polynomial in the §; and hence lies in Q by Corollary The proof that
Trg/g(a) € Q is similar. O

Example 2.27. Consider the quadratic field K = Q(v/d). If a = a 4+ bv/d € K, then
Nigjgla) = (a+ bVd)(a — bVd) = a* — db?,
Trg /() = (a+ bWd) + (a — bVd) = 2a.

27

Example 2.28. Let K = Q(¢), where ( = e’ . Then the minimal polynomial of ¢ over Q is f(t) =
t1+ 13 + 12 + ¢t + 1 (why?), and the elements {1,¢,¢?,¢3} are a Q-basis of K. Let « = 1 — (. Then
N(a) =5 and Tr(a) = 5.

We now introduce one of the most important objects in the course, the discriminant. We will see later
that the discriminant can tell us whether or not a given set of elements of a number field is a Q-basis

(c.f. Corollary [2.38]).
Definition 2.29. Let K be a number field, and let aq,...,a, be elements of K. Define a matriz
A= (aijhi<ij<n by
Qi = TI‘K/Q(OéiOéj).
Define the discriminant of the set aq,...,an to be Alay, ..., a,] = det(A).
Example 2.30. Let K = Q(v/d), and define

Vd ifd#1 (mod 4)
T4 =
T\ ifd=1 (mod 4)
Note that {1, 74} is a Q-basis of K. (In fact, it is a very special basis, as we will see in the next section.)

Let us calculate the discriminant of this basis.
(1) Suppose that d # 1 (mod 4). Then we have TrK/@(\/E) =vVd—+d=0,so0

~ (el e = (5 50)-

so A[l,V/d] = 4d.
(2) If d=1 (mod 4), then 74 = 12—‘/5. We have Tr(7;) = 1 and

1+d+Vd 1+d
TfK/@(ﬂ?):TI"K/@< 1 >: 5

2 1
1= k).
o

SO

and A[l, 74] = det(4) = d.



One can give an alternative characterisation of the discriminant as follows:

Proposition 2.31. Let K be a number field, and let o1,...,0, be the embeddings of K into C, and

define the matriz C = (¢ij)1<ij<n by ¢ij = 04(a;). Then
Alag, ..., o] = (det(C))%
Proof. Problem sheet 1.

O

Corollary 2.32. If ai,...,a, is a Q-basis of K and p1,..., 5, € K. Define the matriz D = (d;;) with

di; € Q by
,Bj = Zdijai.
i=1

Then
AlBi, ..., Bn] = det(D)*Alay, . . ., ay).

Proof. Problem sheet 1.
Note 2.33. If B1,...,05y is also a Q-basis of K, then D is just the change-of-basis matrix.

Example 2.34. Consider Q(v/—3). We already know from above that A[l,/—3] = —12. What is

A{1_¢?3,;¢?3]7

(257)-6 D0s)

A {1 _ V53 ;\/?3} _ (1>2 X AL V3] = 3.

We have

so Corollary implies that

2

Proposition 2.35. Suppose that K = Q(0) is a number field of degree n, and let 8 = 61,04, ...

the conjugates of 6. Then
A[LG,....0" " =] ] - 0;)%.

i>j
Corollary 2.36. We have A[1,6,...,0" 1] #0.
Proof. Immediate from Proposition and the fact that 6; # 0; if ¢ # j (why?).
This proposition will follow immediately from Proposition 2:31] and the following result:
Proposition 2.37. Let X4,...,X, be indeterminates. Then

1 X, ... xpt
1 X, ... Xxpt

det | 7o =]l X,
1 X, .. xnt) I

The matriz on the left is called the Vandermonde matrix.

, 0, be

Proof. We proceed by induction on n. The case for n = 2 is clear by explicit computation. Suppose that

it is true for n — 1. Now consider the matrix

1 X, .. Xp?oxpt
a1 X2 o xn=2 xp-t
1 X, ... Xp?2 oxp!

Recall that the determinant is invariant under row and column operations. Substract X;-times the

(n — 1)st column from the nth column to get

1 Xy ... Xp? 0
1 Xy ... X07? (Xy— X))X52
1 X, ... X% (X,—X)Xp?



Now subtract X;-times the (n — 2)nd column from the (n — 1)st column to get

1 Xy ... 0 0
1 Xy oo (Xo—X)X373 (Xo— X)Xp72
1 X, ... (Xp—X)X2 3 (X,—X;)Xn2
Keep going, so in the end we get
1 0 0 0
1 Xo—X; ... (Xp—X)DXP? (X — Xp)X52
1 X,—X7 ... (Xp,—-X)X'3 (X, —-X)Xn2
It is now easy to calculate the determinant:
1 0 0 0
_ _ n—3 o n—2
det(A) = det 1 Xo—-X1 ... (X2—X1)X; (X2 — X1)X)
1 X,—X1 ... (X,—X)X"3 (X,— X)X 2
Xo— X1 ... (Xo—X)DX373 (Xo— X)Xy 2
= det
X, —X1 ... (Xp—X)X'3 (X, —Xp)Xn2
| D ¢ D ¢
:(Xg—Xl)(Xn—Xl)det .. s
1 ... Xp3 xn2
and we conclude by induction hypothesis. O

Corollary 2.38. Let K be a number field of degree n, and let ay,...,a, € K. Then ay,...,q, is a
Q-basis of K if and only if Alaq,...,a,] #0.

Proof. By Theorem we can choose § € K such that K = Q(f). Then 1,0,...,60" ! is a Q-basis of

K by Theorem and
A[L,6,...,07 1] £0

by Corollary Let D = (d;;) be the matrix defined by

Qj = Z dijﬁi.
i=1
Then
Ay, ..., o] = det(D)?A[L,0,...,0"
by Lemma As det(D) # 0if and only if g, . . ., o, is also a Q-basis of K, this implies the result. [

In other words, the discriminant can be used to detect whether a given set of elements of a number
field is a Q-basis. However, it is not easy from the definitions to calculate the discriminant. The following
result shows that in special circumstance we can use the norm to calculate the discriminant:

Proposition 2.39. Let K = Q(0), where 0 has minimum polynomial f(t) over Q of degree n. Then the
Q-basis 1,0,...,0" 1 has discriminant

A[L0,...,0" ] = (=1)2" "V Nk o (D f(0)),
where Df(t) € Q[t] is the formal derivative of f(t).

Proof. Let 01 =id, 09, ...,0, be the embeddings of K, and let 8; = 0;(0), so in particular §; = 0. Over
C, the polynomial f(¢) factorises as

f@) = (t=01)---(t = bn).

If we define
gi(t) = [Tt - 0,),
J#i
then f(t) = (t — 6;)g:(t) for all 1 <i < n, and
oi(g1(t)) = J(0) = 1) = gi(t).

O'i(t—el) t—tgi
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Then
Df(t) = g1(t) + (t — ) Dy (1),

n

=  Df(0) =g:1(0) = H(9 —0;).

Taking the norm, we see that

Nio(Df(0)) = Nig(91(0))

= H o;(91(0))
= _ng(ej)
=[] -6
i#]
= H(aj —0:)(0; — 0;)
= ()T [0 - 0,2

n(n—1)

=(-1)" = A[L0,...,0"],

where the last equality follows from Proposition [2.35 O

To give an example of how to use Proposition [2.39] let us look at cubic fields:
Definition 2.40. A number field K is cubic if [K : Q] = 3.

Lemma 2.41. Let K be a cubic field. Then there exists 0 € K such that K = Q(0) and the minimal
polynomial of 0 over Q is of the form g(t) = t> + at + b for some a,b € Q.

Proof. Let o be a primitive element of K. Then the minimal polynomial of o over Q is of the form
fO) =t +ct? +dt+e

for some c,d,e € Q. Let 0 = a + §. Then clearly K = Q(f), and the minimal polynomial of § over Q is

f(t — %), which is of the required form. O

Corollary 2.42. Let K be a cubic field, and let a be a primitive element of K whose minimal polynomial
over Q is of the form f(t) =3+ at +b. Then

All, o, 0?] = —27b* — 4a.
Proof. Let 3,7 be the other two roots of f(t), so over C, f(t) factorises as
f@) =t +at+b=(t—a)t—pB)(t—),
which implies that
(6) si(e,8,7) =0, si(e,f8,7) =a, s2(a,f,7) = b
Now we know from Proposition that
All, o, a2] = —NK/Q(Df(a)).
We calculate N (D f(c)) using the theory of symmetric polynomials: clearly D f(a) = 3t* 4 a, so
Nio(Df(a)) = 01(30” + a) - 02(3a* + a) - 03(30” + a)
= (30" +a)(36” + a)(37” + 3)
=27(aB7)? +9a(a?B° + B2 +7%a®) + 3a*(a® + B° + %) + a®

11



To evaluate the coefficients, we express them in terms of the s;(a, 8,7). Applying the algorithm from
Newton’s theorem shows that

(aﬁf}/)? = 81(0[7B77)2 = b27
a?B% + 22 +42a? = si(a, B,7)? — 2s3(a, B, 7)s1(a, B, ) = a®
o+ B2+ =s1(a, 8,7)% = 2s2(ar, B,7) = —2a,

SO
Ngjo(Df(a)) =276 + 4a®.

3. ALGEBRAIC INTEGERS
3.1. Definition and basic properties.

Definition 3.1. An algebraic integer is a root in C of a monic polynomial equation with integer co-
efficients. In other words, 3 is an algebraic integer if and only if there exist by,...,b,—1 € Z such
that

B 4 bp 1"+ + b =0.

Example 3.2. The algebraic number § = /-2 is an algebraic integer, since §2+2 = 0. More surprisingly,
T = 1"'2—\/5 (the “Golden Ratio”) is an algebraic integer, since it satisfies 72 — 7 — 1 = 0. We will later
determine all the algebraic integers in quadratic fields.

Clearly every algebraic integer is an algebraic number. The following proposition shows that there
are algebraic integers which are not algebraic numbers.

Lemma 3.3. If a is an algebraic integer and o € Q, then o € Z.

Proof. Write & = a/b in lowest terms. Suppose « is not an integer, so b # +1. As « is an algebraic
integer, there are cg,...,c,—1 € Z with

a4 cp_1a T i 4eg = 0.

Clearing denominators,
a® + cp_1a" b+ 4 cob™ = 0.
As b # £1, b must have a prime factor, p say. Since a/b is in lowest terms, p doesn’t divide a. But then
we have
a" = —(cp_1a" b4 -+ cob™)
and the right-hand side is divisible by p but the left-hand side is not, a contradiction. O

The following fundamental result follows from our work on symmetric functions:
Theorem 3.4. The algebraic integers form a subring B of A.
Proof. Let a, 8 € B. Then Remark shows that a + 8, a8 and —« are in B, so B is a ring. O

We now give an alternative description of algebraic integers, resembling Theorem First recall
the following definition:

Definition 3.5. Let (G,+) be an abelian group. Then we say G is finitely generated if there is a finite
subset x1,...,xq of G such that every element y € G can be written in the form

Y=mnT1+ -+ Nglq
for somen; € Z. We call z1,...,x, generators of the group G.

Examples 3.6. (1) The additive group Z/NZ for any N > 1 is finitely generated.
(2) The additive group {% 1> 0} is not finitely generated.

Lemma 3.7. A subgroup of a finitely generated abelian group is finitely generated.

Proof. We won’t prove this here, but it’s not very hard to do (it suffices to check that any subgroup of
7™ is finitely generated, and this can be shown pretty easily by induction on n). (I

Proposition 3.8. A complex number a is an algebraic integer if and only if the additive group generated
by the powers 1, o, a?,. .. is finitely generated.
12



Remark 3.9. Explicitly, this means that o is an algebraic integer if and only if there exists N > 1 such
that for all m > N, there exist cg, . ..,cy € Z such that
a™ =co+cra+ - +eyaly.

Proof. If v is an algebraic integer, then there exists a monic polynomial f € Z[z] such that f(a) = 0. By
polynomial division, any polynomial g € Z[z] can be written in the form g = qf + r, with 9(r) < 9(f);
and, since f is monic, we have r € Z[z]. In particular, we can do this for g(z) = z™ for any integer n.
Then

a" = g(a) = q(a) f(a) +r(a) =r(a),
since by assumption f(a) = 0. Since r has degree < n — 1 and integer coefficients, this shows that
a™ = r(a) lies in the subgroup generated by 1,...,a" 1.

Conversely, suppose that the abelian group generated by the powers of « is finitely generated. Then
it has a finite generating set z1, ..., z,. FEach of these generators can only mention finitely many powers
of @, so there is some finite N such that the subgroup is generated by 1, a,...,a. But then oV ! must
be a linear combination, with integer coefficients, of 1,...,a"; so « satisfies a monic polynomial with
integer coefficients of degree N + 1. O

We can now give a new proof of Theorem

Proof. Let a, 8 be algebraic integers. We have to show that a8 and « + 3 are also algebraic integers. By
Proposition 2.11, all powers of « lie in a finitely generated additive subgroup I',, of C (with generators
v1,...,0y,) and all powers of 5 lie in a finitely generated additive subgroup I'g of C (with generators
Wi,y - .- ,’U}m).

Let T' be the finitely generated additive group generated by {v; }1<i<n, {w;}1<j<m and by the products
v,w; with 1 <4 <n,1 <j <m. Then all powers of o+ 3 and o lie in I, so it follows from Proposition
that they are all algebraic integers. O

We now want to give a criterion for an algebraic number to be an algebraic integer in terms of the
minimal polynomial. We first rcall the following result:

Lemma 3.10 (Gauss’ lemma). Let f(t) € Z[t] and suppose f = gh for some g,h € Q[t]. Then there
exists \ € Q, X # 0, such that both \g(t) and A\~ h(t) have coefficients in Z. In particular, f is irreducible
in Q[t] if and only if it is irreducible in Z[t].

Proposition 3.11. An algebraic number is an algebraic integer if and only if its minimal polynomial
over Q has integer coefficients.

Proof. If the minimal polynomial f of o has integral coefficients, then « is certainly an algebraic integer,
since f is monic.

Conversely, suppose « is an algebraic integer. Then it satisfies some monic integral polynomial F' with
integer coefficients. So F' is divisible by f, by the definition of the minimal polynomial; hence we can
write F' = fg for some f,g € Q[t]. By Gauss’s Lemma, we can find A € Q such that A\f and A\~!g have
integer coefficients.

Since f is monic, the leading coefficient of Af is just A. In particular, A € Z. But the leading coefficient
of f must divide the leading coefficient of F', which is 1. So A = £1. Since f has integer coefficients if
and only if —f does, the result follows. O

Definition 3.12. Let K be a number field. We define the ring of integers of K to be the ring Ox = BNK.

Example 3.13. Suppose that o = a + bi € Q(¢) with b # 0. Then the minimal polynomial of o over Q
is

f(t) =t* = 2at + (a® + b?),
so a is an algebraic integer if and only if both 2a and a? + b? are in Z. Hence the ring of integers of Q(i)
is Z(i) ={a+bi:a,beZ}.

Let K be a number field. Given an element o € K, we can also use the norm and trace operators to
test whether v € Ok

Proposition 3.14. Let o € K. If « is an algebraic integer, then Tr(a) and N(«) € Z.

Proof. Example sheet. O
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Example 3.15. Let K = Q(4/2), and let a = %\3/? + %\3/272 Is a an algebraic integer? An easy

calcuation shows that N(a) = 2%, so « is certainly not an algebraic integer.

Warning. Proposition is not an if-and-only-if criterion!

3.2. Integral bases. Let K be a number field of degree n. Recall that a Q-basis of K is a basis for K
as a Q-vector space. We now want to define a ‘basis’ for the ring of integers of K. Recall that O is an
Abelian group.

Definition 3.16. An integral basis of K is a Q-basis of K which is also a Z-basis for Ok . In other words,
a Q-basis x1,...,xy of K is an integral basis of K if for every a € Ok there exist unique ay,...,a, € Z
such that

a=a121+ -+ anTy,.

Example 3.17. 1 is an integral basis of Q; {1,i} is an integral basis of Q(i). But {1,v/5} is not an
integral basis of Q(v/5), since we know that 1+T\/g is an algebraic integer.

It is not immediately clear that every number field has an integral basis.

3.2.1. Euzistence of integral bases. The aim of this section is to show that every number field has an
integral basis. We start with the following elementary observation:

Lemma 3.18. Let o be an algebraic number. Then there is a nonzero integer ¢ such that ca is an
algebraic integer.

Proof. Exercise. U
As a corollary, we get the following result:

Corollary 3.19. Let K be a number field. Then there exists a Q-basis {a1,...,an} of K such that
a; € Ok foralll <i<n.

The following observation will be useful:

Lemma 3.20. If{aq,...,a,} is a Q-basis of K such that a; € Ok for alll <i < n, then Alay,...,a,] €

7.

Proof. Since Of is a ring, it is clear that a;a; € Ok for all 4,j. Then Proposition [3.14] implies that
Tr(a;o) € Z. As Alo, ..., ay) is by definition the determinant of the matrix with entries Tr(o;a;),
this finishes the proof. O

We can now prove the main result of this section:

Theorem 3.21. Every number field K has an integral basis. More precisely, if ay,...,a, € Ok is a
Q-basis of K such that |Alaq, ..., an]| is minimal, then it is an integral basis.

Proof. By Corollary there exists a Q-basis of K consisting of algebraic integers. Let wy,...,w, be
such a basis with Afwy,...,w,] minimal. We now argue by contradiction: suppose that wy,...,w, is

not an integral basis. Then there exists an algebraic integer 8 € Ok such that
B =aws + -+ apwy,
for some a; € Q, not all of which are in Z. Suppose without loss of generality that a; & Z. Then
a; =a-+r,

where a € Z and 0 < r < 1. Define

Y1 =pF—aw;, and Y;=w; for2<i<n.

Then 1, ...,1, is a Q-basis of K consisting of integers, and the determinant of the change of basis
matrix from {wi,...,w,} to {¢1,...,¢n} is
a1 —a ay a3 ... Qp
0 1 0 ... 0
= ’[“7
0 o o0 ... 1

and hence Corollary implies that

A[wlw"ywn] - 7’2A[’LU1,...,’UJ7LL
14



and |A1,...,¢¥]] < |Alwi,...,wy]| since 0 < r < 1. This gives a contradiction by the choice of
Wiy enny Wn. O

Corollary 3.22. Suppose that a1, ...,a, € Ok are a Q-basis of K. If Alay,. .., a,] is square-free, then
{a1,...,a,} is an integral basis of K.

Proof. Let f31,..., B, be an integral basis. Then there exist ¢;; € Z for 1 < ¢,j5 < n such that o; =
Z?=1 ¢ijBj. Let C' = (¢ij)1<i,j<n. By Corollary this implies that

Al ..., an] = (det(C)2A[By, .. ., Bl

Since the left-hand side is square-free, we must have det(C') = %1, so that the matrix C' is uni- modular,
i.e. its inverse also has entries in Z. Hence oy, . .., a,, is also a Z-basis of Ok, which finishes the proof. [

However, this corollary is NOT an if and only if criterion!

Example 3.23. Recall that if K = Q(i), then we know that {1,7} is an integral basis. However,
A[l,4] = —4, which is certainly not square-free.

Example 3.24. Let f(t) = t> —t — 1. We first note that f is irreducible in Z[t] (and hence in Q[t], by
Gauss’ lemma), as is reduction (mod 2) has no root and is hence irreducible. Let a be a root of f(¢)
(it is clearly an algebraic integer), and let K = Q(«). Then 1, «, a? is a Q-basis of K by Theorem
and Corollary shows that

All,a,0?] = —23.
As 23 is prime, we deduce from Theorem that {1,a,a?} is an integral basis of O .

So given a general number field, how do we find an integral basis? The proof of Theorem [3.21] gives
an algorithm:
Start with any Q-basis aq,...,a, of K consisting of algebraic integers.
Calculate Aoy, ..., ay), and let N be the largest integer whose square divides N.
If N =1, the basis ar,...,a, is integral by Corollary
If N > 1, then for each element of the form

1 n
GZN;aiai, with 1 <a; < N

determine whether 6 is an algebraic integer. If it is, then replace one of the «; for which a; # 0
by 6 to get a new basis with discriminant of smaller absolute value, and start again with step 2.
e If none of the 6 are algebraic integers (or N = 1), you have found an integral basis.

Example 3.25. Let K = Q(\/g) We start with the Q-basis 1,v/5 of K. The two embeddings of K are
determined by V5 = :l:\/g, so we have

A[1,V5] = det G {%)2 =22.5.

Hence N = 2, and we need to check whether any of the elements %,
know from Lemma that % is not an algebraic integer.

What about a = (1 + v/5)? Its minimal polynomial is ¢2 — ¢t — 1, so « is an algebraic integer. We
calculate the discriminant of the new basis:

1 145 2
Allo]=det| %5 ) =5,
2

which is square-free, so 1, « is an integral basis of K.

1+vV5 V5
2 02

S

are algebraic integers. We

Theorem 3.26. Let d € Z \ {0,1} be square-free and let K = Q(v/n).
e Ifd# 1 mod 4 then {1,V/d} is an integral basis of K.
e Ifd=1mod4 then {1, 1+\/E} is an integral basis of K.

2

Proof. Course work 3. O
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Example 3.27. Let a be a root of the polynomial f(t) = 3 + 11t + 4. Note that f(t) is irreducible in
Q[t] as its reduction (mod 3) has no root. It follows from Theorem [L.27 that if we let K = Q(a), then
[K : Q] =3, and 1, a, a? is a Q-basis of K. Corollary [2.42] n implies that

All, o, a?] = —1439 - 22.

As 1439 is prime, we have N = 2, and we need to check whether any of the numbers %(a + ba + ca?),
a,b,c € {0,1} are algebraic integers. Let us start with (a+a?). In order to see whether this element is
an algebraic integer, we determine its minimal polynomial, using the theory of symmetric polynomials.
Let o« = a1, anarg be the roots of f(t). Then the polynomial

_ ap +a? as + a3 az + a2
g(t) = (t . ) (t . t .

has as a root, and as it is symmetric in aq, asg, ag, it is coefficients in Q by Corollary Explicitly,
if we write

a+a2
2

g(t) =2+ at* + bt +c,
then one can show (after a long and messy calculation) that a = 11, b = 36 and ¢ = 4. Hence
an algebraic integer.

ata® -
2 18

We now have a new basis of K consisting of algebraic integers, namely 1, “'5“2. Is it an integral
basis? We have

2
2 1 0 O
A[l,a,a+a]:0 1 0] xA[la,ad?]
2 o 1 1
2 3
= 7AIL o
— _1439,

which is prime, so 1, «, “'E‘XQ is an integral basis by Corollary

3.2.2. Tricks for calculating integral bases. Let K = Q(0), and let f(¢) be the minimal polynomial of
0 over Q. We assume without loss of generality that 8 € Og. If f(¢) satisfies Eisenstein’s criterion,
then there is a special trick for calculating integral bases. We start with the following two elementary
observations.

Lemma 3.28. Suppose that f(t) satisfies Fisenstein’s criterion for the prime p. We have p|N(0), but
2
p*fN(0).

Proof. This is clear since

where o1,...,0, are the embeddings of K. O
Lemma 3.29. Suppose that f(t) satisfies Eisenstein’s criterion for the prime p. Then p|A[1,0,...,6" 1.
Proof. We use Proposition to prove the lemma. By assumption, f(¢) = ¢™ (mod pZ[t]) so we have
Df(t) = nt"~! (mod pZ[t]). Using the definition of the norm as a product over all the conjugates, we

deduce that
N(Df(#)) = Nno"™) (mod p) in Z.
Now N(nf" 1) = N(n)N(9)"~! and p|N(#) by Lemma which implies that
N(Df(#)=0 (mod D).

N(Df(0)), this finishes the proof. O

n(n 1)

As A[L0,....07 1] = (—1)

So p could potentially make our life difficult when we calculate an integral basis. However the next
result tells us that we will never need to worry about this factor.

Proposition 3.30. Let K = Q(0); let n = [K : Q). Let f(t) be the minimal polynomial of 6 over Q,
and assume that f(t) is Eisenstein for the prime p. Let

15 ,
:fZaiH’, a; €{0,...,p—1} not all 0.
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Then o is not an algebraic integer.
Before we give the proof, we studyan example to illustrate how useful Proposition [3.30)is.

Example 3.31. Let 0 be a root of the polynomial f(¢) = t? — p, and let K = Q(#). Then N(0) = —p
and Df(t) = ptP~!, and so

p(p—1)
2

AL 0,...,0°7 = (-1) N(por~1)
— 21,
We have N = pP~1, so according to the algorithm, we need to check whether any of the numbers
1=
s ; a;0°
with 0 < a; < pP~! are algebraic integers. We know from Proposition that no element of the form

1
(7) ];(bo by 6P b; €{0,...,p—1}, not all zero

is an algebraic integer.
If x = Iﬁ Zf;ol a;0* for some 0 < a; < pP~ ', not all zero, write

1
v=—) aif,
p =0

with a} € Z for all i and (aj,p) =1 for at least one j. If z is an algebraic integer, then so is p"~'z. But

we have )
Pl =y + ];(bo o by 6P b; €{0,....,p—1}, yeZ[b.

Note that of the b; must be non-zero since (aj,p) = 1 for at least one j. But if p"~'z € Ok and
y € Z[f] C Ok, then

1
—(bo+ -+ by 1P ) =p e —y € Ok.
p
But this gives a contradiction by . Hence 1,0, ...,6" ! is an integral basis of K.
We now prove Proposition Proposition [3:30}

Proof. Suppose « € O, and let a4 be the first non-zero coefficient. We therefore have
1 n—1
a= fZaZH’ € Og.
Pi=a

We can write this as )
a=- (agb* +09115), € Ok.

Multiplying through by "~ 1~% we still have an element of O:
a 9"_1 ALY
<+

p

On the one hand, since f(t) satisfies Eisenstein’s criterion we have

0" = pg(0), for some g(t) € Z[t].

gn1-dq = € Ok.

It follows that
ad@n—l

+g(0)5 € O.

On the other hand since g(0)§ € Ok we have
adan—l

D
We shall calculate the norm of this to get a contradiction:

N (adQ”_l) _ agN(G)”_l.
p "

€ Og.
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By Lemma we have N(6) = pr, where p fr. Hence we have

n—1 non—1,.n—1 n.n—1
N (adH ) _agp" " agr
p

" p
However this cannot be an integer, since neither a4 nor r is a multiple of p. This gives the contradiction.
O

3.3. Example: cyclotomic fields. In this section, we will use Proposition to determine an integral
basis of cyclotomic fields; these fields are of great importance in current reseach in algebraic number
theory.

Definition 3.32. A cyclotomic field is a field of the form K = Q(({), where ¢ is a primitive mth root of
unity for some m.

We will specialize to the case K = Q(¢), where p is an odd prime. We have already seen that the
minimal polynomial of ¢ over Q is
fO) =ttt 4+ 1

Let A = ( — 1. Then the minimal polynomial of X is

g(t) =tP~1 4 (117)tp—2 N (pfl)_

In particular, g(t) is Eisenstein for p.
Lemma 3.33. We have N(¢) =1 and N(\) = p.
Proof. Clear. ]

Theorem 3.34. We have
AL, A2 = (=) pPr2,
and {1, \,...,\P"2} is an integral basis in K.

Proof. By Proposition [2:39 we have

(p—1)(p—2)

AL, .. P72 = (1) N(Dg(N).

To calculate N(Dg(\)), we use a trick: recall that g(t) = (H'lt)p_l. By the quotient rule, we have

Da(t) = p(t+1)P~1t —tz((t +1)P —1) 7

so Dg(\) = pg. We deduce that
N(Dg(N) = N(p)N(¢)P'N(A) ™" =p'?
by Lemma Since p is odd, we have (—1)
p—1

AT, oo, NP2 = (1) =2

(p—1)(p—2)
2

= (—1)%1. Hence

as claimed.
The only prime whose square divides this is p. However g(t) satisfies Eisenstein’s criterion at p, so we
conclude by the same argument as in the example after Proposition [3.30] a

Remark 3.35. If n is not prime and K = Q((), then it is still true that Ox = Z[C], but the proof is
harder. The degree of the extension is given by

(K : Q] =#(Z/n)",

which is the same as the number of primitive n-th roots of unity in K. If n = p* for some prime p, then
f still satisfies Eisenstein’s criterion for the prime p, and we again use this fact to prove that {\'} is
an integral basis. If n is not a power of a prime then fy does’t satisfy Eisenstein’s criterion, so the proof
is quite different in this case.

18



4. FACTORISATION IN O

4.1. Units and irreducible elements in Og. Now let K be a number field. We first study the units
in OK.

Proposition 4.1. An element x € Ok is a unit if and only if |[N(x)| = 1.

Proof. Since N(x) € Z by Proposition and N is multiplicative, it is clear that if 2 € O}, then
|N(z)] = 1. Suppose now that N(x) = 1. (The proof when N(x) = —1 is similar.) By definition, we
have

N(z) =[] (o),
i=1

where o1,...,0, are the different embeddings of K into C. Without loss of generality, assume that
o1(x) = x. Then

N@)=1 & - (022) - on(z)) =1,

o0 oo(x) - op(x) =271 € K. It follows that z € O if and only if o2(z) - - - 0, (2) € Ok.

Now note that if o;(z) is an algebraic integer for all 7, since it has the same minimal polynomial as x.
Hence og(z) - - - 0, (2) is an algebraic integer. But the algebraic integers in K are precisely the elements
of Ok, so oa(x) -+ op(x) € Ok, which finishes the proof. O

As a corollary, let us determine O, where K is an imaginary quadratic field.

Proposition 4.2. Let K = Q(v/—d), where d > 0. Then

{1, +i} ifd=1
Oy = {:I:l,:l:w,:l:wQ:w:ezgl} ifd=3
{£1} for any other d > 0
Proof. Exercise sheet. O

Remark 4.3. You see that in this example, all the units are in fact roots of unity. This is not true in
general; you will see an example on problem sheet 3.

Remark 4.4. [t is a natural question to ask whether one can say something in general about the unit
group in the ring of integers of a number field. We will return to this question later.

Suppose now that z € Og.
Lemma 4.5. If N(z) = £p for a prime number p then x is irreducible.

Proof. Suppose that z = yz for some y, z € Og. Then
N(x) = N(yz) = N(y)N(2),

so one of y, z must have norm of absolute value equal to 1. But any element of absolute norm equal to
1 is a unit by Proposition [4.1] Hence z is irreducible. O

The following theorem shows that one can factorise any non-zero element in Og:

Theorem 4.6. Let x € O be non-zero. Then there is a unit u € O[X( and irreducible elements w1y, ... T,
such that

T = umy Ty

Proof. We proceed by induction on |N(x)|. If |[N(z)| = 1, then z is a unit by Proposition Suppose
therefore that the theorem is true for all elements y € O such that |N(y)| < |[N(z)|. Then there are
two possibilities: if x is irreducible, then the theorem is clearly true for x. If it is not irreducible, then
there exist y, z € Og which are not units such that © = yz. Note that Proposition and the fact that
the norm is multiplicative imply that [N (y)|, |N(z)| < |N(z)|. Hence both y and z can be factorized into
irreducibles; therefore so can x. Il

The problem with Theorem is that Ok does usually not have unique factorisation! However,
without this fact algebraic number theory would be pretty dull.
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Example 4.7. Let K = Q(v/—10), so O = Z[v/—10]. We have two different factorizations of the

number 10 in Ok, namely
10=2x5=—/~10 x v-10.

Furthermore the elements 2, 5 and v/—10 are all irreducible. To see this we calculate their norms:
N(2) =4, N(5) =25 N(v/-10) = 10.
The norm of a general element of the ring is
N(x +yv—10) = 22 + 10y>.

Since this is never equal to £2 or £5, it follows that the above elements are irreducible, and none of
them is a unit multiple of another. Therefore Ok does not have unique factorization.

4.1.1. Unique factorisation in imaginary quadratic fields. The question of which imaginary quadratic
fields have unique factorisation is quite subtle.

Theorem 4.8. Let K = Q(\/d). Then Ok is UFD for
de{-1,-2,-3,-7,—11}.

In order to prove Theorem {4.8] we show that under these assumptions (Og, |N(~)|) is a Euclidean
domain. Recall Definition

Definition 4.9. Let R be an integral domain, and let ¢ : R — Z be a function such that ¢p(x) > 0 for all
x € R, and ¢(0) = 0. Then (R, $) is a Eucliden domain if the division algorithm holds: for all x,y € R,
y # 0, there exist ¢, € R such that x = qy + r and either r =0 or ¢(r) < ¢(y).

Proof of Theorem[].8 Claim. For (O, |N(~)|) to be a Euclidean domain, it is sufficient to prove the
following statement: for all & € K there v € Ok such that

IN(a — )| < 1.
Proof of claim: let a = %, and take ¢ = v and r = = — qy. Then
[N (r)] = IN (e = M)y)| < [N(y),
which proves the claim.

Suppose now that o = r+ sv/d € K. If d # 1 (mod 4) (ie. d = —1,—2), take u,v € Z to be of
minimal distance to r and s, respectively. Then
1\? 1\?
z 2 ( =
(3) +2(3)

In the remaining three cases we have d =1 (mod 3), so we need to find

1 d
’y:u—i—v( +\[> with u,v € Z

|(r—u)® —d(s —v)?| < < 1.

2
such that
1 1
(r—u—-v)*—d(s— 50)2 < 1.
Take v to be the integer closest to 2s, so |[v — 2s| < %; we can then find a u € Z such that
1 < 1
r-u—gzv <3
For d = —3,—7,—11, this implies that
1, 1o |1 11
—u—=v)"—d(s— = <-4+ =<1
(r—u 27)) (s 2v) _’4+16<

O

Remark 4.10. (1) One can show that if d < —11 is squarefree, then Q(v/d) is not Euclidean.

(2) We call a number field K norm-Euclidean if |N(~)| is a Euclidean fuction on K. Thanks to the
work of many mathematicians, we know that there are only finitely many real-quadratic fields
which are norm-Fuclidean. however, unlike in the imaginary quadratic case, it is not known
whether a real-quadratic field can be Fuclidean but not norm-Fuclidean.
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The main insight concerning the problem of non-unique factorisation in number fields was that the
irreducible elements are not the correct analogue of the prime numbers - the right thing to do is to
factorise into mazimal ideals ideals.

4.2. Factorisation into ideals.

Definition 4.11. Let R be a ring. A subset I of R is an ideal if it satisfies the following properties:

o ifx,ycl, thenx+yel;
o ifxel andr € R, then rx € I.

An ideal I is proper if I # R.

Example 4.12. (1) The set {2z +t?y : x,y € Z[t]} is an ideal in Z][t].
(2) Let R be the ring of continuous functions R — R. Then

{feR:f(1)=0}
is an ideal of R.

Example 4.13. More generally, if R is a ring and a € R, then {ra : r € R} is an ideal in R. It is called
the ideal generated by a and denoted by (a). An ideal I is principal if it is generated by one element.
Similarly, if a1,...,a, € R, define the ideal generated by the a; to be

(a1,...,an) ={ria1 + -+ rpa, : 7; € R}.
Thei definition generalizes in the obvious way to the ideal generated by an infinite number of elements.
Remark 4.14. The ideal in example (2) above is equal to (2,t2).

Definition 4.15. Let R be a ring and let I be a proper ideal of R. Then I is maximal if there is no
other proper ideal J of R containing I.

Example 4.16. The ideal (2) is maximal in Z, but the ideal (6) is not. More generally, if n € Z is
non-zero, then (n) is a maximal ideal if and only if n is prime.

If R is a ring, we can define define the product of two ideals.
Definition 4.17. Let I, J be ideals in a ring R. Define the product 1J by
IJ={(zy:x€l, yeJ).
Le. 1J is the ideal generated by products of elements of I by elements of J.
Example 4.18. Let z,y € R. Then

More generally, if x,y,u,v € R, then

(x,y)(u,v) = (zu, 2V, Yu, Yv).

Remark 4.19. The ideal 1J is not necessarily equal to the set {xy : x € I, y € J}: if R = Z[t] and
I=(2t), J=(3,t). Then I1J = (6,t), even though t cannot be written of the form ij with i € I and
jed.

Later in the course, we shall prove the following theorem, which takes the place of uniqueness of
factorization of elements:
Theorem 4.20. Let K be a number field, and let I C Ok be a non-zero ideal. Then there are mazimal
ideals p1,...,pn in Ok such that

I=pie pn.

Furthermore this factorisation is unique up to reordering of the factors.

Remark 4.21. This theorem generalizes the uniqueness of factorisation of the integers: if n =py -+ pp
for some prime numbers p;, then

(n) = (p1) - (pn)-

We us now see how Theorem solves the problem of factorising the number 10 in Z[/—10].
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Example 4.22. Consider the ideals

p=(2,V-10), q=(5v-10).
Then
= (2,v/~10)(5,v/~10)
,2v/—10,5v/~10, —10)
,2v/—10,5v/—10, —10,+/—10)

—_
o O

= (5).
So our two distinct factorizations into elements can both be refined to the same factorization into ideals:
(10) = (2) x (5) = p*q® = (vV/=10)* = (pq)*.

Remark 4.23. In general, if we have a number field K and x € Ok is non-zero, then we can factorise
(x) uniquely into a product of mazimal ideals,

(8) () =p1- Pn-

We can also factorise x© (not necessarily uniquely) into a product of irreducibles,

T=Y1 " Yr,

which induces a factorisation into ideals

(9) () = (y1) - (yr)-
The factorisations and @[) agree if and only if n = r and (after some permutation of the indices) we
have p; = (y;); i.e. the unique factorisation of (x) into mazimal ideals induces a factorisation of x into
irreducibles if and only if each maximal ideal is principal.

Hence, in order to understand ‘how far away’ the ring Ok is from having unique factorisation into
irreducibles, we need to understand ’how far away’ a general ideal is from being principal. For this
purpose we define the class group of K to be the group

CUK)” ="L(K)/P(K),

where T(K) is the set of ideals of K, and P(K) is the set of principal ideals. (In fact these sets are
semi-groups, although the quotient is a group.) The class group measure how far away Ok is from having
unique factorisation into irreducibles: Cly is trivial if and only if Ok is a principal ideal domain, and
has unique factorization. We shall prove that CI(K) is always a finite group (i.e. the failure of unique
factorisation into irreducibles is never too bad), and calculate it in a lot of examples.

(This is a vague sketch of what we are going to do. The definition of the class group does not make
sense the way it is stated, because neither Z(K) nor P(K) have the structure of a group. We will discuss
this issue at a later stage.)

4.3. Prime ideals.

Definition 4.24. Let R be a ring, and let p be an ideal in R. Then p is prime if it is a proper ideal and
forz,y e R
zyEp=(r€porycp).

Remark 4.25. A ring R is an integral domain if and only if (0) is a prime ideal.

We can give an alternative characterisation of a prime ideal, which is closer in spirits to the properties
of prime numbers.
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Lemma 4.26. Let p be an ideal of a ring R. Then p is prime if and only if the following condition is
satisfied: if 1,J are ideals of R such that IJ C p, then I Cp or J C p.

Proof. Assume p is prime and suppose IJ C p. We'll assume that I & p and prove that J C p. Let
x € I'\p. For every y € J we have xy € IJ. Therefore zy € p. Since x & p and p is prime, it follows
that y € p. Hence J C p.

Conversely, assume that p satisfies the condition and suppose xy € p. This implies (zy) C p. Therefore
(x)(y) C p. By the assumption, we have (z) C p or (y) C p. This implies € p or y € p. O

Example 4.27. Let p be a prime number, and let n € Z be non-zero. Then p|n if and only if (n) C (p),
and the fundamental property of primes numbers

plmn = p|lmor pn
is equivalent to the statement of Lemma [4.26

Recall that if I is an ideal in a ring R, then we can look at the quotient ring R/I:

Definition 4.28. The elements of R/I are the cosets of I in R. Addition and multiplication are defined
as follows:

(a+D)+b+D=a+b+1
(a+I)b+1)=ab+ 1.
The unit element in R/I is the coset 1+ I.
Lemma 4.29. Let p be an ideal in a ring R. Then

e p is a maximal ideal if and only if R/p is a field.
e p is a prime ideal if and only if R/p is an integral domain.

Proof. Problem sheet 4. O
Corollary 4.30. FEvery maximal ideal is prime.
Proof. Since every field is an integral domain, this shows that p is prime. O

Warning 1. The converse of Corollary[f.30 is false! For example if R is an integral domain but not a
field, then (0) is a prime ideal but is not maximal.

However, we have a partial converse to Corollary

Proposition 4.31. Let p be a prime ideal in a ring R, and suppose that R/p is finite. Then p is
mazximal.

Proof. Proposition [£.31] follows immediately from Lemma[£.29) and the fact that a finite integral domain
is a field: Let A be a finite integral domain, and let x € A be non-zero. We have to show that there
exists y € A such that xy = 1. Consider the map xz : A — A. As A is an integral domain, the map
is injective. As A is finite, this implies that the map is also surjective, so there exists y € A such that
zy = 1. U

‘We now return to the case when R = Ok for some number field K.

Proposition 4.32. If a is any non-zero ideal in Ok, then Ok /a is finite.
Before we prove this, we note the following consequence:

Corollary 4.33. FEvery non-zero prime ideal in Ok is mazimal.

Proof. Immediate from Propositions and O
We now prove Proposition

Proof. Let a be a non-zero ideal, and choose a non-zero element z € a. Let N = N(z). Let oq =
id, 09, ...,0, be the embeddings of K into C. By definition, we have

N(z) = zoa(z)---on(x) € Z C Ok.
As x € a C Ok, we have o9(x) - - - 0, () € O, which - by the property of an ideal - implies that N € a,
and hence (N) C a. It follows that we have a quotient map (which is surjective by construction)

OK/<N> — OK/a,
23
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which identifies Ok /a with a quotient of Ok /(N). Now the fact the Ok has an integral basis implies
that Ox = Z" as an additive group (here n = [K : Q]), so

Ok /{N) = (Z/NZ)",
which is finite, which implies that Ok /a is finite as well. (]
Definition 4.34. Let K be a number field, and let a be a non-zero ideal in Ok . Define the norm of a
to be N(a) = |Ok /a|. This is finite by Proposition [{.59
Remark 4.35. We will return later to the question of how to calculate the norm of an ideal. Before

that, we want to prove Theorem [{.20,

4.4. Uniqueness of Factorization into ideals. The aim of this section is the proof of Theorem [4.20
which states that if K is a number field, then every non-zero ideal in Ok has a unique factorisation into
maximal ideals. We start by recalling the following definition.

Definition 4.36. A ring R is called a Noetherian ring if it satisfies the following condition (called the
ascending chain condition): For every ascending sequence of ideals of R:
LCLC...,
there is an N € N such that
In=Inp1=Injg1=...,
i.e. every ascending chain of ideals stabilizes eventually.

Lemma 4.37. Let K be any number field. Then Ok is noetherian.

Proof. If we have a sequence of (non-zero) ideals
ap Cax C ...,
then by the 3rd isomorphism theorem, we have an isomorphism of additive groups:
Ox/aip1 = (Ok /a;)/(air1/a;).
for all 7 > 1. Hence
(10) N(ait1) = N(a;)/|ait1/ail.
(Note that |a;11/a;] < oo since a;41/a; C Ok /a; and Ok /a; is finite by Proposition m) It follows
that N(a;+1) < N(a;) with equality if and only if a;41 = a;. Hence we have a decreasing sequence of
natural numbers:
N(al) ZN(QQ) > ...

Clearly there is an IV such that

N(ay) = N(an41) = ...,
SO ANy =aN41 = .. .. O
Remark 4.38. If R is a Noetherian ring then there is a strategy for proving results about ideals of R
as follows: assume that the result if false, and suppose I is a counterexample. We call I; a maximal
counterexample if every ideal containing I; satisfies the theorem. If I1 is not a mazximal counterexample
then choose a bigger counterexample Is. If Is is not a mazximal counterexample then choose a bigger
counterexample I3 etc. In this way we obtain a sequence of ideals which must end in a mazimal coun-

terexample. So we may always assume that if a theorem about ideals is false then there is a mazximal
counterexample.

An example of this method is the following:
Lemma 4.39. Let a C Ok be a non-zero ideal. Then there are mazimal ideals p1,...,p, such that
pl .. .pr g a.

Proof. Suppose not and let a be a maximal counterexample. Clearly a is not a maximal ideal; otherwise
we could take p; = a. Since a is non-zero, we know that a is not prime. By Lemma [.20] it follows that
there are ideals b, ¢ such that bc C a but neither b nor ¢ is a subset of a. By replacing b and ¢ by

(b,a) ={b+a:beb,aca}l
(c,a) ={c+a:cec,aca}
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we may assume that b and ¢ both contain a. By the maximality of our counterexample, it follows that
we can find maximal ideals pq,...,p, and q1,...,qs such that

pr-prCb, gq1---qs Cc
Hence
pl...p’rql...qsgbcgla’

which gives the required contradiction. O
We also need the following technical lemma:
Lemma 4.40. Let a be a non-zero ideal of Ok . If x € K satisfies xa C a then x € Og.

Proof. Recall that O is a free finitely generated Z-module. Hence a C Oy is also a finitely generated
free Z-moduleﬂ say

a = Spang{ag,...,q.}.
Multiplication by x takes a to a, so we have
n
To; = ZC,‘JQJ‘, Ci,j € 7.
j=1

Hence if we let C = {¢; ;}, then

aq

(C—zL)| 1 | =0
a,

This means that = is an eigenvalue of C' and hence a root of the polynomial f(t) = det(¢tl. — C), so is
an algebraic integer. O

Definition 4.41. A fractional ideal of Ok is a subset of the form ¢~ 'a, where a is an ideal in Ok and
c € Ok 1is non-zero.

Example 4.42. For any r € Q, rZ is a fractional ideal of Z. However, the set
{5% :n €Z,m >0}
is not a fractional ideal of Z.

Lemma 4.43. (i) Every ideal in Ok is a fractional ideal.
(ii) A subset b of K is a fractional ideal if and only if (a) if x,y € b, then x+y € b (b is closed under
addition), (b) 60Ok C b, and (c) there exists ¢ € Ok such that cb C Ok.

Proof. (i) is clear. (ii) is on Course work 4.

Note 4.44. It is in fact clear that bOg = b.

Lemma 4.45. Ifb and ¢ are fractional ideals in K, then
be={z1y1 + -+ XTpyn :x; €b,y; €}

is a fractional ideal.

Proof. By definition, there exist ideals a ,0 in Ok and non-zero elements b, c € O such that b = b~la
and ¢ = d~10. By definition, bc = (bc)~1ad, so be is a fractional ideal. O

Definition 4.46. Let a be a non-zero ideal in O . Define
o' ={re K:ral Ok}
Example 4.47. Let a = (2) in Z. Then

1
—1

- -7
a4 2

Lof the same rank, as O /a is finite by Proposition m
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Example 4.48. Let K = Q(v/6), so O = Z[V6], i.e. 1,1/6 is an integral basis of K. Let p = (2,1/6).
Then

p~t={a:apCZ[V6]}
={z+yV6: 2,y € Q,(z+yv6)(2,V6) C Z[V6]}
={z+yv6:2,y € Q,2(z+yV6) € Z[V6] and V6(z+yv6) € Z[V6]}
:{x—&-y\/é:azye(@,?xEZ,2y€Z,xEZ76y€Z}
={z4+yV6:2€Z,2 €7}
Example 4.49. We have O;{1 = Og.

Remark 4.50. (i) Ifa C b, then b= Ca™!.
(ii) It is clear from the definition that Ok C a= 1.

1 is a fractional ideal. Moreover, if a # O,

Lemma 4.51. If a is any non-zero ideal in O, then a~
then a=t # O (i.e. a1 is strictly bigger than Ok ).

1 1

Proof. Let ¢ € a be non-zero. Then ca™" C Og, and a=" is clearly closed under addition and under
multiplication by Og, so a~! is a fractional ideal by Lemma m (ii).

Suppose now that a # Og. By Remark [4.50| it is sufficient to prove that a=! ¢ O when a is
maximal. Let ¢ € a\ {0}. Then by Lemma[4.39] there exist prime ideals p; such that (c) 2 py---p,. We
take r to be as small as possible. As a D (c), it follows that a 2 p; - - - p,-. Since a is maximal (and hence
prime), it follows that there exists i such that a O p;. Since p; is maximal by Corollary we know
that in fact a = p,. Without loss of generality ¢ = 1.

There are now two cases:

(1) r =1: then

a=(c) =p1,
so a”! = ¢! Ok, which is clearly bigger than O since c is not a unit.
(2) r > 1: Since r was chosen to be minimal, we know that (¢) 2 pa2---p,, so we can choose a
be€ps--p\ (c). We'll show that 2 € a™'\ Ok.
First note that

1

(b)a Cpi---pr C ()
As (c) = Ok, this shows that 2a C Ok and hence 2 € a=! by definition. As b ¢ (c), we have
% ¢ Ok, which finishes the proof.
(I

Proposition 4.52. Let p be any mazimal ideal in Ox. Then pp~ ' =p~'p = Ok.

Proof. Clearly p~'p C Of by definition of p~!. Therefore p~!p is an (integral) ideal. On the other
hand, since Oxg C p~! by Remark it follows that p C p~'p. By maximality of p we have either
p~Ip = Ox or p~'p = p. If the latter is the case then we have p~' C Ok by Lemma but this
contradicts Lemma [L.5T] O

We can now prove Theorem [4.20

Proof. Suppose that the statement of the theorem is not true, and let a be a maximal counterexample
in the sense of Remark Clearly a is not a maximal ideal, and hence not prime. On the other hand
a is contained in some maximal ideal p. As O C p~! by Remark we have

acpltacyplp=0k.
Hence p~'a is an (integral) ideal containing a. Furthermore, p~'a # a, since otherwise we would have
p~! C O by Lemma Since a was chosen to be a maximal counterexample, it follows that p~'a
can be factorized into prime ideals:
pla=prp
Hence by Proposition [4.52] we have
a=pp1---pr

which gives a contradiction. Hence every non-zero ideal can be factorised into a product of maximal
ideals. It remains to show that the factorisation is unique. Suppose that

Pr-oPr=101---0s.
26



Clearly p1---p, C q1. Since g7 is prime it follows that p; C q; for some i. After reordering we may
assume i = 1. By maximality of p; we have p; = q;. Multiplying both sides by p~! we have

p2...p7,:q2...qs.

We can now proceed by induction. O
In view of Theorem [:20] it is natural to make the following definition:

Definition 4.53. Let a,b be ideals of Ox. Then a is a factor of b (write a|b) if there is an ideal ¢ such
that b = ac.

Corollary 4.54. If a,b are ideals in Ok, then a|b if and only if a O b.

Proof. If b = ac, then it is clear that b C a. Conversely suppose that b C a. Then there is a fractional
ideal ¢ such that b = ac. Since ac = b C a it follows from Lemma [£.40] that ¢ C Ok, so ¢ is an ideal. [

We can summarize the properties of the fractional ideals as follows:

Proposition 4.55. The non-zero fractional ideals of O form an abelian group under multiplication;
the identity element is the trivial ideal O . We denote this group by Z(K).

In order to prove this proposition, we need the following lemma:
Lemma 4.56. If a is a non-zero ideal of O, we have aa~' = O . Moreover, if a factorises as

a=pioopy,
where the p; are mazrimal, then
L

Proof. Suppose that there exists a non-zero ideal a such that aa™! # Og. Assume that a is a maximal
counterexample. Let p be a maximal ideal such that a C p. The
1

Ox Cp'Ca™l,
= aCap ' Caa ' COg.
In particular, the fact that ap~! C Og inplies that ap~! is an ideal. Now we cannot have a = ap~! by
Lemma and Lemma Hence a C ap~!, and the maximality condition on a implies that
ap~(ap~") ™ = Ox.
By the definition of a=!, this means that
plap™h) I Cat,
SO
Og =apY(ap™)"! Caa™! C Ok,
from which the result follows. X

Suppose now that a = py - - - p/,. Multiplying both sides with a=!p;"---p, ! and using that

aa t=piprt = =pup,t = Ok,

we deduce that

We can now prove Proposition [£.55]

Proof. By Lemma [£.45] the product of two fractional ideals is a fractional ideal, and multiplication is
clearly associative, with Ox being the identity element. Hence we just have to show that every element
has an inverse. Note that by Lemma |4.56} every ideal has a multiplicative inverse.

Let a be a fractional ideal. There is an « € Ok such that (x)a is an ideal. By Theorem we have
(x)a =pj - - p, for some maximal ideals py,...,p,. We can also factorise (x) as

() =q1--da
for some maximal ideals q;. Using Proposition [£.52} we see that

a=q; 9. pre by,
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so if we put

at=qp--- qspfl cep L
then aa~! = a~la = Og. (Note that the definition of a~! for a fractional ideal agrees reduces to the
formula in Lemma when a is an ideal.) g

4.5. The norm of ideals. We now want to develop some algorithms for factorising ideals in practise.
We start by learning how to calculate the norm of an ideal. Recall the definition: if a is a non-zero ideal
in Ok, define N(a) = |Og/a|. We first collect some properties of the norm.

Lemma 4.57. Let a be a non-zero ideal in Og. Then N(a) C a, i.e. a[(N(a)).
Proof. Course work 4. O
As a corollary, we obtain the following result:

Proposition 4.58. Let K be a number field. For any given positive integer n, there are only finitely
many ideals in Ok of norm n.

Proof. It follows from Lemma that if N(a) = n, then (n) C a, i.e. a|(n) by Corollary Now (n)
factorises as

(n) =p1--pr,
so a must factorise as the product of some of the p;. O

Remark 4.59. We will learn later how to determine all the ideals of a given norm. However, we first
need to develop some tools for calculating the norm of an ideal.

Proposition 4.60. If a,b are any two non-zero ideals in Ok, then
N(ab) = N(a)N(b).
Proof. Since b may be factorized into maximal ideals, it is sufficient to prove this in the case when b is
maximal. We have an isomorphism of additive groups:
Ox/a= (Ok/ab)/(a/ab).
Hence
N(a) = N(ab)/|a/ab|.

It is therefore sufficient to show that

N(b) = |a/ab].
Choose « € a '\ ab and consider the map

®:Og —ajab, &(z) = azx + ab.

We claim that this map induces an isomorphism

Ok /b = a/ab.
Since b is maximal, there are no ideals between a and ab. Hence a is generated by a and ab and @ is
surjective. On the other hand if 2 € b then ax € ab, so ®(z) = 0+ ab. This shows that b C ker(®).
Since b is maximal, the kernel is either b or Ox. However ®(1) = oo + ab # 0 + ab, so ker(®) = b. It
follows from the first isomorphism theorem that there is an isomorphism of additive groups

Ok /b= a/ab.
Hence N(b) = |a/ab|, which finishes the proof. O

Now recall the following theorem proved in another course:

Theorem 4.61. Let H be a subgroup of Z¢ such that |Z¢/H| < co. Then there exist ci,...,cq € 72
linearly independent such that

H = Spang{cy,...,cq}
Furthermore |Z¢/H| = | det(cy, .. . ,cq)l|-
Corollary 4.62. Suppose that K is a number field of degree n. Let a be a non-zero ideal in O . Then
there exist ay,...,a, such that

a = Spang(ai,...,an).
We call ay,...,a, a Z-basis of a.

Warning 2. A Z-basis of an ideal is not the same as a set of generators!
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Example 4.63. Consider the ideal (2) in Z[v/3]. Then 2, 2v/3 is a Z-basis of (2).

Example 4.64. Consider the ideal p = (2,1 — \/—17) in Z[v/—17]. By definition, the elements of p are
of the form 2(a + b/—17) + (1 — /—17)(c + dv/—17), where a, b, c,d € Z. Now

2(a+bV/=17) + (1 = V=17)(c + dv—17) = (2a + ¢ + 17d) + (2b — ¢ + d)v/—17)
=r+sv—17,

where r — s € 2Z, so r = s (mod 2). Clearly r can be any integer, and s can be any integer of the same
parity as r. It follows that

p={r+sV/-17:r,s€7Z, r=s (mod2)}
={r+(r+20V-17:7,c€Z}
={r(1 +V—17) +2¢V/ =17 : r,c € 7},
so 1 4+ +/—17,2v/—17 is a Z-basis of p.

Proposition 4.65. Let a be a non-zero ideal in O and let ay,...,a, be a Z-basis of a. Let by, ..., b,
be an integral basis of Ok . Let M be the change-of-basis matrix from aq,...,a, to by,...b,. Then
Alay, ..., an]

N(a) = [det ()] = | Tt

Proof. By Theorem we have

N(a) =|Ok/a| = |det M]|.
On the other hand, we have Alas,...,a,] = (det M)2A[by, ..., b,] by Corollary which implies the
result. (]

Example 4.66. Let p be as in the example above. What is N(p)? We know that 1,/—17 is an integral
basis of Z[v/—17]. The base-change matrix from 1,+/—17 to 1 + /—17,21/—17 is

11
(o 2)

N(p) = | det(M)] = 2.

We can also see this directly: if x € O — p, then © = r + s3/—17, where r £ s (mod 2), so x + 1 € p.
It follows that O /p has two elements, i.e. N(p) =2

so by Proposition we have

Proposition [1.65] has the following useful consequence:
Corollary 4.67. For any non-zero element a € Ok, we have N({a)) = |N(a)].
Proof. Course work 5. O

Example 4.68. Let o : K — C is an embedding, and suppose that o(K) = K. Clearly o restricts to a
map O — Ok and maps ideals to ideals. It follows that if a is an ideal then

N(oa) = |0Ok/oa| = [(Ok/oa| = |0(Ok /a)| = |Ok/a| = N(a).
For example, if K = Q(v/—3), then
N((2,1+V3)) = N((2,1 - V3)).
Hence
N((2,1+v3))? 2,1+ V3))N((2,1 - V3))

(
(2,1+v3)(2,1 - 3))
(
(2)

4,2 +2V3,2 — 2V/3,-2))
)

(
(
(
(

N
N
N
N
4,

and so N((?, 14 \/3)) = 2. We can often use this method to calculate norms.
29



4.6. The norm of prime ideals. Let K be a number field, and let a C Ok be a non-zero ideal. Then
we can factorise a as a product of prime ideals,
a=9py--Pn-
As the norm is multipliciative, we have
N(a) = N(p1)--- N(pn).
The aim of this chapter is to develop some tools for calculating the norm of prime ideals. We start with

the following elementary observation:

Lemma 4.69. Let R C S be commutative rings with 1 and let p be a prime ideal of S. Then pN R is a
prime ideal of R.

Proof. Immediate from the definition. O

Definition 4.70. Suppose now that p is a non-zero prime ideal in O . The by Lemmal[{.69, pNZ is a
prime ideal in Z, so it is of the form pNZ = (p) for some prime number p. We say that p lies above p.
Proposition 4.71. If p is prime, then N(p) = p/ for some 1 < f <d=[K : Q).
Furthermore, there exist prime ideals p1,...,p, of Ox such that
POk =p7' ... Py
with N(p;) = pfi. Moreover, we have

d= i eifi.
i=1

Proof. If p lies above p then p € p. Hence (p) C p, i.e. p|(p), and it follows that N(p)|N((p)) =p?. O

Definition 4.72. In the notation of the proposition, the integer e; is the ramification index of p;, and
fi is the residue degree of p;.

(1) p is ramified in K if e; > 2 for some i.
(2) p is totally ramified if there is a unique prime p of Ok above p with ramification index d = [K : Q],
i.e. {p) =p?.

(3) p isinert in K if (p) is a prime ideal of Of.

(4) p splits completely in K if (p) is the product of d distinct prime ideals of O .
Theorem 4.73. (Dedekind’s Criterion) Let K be a number field, and suppose that Ok = Z|a] for some
element «. Let f(t) € Z[t] be the minimal polynomial of o over Q. Let p be a prime number, and let
f=f (mod p). Suppose that f(t) factorizes over F,[t] as

fszl 77?7”’
with fi(t) € Fp[t] monic and irreducible, and f; # f; unless i = j. Let f);(t) € Z[t] be a left of fi(t).
Then the ideal (p) in Ok factorizes as
)y =pi" b pi= s file)
Each ideal p; is mazimal and has norm pies fi. If i # j then p; # p;.
Remark 4.74. The condition O = 7Z[a] is equivalent to saying that {1,c,...,a? '} is an integral
basis. There is not always such an «, but often there is in the examples which we’ve seen.

The theorem can be generalized as follows: if K = Q(«) with « an algebraic integer, and p is a prime
which does not divide |Ok /Z[a], then the conclusion of the theorem holds.

Proof. First note that since Ox = Z[a], we have an isomorphism

Ok = Z[t)/{f), a—t+(f).

This implies that there is an isomorphism

(11) Ok /i = ZIt]/(f,p, fi) = Fplt]/(f. fi) = Fplt]/(fi)-
Since f; is irreducible in F,[t], it follows that (f;) is a maximal ideal in F,[t]. Hence F,[t]/(fi) is a field.
On the other hand this implies that Ok /p; is a field, so p; is a maximal ideal of Ok.

The norm of p; is the number of elements of F,[t]/(f;), which is equal to

(Fplt]/(Fi):Fp] — pa(fi)
30
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by Theorem Next note that

[Ivi < <p’ II fi(a)e"> :
=1 =1

On the other hand

f(a) =0 mod p,

Hfi(a)ei

so we have .
II#5 < @)
i=1

To prove that we have equality here, it is sufficient to prove that both sides of the equation have the

same norm. This is true since
-
e;
N []¥:
i=1

HN(Pi)ei

[
i=1

— pELleidegfi

= T i)

— p3<f>

p[K:Q]

= N((p))

It remains to show that the maximal ideals p; are distinct. Suppose that p; = p;. Then Ok /p; = O /p;,
which by is equivalent to

R A AU B )
In other words, them image of f;(t) in Fy[t]/(f;) is zero (and of course vice versa), i.e. f;|fi. As both f;
and f; are monic and irreducible, this implies that f; = f; and hence i = j. O

Corollary 4.75. Let K be a number field (of degree d) with ring of integers Ok = 7Z[0], and assume
that the minimal polynomial of 6 is Fisenstein at p. Then p is totally ramified in K.

Proof. Let f(t) be the minimal polynomial of § over Q. Then f(¢) = t? (mod p), so we deduce from
Theorem that (p) = p?, where p = (p, ). O

Example 4.76. Let K = Q(v/6), so Ox = Z[v/6]. The minimal polynomial of v/6 over Q is f(t) = t>—6.
Here are some values of f:

t |t*—6
0 -6
+1 -5
+2 -2
+3 3
+4 10
+5 19

From the table we see that f(t) factorizes modulo small primes as
t2?—6 = t>mod?2
2 mod 3
(t+ 1)(t —1) mod 5
= t?—6mod7
= t*—6mod 11.
By Theorem the small primes factorize in Ok as follows:
(2) = »3, p2 = (2,V6),
(3) = 3, ps = (3,V6),
(5) = Ppspb, ps=(5,V6+1), ps=(5v6-1).
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On the other hand (7) and (11) are prime in Of. The norms of the ideals are also given by the theorem:
N(p2) =2, N(ps)=3, N(ps)=N(p5) =5 N((7)) =49, N((11)) = 121.
Example 4.77. Let K = Q(3/2); we have already seen that then O = Z[/2], so we can apply Theorem

4.73l The minimal polynomial of V/2 is f(t) = t3 — 2. To factorize this modulo primes p, we make a
table of values of f:

t |32

(1) :? -2 = t3mod?2

1! =3 = (t+1)> mod 3

2 6 = (t+2)(t?+3t+4) mod5

-2 —-10 _ .3

3 95 = t°—2mod?7

-3 =29
<2>:p§; P2:<2, \7§>> N<p2):2
<3>:p§a P2:<37\3/§+1>7 N(pS):3
(5) = pshas, ps = (5, V2 +2), N(ps) =5

P25 = <5, 2’ +3€ﬁ+4>, N(pas) = 25,

(7) is maximal N({(7)) =73

4.7. Factorisation of ideals. We are now able to factorize an ideal a of O into maximal ideals:

Calculate N(a) and factorize it into primes.

For each prime p dividing N(a), factorize (p) into maximal ideals of Ok;

Write down all ideals whose norm is equal to the norm of a (this is a finite list);

To find out which factorization is correct, use the principle: p|a if and only if the generators of
a are in p.

Example 4.78. Again let K = Q(+/6) as above. We factorize the ideal (12 + 7+/6). First note that
N(12+ 7v6) = 144 — 6 x 49 = 144 — 294 = —150,
so Corollary implies that

N((12+7V6)) =150 = 2 x 3 x 5°.

However we already calculated the maximal ideals above 2, 3 and 5, namely

<2> = p§7 p2 = <2a \/6>7
<3> = pga p3 = <35 \/6>a
(5) = psbs, ps = (5,V6+1), ps=(5,V6—1)

where
N(p2) =2,  N(ps) =3,  N(ps) = N(p5)=5.
Hence there are three ideals of norm 150:
paPsPs,  PabsPshs,  Papaph.

Since psp5 = (5) and 12 4 7+/6 is not a multiple of 5, is follows that (12 4 7v/6) # papspsps. We are left
with two possibilities. Since 1247v/6 = 5+7(14/6), it follows that 12+7/6 € ps, and so p5|(12—|—7\/5>.
Hence

(12 4+ 7V/6) = papsps.

Example 4.79. Consider K = Q(v/3), so Ox = Z[v/3]. We want to factorise the ideals (3) and (10)
into irreducibles. The minimal polynomial of v/3 is f(t) = t* — 3, so

f(t)=t* (mod 3).
By Theorem it follows that p = (3) + (v/3) = (v/3) is prime in O, and
(3) = (V3).
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Now 10 =2-5, so (10) = (2)(5). Let us decompose (2) and (5) into irreducibles. We have

f)=t2+1=(t+1)* (mod 2),
so if we let g(t) =t + 1, then Dedekind’s criterion states that the ideal

q=(2)+(V3+1)

is prime in Og. Now

g={22+ (1 +V3)y:a,y €Ok}

=(2,14+V3).
We therefore deduce from Theorem .73 that
(2)=q> = N((2)) =4=N(q)?

so N(q) = 2. Finally, f(¢) is irreducible (mod 5), so Dedekind’s criterion implies that (5) is a prime

ideal in Ok . Hence
(10) = (2)(5) = q*(5).

We want to determine all ideals in Z[v/3] which have norm 50. By Corollary we have N((5)) = 25.
Suppose now that N(b) = 50. By Lemma this implies that

b[(50) = (2)(5)” = 4*(5)°,
S0

b=q"(5)°
for some r, s € {0,1,2}. Now
N(b) = N(q)"N((5)) =2"25°,
so we deduce that » = s = 1, and the only ideal in Z[v/3] of norm 50 is b = (2,1 + v/3)(5).
5. AN EXTENDED EXAMPLE: RAMIFICATION IN QUADRATIC FIELDS

5.1. The Legendre symbol.

Definition 5.1. Let p > 3 be a prime number, and let a € Z be comprime to p. Then a is a quadratic
residue (mod p) if there exists x € Z such that x*> = a (mod p).
Example 5.2.
e 3 is a quadratic residue (mod 13), since 4> = 16 = 3 (mod 13).
e 2 is not a quadratic residue (mod 3).
Lemma 5.3. Let p > 3 be a prime number, and let a € Z be comprime to p. Then the following are
equivalent:
(1) a is a quadratic residue (mod p)
(2) afT =1 (mod p).

Proof. Suppose first that a is a quadratic residue (mod p), so 22 = a (mod p) for some x € Z. Then
Fermat’s little theorem implies that 2P~ = 1 (mod p), and hence

o' = (552)?%l =1 (mod p).

Conversely, assume that a*z = 1 (mod p). Now the group (Z/pZ)* is cyclic, and let g € Z be a
generator, so a = g" (mod p) for some r > 0. Then

(9") =1 (modp).

Since g has order p — 1 in (Z/pZ)*, we have (p — 1)|rE5%, so /2 is an integer, which implies that
a=(g5) (modp),

i.e. a is a quadratic residue. O

Definition 5.4. Let p be a prime, and let a € Z. Define the Legendre symbol

1 if pta and a is a quadratic residue  (mod p)
(a> =¢-1 if pta and a is not a quadratic residue  (mod p)
b 0 ifpla
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Example 5.5. We have (%) =1 and (%) =—1.
Lemma 5.6. Let p > 3 be prime, and let a,b € Z.
(1) (Euler’s lemma) (%) =a"z (mod p);

@ (3)=()6):
(8) if a=b (mod p), then (%) = (%).

Proof. (i) By Fermat’s little theorem, we have a?~! =1 (mod p), so p divides

ap*lf:l: (apQ;lfl) (a%{»l)’
ie. a7 =41 (mod p) . But by Lemma a is a quadratic residue (mod p) if and only if o =1

(mod p), which finishes the proof.
(ii) Since
p—1 p—1_ p—1
(ab) > =a 7 b7,
part (i) implies that (%’) = (%) (%) (mod p). But both sides are in {£1}, so they must be equal.
(iii) Clear. O

Remark 5.7. We deduce that the map (Z/p)* — {£1}, a — (%), is a group homomorphism.

Proposition 5.8. Let p > 3 be prime. Then
1) (3) = (-0
(2) —1 is a quadratic residue (mod p) if and only if p=1 (mod 4).
Proof. Exercise. U
Corollary 5.9. There are infinitely many primes p such that p =1 (mod 4).
Proof. We argue by contradiction. Suppose there are only finitely many such primes, say p1,...,p,. Put
A= (2p1...pn)%+1>1,

so A is divisible by some positive prime number p. Now

—1=2p1...pn)* (modp) = (;) =1,

which implies by Proposition that p = 1 (mod 4). But by construction p # p; for all ¢, which gives
a contradiction. (]

5.2. Quadratic reciprocity. The aim of this section is to prove the following theorem, which was first
conjectured by Euler and Dirchlet and then proved by Gauss in the Disquisitiones Am’thmeticaeﬁ Gauss
referred to it as theorema aureum, the “golden theorem”, and he wrote

“The fundamental theorem must certainly be regarded as one of the most elegant of its type.”

Theorem 5.10. (Law of quadratic reciprocity) Let p,q > 3 be distinct primes. Then

BIOREES
() ()

1 ifporqgis=1 (mod 4)
€ =
-1 if p and ¢ are =3 (mod 4)

Note 5.11. Fquivalently, we have

where

What about the prime 27

2In fact, Gauss gave eight different proofs of the theorem. Nowadays, over 240 different proofs are known!
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Theorem 5.12. Let p > 3 be an odd prime. Then
<2) )1 if p=+1 (mod 8)
p) -1 ifp==+3 (mod 8)
Remark 5.13. Theorem[5.19 is equivalent to the following statement:

(2)-

These theorems are extremely useful, because they make it easy to compute Legende symbols.
Example 5.14.
cG)=FH G =F)F) =6 G=0G)=-1
« (%) =(%) (&) =-(F) (?) = (F) (1) = (-7 =-1.
There are many proofs of Theorem (at least 240!); we will give a proof using our understanding

of cyclotomic fields. Let F' = Q((p,), Where (p is a primitive pth root of unity. The proof is based on an
exposition of Matthew Morrow. Recall from Theorem 3.34 that Op = Z[(,)].

Lemma 5.15. The field F is a Galois extension of Q, with Galois group G = Gal(F/A) isomorphic to
(Z/pZ)*. The isomorphism is given by

(Z/pZ)* = Gal(F/Q), a— og,

where o, is determined by o4(Cp) = (-

win

Proof. Elementary exercise in Galois theory. (]

Definition 5.16. Let K be the fized field of the kernel of the homomorphism

Gal(F/Q) — {£1}, 04 (Z) .

Note 5.17. Note that the kernel of the homomorphism consists precisely of the quadratic residue mod p.

Note 5.18. By Galois theory, K is the unique quadratic extension of Q contained in F. Write K =
Q(v/d) for some square-free integer d. It is then immediate from the construction that

ra/d = (p) Vi

for alla € (Z/aZ)*.

In order to identify d, we need the following preliminary lemma:

Lemma 5.19. We have
t
> (5)=0
p

a€(Z/pL)*
Proof. Exercise. U

p—1

Proposition 5.20. We have K = /p*, where p* = (—1)"= p.

Proof. Define h € F by
h= Y (Z) 7alCy).

a€(Z/pZ)*
Then for all b € (Z/pZ)*, we have

onh= Y (Z) 0100 (Cp)

a€(z/p)*
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Hence op.h = h for all b € (Z/pZ)* which are quadratic residues (mod p), so h € K and in fact

K = Q(h).

We now compute h?:

a b
p = <> <) 00(G)on(Gy)
a,be(Z/pZ)* p p
a ta
_ <> () 00(G)71a(6y)
a,te(Z/pZ)* p p
2
SNOIOES
- P
a,te(Z/pZ)* p p
_ (t> Y
a(l+t),
te@/pzy< P/ ae(z/pn)x
If t # —1in (Z/pZ)*, then
> Gi= > G=-t
a€(Z/pZ)* a€(Z/pL)*

If t = —1, then
> Gt =p-t.

a€(Z/pZ)*

Since e (z/pz) (%) = 0 by Lemma [5.19} we deduce that

= (Fo0- 5 () -(5)

Since (%) = (—1)172;1 by Proposition the result follows.
Note 5.21. Ifa € Z is coprime to p, then

i) = (£) V-
Lemma 5.22. If ¢ > 3 is a prime distinct from p, then

oq4(a) =a? (mod (g))
for all o € Op.

Proof. Let X = {a € Op|og(a) = a? (mod (g))}. Then X is closed under multiplication, and the iden-

tity
(a+pB)!=a’+ 7 (mod (q))

show that it is closed under addition. Clearly X contains 1 and (,, so X C Op is a subring containing

(p- But by Theorem 3.34, Op = Z[(,], so X = Op.
We can now prove Theorem [5.10

Proof. We combine Note and Lemma to deduce that

(;) VI = 0g(F) = (V)T (mod (),

ie. (%) = (p*)*z (mod (g)), which is equivalent to

1

(4) -0 cwnz-z

—1 —1g—1 g—1

Also, (p*)qT = (—l)pTqu2 , giving

(q) = (-1)" = p" (mod g).



But by Euler’s lemma (c.f. Lemma (i)) we have that piT = (%) (mod ¢), which implies that

(;) _ (5) (mod ).

But both sides are in {£1}, so they must actually be equal, which proves the result. ]
5.3. Ramification in quadratic fields. Let K = Q(+/d), where d # 0,1 is square-free. Recall that

d ifd=1 (mod 4)
Ag = .
4d ifd#£1 (mod 4)

Note 5.23. If p is a prime, then (p) factors in O in one of the following ways:
(p) is unramified and splits completely, i.e. (p) = p1pa with p1 # pa;

[ ]
o (p) is ramified, i.e. (p) = p?;
o (p) is inert and unramified, i.e. it is a prime ideal in Ok.

The aim of this section is the following theorem:

Theorem 5.24. The ramification behaviour of (p) in Ok depends only on the value of p (mod Ak).
In other words, if p,q € Z are prime numbers and p = q (mod Ag) , then p is inert/completely
split/ramified in K if and only if so is q.

Lemma 5.25. Let p be an odd prime.
(1) p is inert in K if and only if (%) =—1;
(2) p is split in K if and only if (%) =1;
(8) p is ramified in K if and only if (%) =0;

Proof. Let a = AK% VAK 50 Og = Z[a] and a has minimum polynomial

Ar(Ag —1
Ft)y =+ EUNSPEY {CY. b 2K ).
Let s = % Then
f(t) = (t — sAg)* — s*A  (mod p),
so we deduce from Theorem [ 73] that
e pisinertin K < f(t) = f (mod p) is irreducible < s2Ag is not a square in Z/pZ < (82%) =
-1
e p splits completely in K < f(t) factors into two distinct polynomials < s2Af is a non-zero
square in Z/pZ < (%) =1
e p is ramifies in K < f(t)is a square < s?°Ax =0 Z/pZ < (32%) =0

Now observe that (32%) = (4). O

P
We have an analogous result for p = 2:

Lemma 5.26.

o 2 isinert in K < d=5 (mod 8).
o 2 splits in K < d=1 (mod 8).
e 2 ramifies in K < d =2 or 3 (mod 4) (which happens if and only if 2 | Ag).

Proof. Exercise. u

Corollary 5.27. A prime p ramifies in K if and only ifp|AKE|
We now prove Theorem

3This is true generally: a prime ramifies in a number field if and only if it divides the discriminant.
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Proof. Write
d=2%1...qm
where ¢; are odd primes (which might be negative) and € € {£1}. If p is any odd prime, then

(5)-C) (5)-(%)
= (i) (i) (qi) (—1) B (Bt
G (2)-(2) o

where r is the number of primes among ¢i,. . ., ¢, which are =3 (mod 4).

Let p,p’ be prime numbers which are congruent (mod Ag). Then there are two cases to consider: Lecture 21

(1) pand p’ are both odd: by Lemma/5.25) we have to show that (%) = (ﬁ). Since p = p’ (mod ¢;)
for all 4, we deduce from that it is sufficient to show that

o) o= G o

e If d =3 (mod 4), then e = 0 and 4|Ag, so

-1 -1
p=p (mod4) = P—-_7 (mod 2),

2 2
which implies .
e If d=2 (mod 4), then e = 1 and 8|Ak, so

b i o (-(3)

by Theorem Also clearly % == p';1 (mod 2) since p = p’ (mod 4), wich proves
).
e If d=1 (mod 4), then € = 0 and 7 must be even, so both sides of are equal to 1.
(2) pis odd and p’ = £2. Then d = 1 (mod 4) (since otherwise 4|A g, which implies that p = £2
(mod 4), which is absurd), so € = 0 and r must be even, and hence

<d> _ (p) (p>

p il Im

Since p = £2 (mod ¢;) for all i, we deduce from Remark and Proposition that
2 a2

(1) = @yt (it

p

We analyse the two factors separately.
e Since r is even, we have

-1 m — 1
Q12 ... 2 5 =0 (mod 2),

so the first factor is 1.
e Observe that for a,b odd integers, we have
a?—1 -1 _ a?? -1

= 2
5 + 3 5 (mod 2),

which implies that
g — 1 g —1 _d*—1
8 8 8

d -1 1 ifd=1 (mod 8)
= — | = (_1) 5 = )
D -1 ifd=5 (mod 8)
Now Lemmata [5.25 and show that
d=1 (mod 8) = 2 and p split completely in K

(mod 2)

d=5 (mod 8) = 2 and p are inert in K
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This finishes the proof.

6. THE IDEAL CLASS GROUP

6.1. The main theorem.
Definition 6.1. Let K be a number field. For a non-zero element x € K, define
(x) ={zy:y € Ok}

Note 6.2. (i) If x € Ok, then this definition is just the principal ideal generated by x.
(i) (z) is a fractional ideal; we call a fractional ideal of this form a principal fractional ideal.

Lemma 6.3. The principal fractional ideals form a subgroup P(K) of Z(K).

Proof. Tt is clear that (x)(y) = (xy), so P(K) is closed under multiplication. It remains to show that it
is closed under inverses. But if x # 0, then (z)(z71') = Ok, so (z)~! = (z7!) € P(K). O

Definition 6.4. Define the ideal class group of K to be the quotient group
CI(K)=Z(K)/P(K).

We call an element of C1(K) an ideal class of K.

Notation 6.5. If a € Z(K), denote by [a] its class in CI(K), i.e.
[a] = {{(z)a:z e K*}.

Note that we have [a] = [b] if and only if there exists z € K™ such that a = (x)b.

Remark 6.6. The class group measures how far away the ring of integers of a number field is from
having unique factorisation into irreducibles. If CI(K) is trivial, then every fractional ideal is principal
and in particular every ideal is a principal ideal. It follows that if x € Ok is non-zero and we factorise

(14) () =p1-pn

for some maximal ideals p;, then there exist a; € Ok such that p; = (a;). As p; is mazimal, the a;
must be irreducible, so the unique factorisation corresponds to a unique factorisation (up to a unit
u € Oy ) into irreducibles:

T =Uay- - Qy.

Hence the size of CI(K) tells us how far Ok is from being a principal ideal domain.

Theorem 6.7. Let K be any number field. Then CI(K) is finite. We call h(K) = |CI(K)| the class
number of K.

The following result is extremely important, as it says that no number field is very far away from
being principal. In particular, we have the following result:

Corollary 6.8. Let a be any non-zero ideal of Og. Then o) is principal.
The proof of Theorem [6.7] relies on the following key result:

Proposition 6.9. There exists a constant ¢ depending only on K with the following property: for every
non-zero ideal a of Ok there exists x € a such that

IN@)| < eN(a).
Using this lemma, we can prove Theorem [6.7] First observe the following:
Lemma 6.10. Every class in Cl(K) contains an ideal.

Proof. Consider a class [b] € C1(K), where b is a fractional ideal. By the definition of fractional ideals
there exists a non-zero @ € Ok such that ab C Og, i.e. (a)b is an ideal which - by definition - is
equivalent to b in CI1(K), as required. O

We now prove Theorem [6.7}
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Proof. Let b be a fractional ideal. We will show that [b] can be represented by an ideal of norm < ¢. As
there are only finitely many ideals with a given norm (Proposition , it follows that there are only
finitely many ideal classes.

By Lemma there exists an ideal J in[b™!], so [J] = [b7!]. By Lemma there is a non-zero
x € J such that |N(z)| < ¢N(J). Since x € J, it follows that J|(z), i.e.

(x) =JJ  for some ideal J'.

Hence
and we have

so N(J') < ¢, as required. O

It remains to prove Proposition and to find an explicit value for the constant c¢. We will do this
using a very powerful tool called Minkowski’s lemma and the geometry of numbers.

6.2. Lattices and Minkowski’s theorem.

Definition 6.11. (1) Let eq,...,e, be a set of linearly independent vectors in R™. The lattice A
generated by ey, ..., ey is the additive subgroup of R™ generated by eq, ..., en, i.e.

A={are1 4+ - +ane,: a; € Z}.
(2) The fundamental cell T(A) is the set
T(A) ={arer + -+ anen|0<a; <1V1 <i<n}

Lemma 6.12. Fach element of R™ lies in exactly one of the sets £ + T for some £ € A. In other words
T is a set of representatives for the cosets of A in R™, i.e. every vector may be written uniquely in the
formv=~0+x with{ € A and x € T. We define a function pr: R — T by pr(v) = x.

Definition 6.13. Let X be a measumblcﬂ subset of R™. The volume of X is defined as

vol(X) :/ dzy . ..dzy,,
b

where (x1,...,%,) are the standard coordinates of R™.
Example 6.14. For A spanned by eq,...,e,, we have
vol(T'(A)) = | det(eq, ..., en)|-
We now recall some properties of Lebesque measurable sets:

Lemma 6.15. o If X s the finite disjoint union of measurable sets X = |Ji~, X;, then X is
measurable and

\WM:ZWMJ

o If X, Y C R" are measurable sets with Y C X, then vol(Y') < vol(X).

Proposition 6.16. Let A be a lattice in R™ with fundamental cell T. Let U C R™ be a bounded
measurable subset, and suppose that vol(U) > vol(T). Then there are two points v,w € U with v # w
and v —w € A.

Proof. Note that for two points v, w € V, we have v —w € A if and only if pr(v) = pr(w). We now argue
by contradiction. Suppose that there are no two points v,w € U, v # w, such that pr(v) = pr(w), so the
restriction of pr to U is injective. The set U may be written as a finite disjoint union:

m
U=|]JU,
=1

where Uy, = U N (T + ¢;). Clearly on the sets Uy, the map pr is given by pr(v) = v —[. Hence
pr(Ue,) = Uy, — ¥¢;. Since pr is injective on U, the sets Uy, — ¢; are disjoint, so

Zvol(Ugi —¢;) =vol <U<Ugi - 62)>

dwith respect to Lebesgue measure
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It follows that

vol(U) = ZVO](U@) = Zvol(Ugi —¢;) = vol (U(Ugi - m) < vol(T),

i=1
which gives a contradiction. (I

Definition 6.17. A subset U C V is convex if for any two points u,v € U and any X € [0, 1] the point
A+ (1 =MNwv is also in U.

Examples 6.18. A circle, a square and a triangle in R? are convex, but an annulus isn’t.
Definition 6.19. A subset U C R™ is symmetric if for any point u € U we also have —u € U.

Theorem 6.20. (Minkowski’s lemma) Let A be a lattice with volumen T. Let U C R™ be conver and
symmetric and suppose vol(U) > 2" vol(T). Then there is a non-zero point of A in U.

Proof. Note that 2" vol(T') = vol(2T'). Hence we have vol(U) > vol(2T') by assumption, so Lemma

implies that there are two distinct points v,w € U such that v —w € 2A, i.e. *5* € A. It remains to
show that we also have *=* € U. Now since U is symmetric, we have —w € U. Since U is convex we

have (v —w)/2 € U. O

6.3. Interlude: some cute applications of Minkowski’slemma. Minkowski’s theorem has some
very pretty and surprising applications to some elementary problems in number theory. We will study
two of those: the two-square and the four-square theorems.

6.3.1. The two-square theorem. The aim of this section is to prove the following result:

Theorem 6.21. Every prime of the form 4k + 1 is the sum of two squares.

Lemma 6.22. —1 is a quadratic residue (mod p).

Proof. Immediate from Proposition [5.8 O

Lemma 6.23. Let u € Z satisfy u> = —1 (mod p), and let A be the sublattice of Z* consisting of all
pairs (a,b) € Z? such that

b=ua (mod p).
Then A is a subgroup of Z2 of index p, and hence T(A) = p.

Proof. Exercise. O
We can now prove Theorem [6.21

Proof. Let C be a circle of radius r, so vol(C) = 7r2. Tt follows from Theorem that if
r? > 4p,
then C contains a non-zero point of A. Take 72 = 37;;’ so there exists a point (a,b) € A, (a,b) # (0,0),
such that
0+#a®+0b*<r?<2p.
But
a>+ v =d*+u**=0 (mod p),
so a? 4+ b? must be a multiple of p between 0 and 2p, so it must be equal to p. O

6.3.2. The four-square theorem. A refined form of this argument gives the following famous result:
Theorem 6.24. [Lagrange, 1770] Every positive integer is a sum of four integer squares.

Remark 6.25. FEuler learnt about the four-square problem in a paper of Fermat. In a letter to Goldbach,
he wrote:

“Incidi nuper, opera Fermatii legens, in aliud quoddam non inelegans theorema: Numerum quem-
cunque esse summam quatuor quadratorum, seu semper inveniri posse quatuor numeros quadratos,
quorum summa aequalis sit numero dato, ut 7 = 1+1+1+4.”

Apparently Euler spent 40 years trying to prove it (without succeeding)! He did however succeed in
simplifying Lagrange’s proof shortly after it was published.

Lemma 6.26. It is sufficient to prove that every prime is the sum of four squares.
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Proof. Immediate from the identity
(a® +b* 4 2 + d*) (A% + B? + C? + D?)
=(aA —bB — cC —dD)? + (aB + bA + cD — dC)*
(15) + (aC — bD + cA + dB)* + (aD + bC — ¢B + dA)*.
0

Remark 6.27. The identity , which was first discovered by Euler, arises from the multiplication
rule in the quaternions: recall that the quaternions are the R-vector spanned by the basis 1, i, j, k subject
to the multiplication rules

ij=k=—ji
jk=1i=-kj,
ki=j=-ik

For an element a = al 4+ bi + ¢j + dk, we define the norm ||a|| by

lla|? = a® + b + ¢ + d*.
Then it is easy to check that the norm is multiplicative, so the identity follows.
Note 6.28. We have

2=124+1240%+402,

so we need to show that every odd prime is the sum of four squares.
Lemma 6.29. Let p be an odd prime. Then there exist u,v € Z such that

u? +v2+1=0 (mod p).
Proof. Observe that both u? and —1 —v? each take % distinct values as u and v range over 0,...,p—1.

Hence by the pigeonhole principle, there must be u,v €€ [0, ..., p—1] such that u> = —1—v? (mod p). O

Lemma 6.30. Let u,v € Z such that u?> + v2 +1 = 0 (mod p). Let A C Z* be the lattice of points
(a,b,c,d) which satisfy

c=ua+vb (mod p) and d=ub—va (mod p).
Then A has index p* in Z*, and hence T(A) = p?.
Proof. Exercise. O

We now prove the theorem.

Proof. Let B be the 4-dimensional sphere of radius r, centred at the origin, so vol(B) = %’K27’4. If we
choose 7 > 16p? (say 72 = 1.9p), then by Theorem there exists a non-zero lattice point (a,b, ¢, d) in
B, so
0#£a’ 4+ +P+d*<r>=19p < 2p.
But
A+ +E+d =@+ +u  +0H) =0 (mod p),
so since 0 < a? + b% + ¢ + d? < 2p, it must be equal to p, as required. O

6.4. Geometry of numbers. In this section, we will prove Lemma [6.9) and give an explicit bound for
the constant c.
Let d = [K : Q]. Recall that we have field embeddings o4,...,04 : K — C.

Definition 6.31. We call an embedding o; real if 0;(K) C R. Otherwise we shall call the embedding
complex.

Note 6.32. If o; is a complexr embedding then its complex conjugate &; is another complex embedding,
so the complex embeddings come in pairs.

Definition 6.33. Let r be the number of real embeddings and s the number of pairs of compler embed-
dings. Thus d =r + 2s.
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Note 6.34. Note that if K = Q(«) then o; is a real embedding if and only if o;(«) € R. Hence r is the
number of real roots of the minimal polynomial of o, and s is the number of complex conjugate pairs of
roots, which are not real.

We will use Theorem [6.20] in order to prove Lemma Recall that we have field embeddings
o1,...,04. Reorder these so that o1,...,0, arereal and 0,1, ..., 0,125 are complex, with o, s1; = T 4.

Definition 6.35. Define the d-dimensional real vector space K, by
Ko =R @ C°
Note 6.36. There is an embedding o : K — K., defined by
o1(x)
a(r) =
Orts(2)
Since each field embedding is injective, o is also injective.

Proposition 6.37. If B is a basis of K over Q, then o(B) is a basis for K over R. Furthermore, the
fundamental cell has volume

vol(P) = 27°/|A[B]|.

Proof. 1t is sufficient to show that the volume of P is given by the formula, since if o8 were not a basis,
then this volume would be zero. By Example [6.14] the volume is given by:

o1 (bl) 01 (bd)
Or (bl ) Or (bd)
_ 3?07--5-1 (bl) §RO'7"+1 (bd)
VOI(P) = |det %0’7«4’_1(()1) %O—T‘—i—l(bd)
§RO’,-+S(b1) 8%0'7'+s(bd)
%O’T+S(b1> %Ur-i—s(bd)

Adding ixrow(r + 2a) to row(r + 2a — 1) for a = 1,...s we obtain:

g1 (bl) g1 (bd)
or(b1) or(bg)
_ ory1(b1) or+1(ba)
vol(P) = |det Sorea (b)) S0ve1 (ba)
Orts (bl) Ur+s(bd)
Soy45(01) So+5(ba)
Multiplying rows r + 2a by -2i we obtain:
o1(b1) o1(ba)
or(b1) or(ba)
s ory1(b1) or+1(ba)
vol(P) =277 \det | o511 (by) —9%0, 41 (ba)
Or4s (bl) Or4s (bd)
—27;%0'T+S(b1) _2%0T+S(bd)
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Subtracting rows r + 2a — 1 from rows r 4+ 2a we obtain:

O'l(bl) Ul(bd)
or(b1) ...  op(ba)
— b ) c.. Op 1(bd)
1(P) = 27 |det | 71 (B ort
vol(P) N ora(b) .. Fepa(ba)
Orts(b1) ... Orgs(ba)
5'7"-&-3 (bl) cee &r—i-s(bd)
Reordering the rows we have:
O'l(bl) Ul(bd)
vol(P) =277 |det : : =27°V/|A(B)].
O’d(bl) O'd(bd)
Here, we get the second equality from Proposition [2.31 O

Lemma 6.38. Let I be a non-zero ideal of O . Then there is a non-zero element x € I such that

Ve < (2) Vi,

where A is the discriminant of an integral basis.

Proof. Let B be a Z-basis of I, i.e. I = Spany B. Then Proposition [6.37| implies that o([) is a lattice in
Ko with volume 27°/]AB|. Recall that N(I) = /5E by Proposition 4.65/ Hence

vol(a(1)) = 2~*\/JAIN(I),
For any a > 0 consider the following subset of K:
z1
Ug = : il < a
Lr+s
The set U, is clearly symmetric and convex. Its volume is given by
vol(Uy,) = (2a)"(ma?)* = 2"r%a?.
On the other hand if g(z) € U, then for every field embedding we have |o;(z)| < a, which implies that

IN(2)] = ’ﬁoi(x)’ <ad.

We can apply Minkowski’s Lemma with o(I) and U, as long as
vol(U,) = 2"n%a® > vol(a(I)) = 2927%\/|AIN(I)
& at > eN(I),

where ¢ = (%)S V/|Al. Aslongs as a satisfies this inequality, Theorem implies that there is a non-zero
element x € I such that g(z) € U,, and hence N(z) < a®.

We have shown that for any b > c¢N(I) (here b = a? in the above notation), there is a non-zero = € I
with |N(z)| < b. Now let

N =min {|N(z)|: z € I\ {0}}.

The minimum is attained since N(x) takes integer values. Clearly N < b for all b > ¢N(I) and hence
N <eN(I). O

This finishes the proof that the class group is finite (Theorem [6.7]), and proves also that every ideal
class contains an ideal whose norm is < (%)8 v/|A]. In order to show tat every ideal class contains ad

ideal with norm < (2)° 4 /JA|, we need to work with a different convex symmmetric subset of K.
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Lemma 6.39. For a > 0, define

U = e+ @ess| < a
Tris

Then U, is a symmetric convect subset of K.

Proof. Recall that for r < k <r+ s, xj is a complex number, say x; = yx +iz;. Then |z| = \/y,% + z,%
The covenxity of U, follows from the well-known inequality between geometric and arithmetic mean. [

Proposition 6.40. We have
d

vol(U)) = 2" (g)s %.

Proof. Not given - see e.g. p.116 in Langs’ Algebraic number theory. O

Repeating then the above argument for U/, we deduce the following theorem:

Theorem 6.41. Suppose that [K : Q] = d. Then every ideal class in Cl(K) contains an ideal of norm
4\° d!
<=1 =VIAl
<(2) GV
6.5. Examples. We will now calculate explicitly the ideal class group for a selection of number fields.

Notation 6.42. Let K be a number field with ring of integers O . For a non-zero ideal p of O, write
[p] for its class in CI(K). If p, q are non-zero ideals in O, write p ~ q if [p] = [q].

We have the following algorithm: let K be a number field.

Determine d = [K : Q);

Calculate |A|, where A is the discriminant of any integral basis of K;

Determine the numbers r and 2s of real and complex embeddings of K;

Calculate the Minkowski bound ¢ = (%)S %\/W ;

Determine the set of rational primes p < c¢;

Determine the ideal factorisation of each principal ideal (p), which p as in the previous step;
Determine all products of these prime ideals which have norm < ¢;

Determine the generators of C1(K) from the classes of these products.

Example 6.43. K = Q(i) has trivial class group: we know that 1,7 is an integral basis of K with
discriminant
|A[L,4]| = | det(A)| = 4.
Moreover, we have r =0, s = 1, so
c= é ~ 1.273,
i

i.e. every ideal class contains an ideal of norm < 1. However, the only ideal with norm 1 is the trivial
ideal, so there is only one ideal class and h(K) = 1.

Example 6.44. Consider the field K = Q(v/—19). As =19 =1 (mod 4), an integral basis of K is 1,7,
where 7 is a root of the polynomial
fit)y=t*—t+5.
It is easy to calculate that
A=Al 7] =19
The two embeddings of K are determined by o1(v/—19) = v/—19 and o3(y/—19) = —/—19, so r = 0
and s = 1. It follows from Theorem that every ideal class contains an ideal of norm
4 2!
~ 22
i.e. of norm < 2. Suppose now that a has norm 2. Then a|(2), so we need to factorise (2). As Ox = QI7],
we can use Dedekind’s criterion (Theorem [4.73)): we have
fO)=t*+t+1 (mod 2)

is irreducible, so (2) is prime. Moreover, N((2)) = 22, so there are no ideals in Ok of norm 2. Hence
h(K) = 1.

19 ~ 2.775,
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Remark 6.45. The famous Stark—Heegner theorem says that there are precisely nine imaginary quadratic
fields Q(v/—d) with class number 1: the values of d are

1,2, 3,7, 11, 19, 43, 67, 163.

Example 6.46. Let K = Q(v/6). Then d = 2, 7 = 1 and s = 0. We know from Theorem that
1,v/6 is an integral basis of K, and it is easy to calculate that |A[1,1/6] = 4 -6 = 24. We calculate the

Minkowski bound: o)
c= Z'\/ 24 ~ 2.449.

The only rational prime < ¢ is 2. Using Dedekind’s criterion, we see that (2) = p2, where ps = (2,/6)
with N(p2) = 2. Hence CI(K) is generated by [p2]. Is [p2] trivial, i.e. is po principal? Suppose that there
exist a,b € Z such that py = (a + bv/6). Then

2= N(p2) = N({a+bV6)) = |N(a+bV6)| = [a® — 6b7.

This has a solution, e.g a = +2 and b = £1.

Claim. py = (2 — V6).

It is clear that (2 — \/6) C py. We therefore need to show that 2,/6 € (2 — \/6) Now

2-Ve)2+VE)=—2 = 2e(2-V6)
= V6 € (2 —/=6)

which proves the claim.

Hence [p2] = [Ok], and so CI(K) = {1}, and K is a unique factorisation domain.

Remark 6.47. It is not known whether there are infinitely many real quadratic fields with class number
1.

Example 6.48. Let K =+/—10,s0d =2, 7 =0 and s = 1. We know from Theorem that 1,/—10
is an integral basis of K, and it is easy to calculate that |A[l,1/—10]| = 4 - 10 = 40. We calculate the
Minkowski bound:

42!
c= 72\/4 ~ 4.026.
i
The only rational primes < c¢ are 2 and 3. To study their factorisation, use Dedekind’s criterion:

prime | f(t) (mod p) | factorisation |  norm

2 t? (2)=p3 | N(p2) =2
3 irred. prime N((3))=9
Hence CI(K) is generated by [p2]. Is po principal? Suppose that there exist a,b € Z such that py =

(a+ by/—10). Then

2= N(p2) = |N(a+bV=10)| = a® + 10b°.
However, there are no integers a,b which satisfy this equation, so po is not principal. We deduce that
[p2] has order 2 and hence CI(K) = Z/2.

Example 6.49. We calculate the class group of K = Q(v/—14). We first determine an integral basis
of K. Any element x of K is of the form x = a + by/—14 for some a,b € Q. If b # 0, the minimal
polynomial of x over Q is given by

f(t) =t = 2at + a® + 14b°.

Then x is an algebraic integer if and only if 2a,a? + 14b*> € Z, i.e. if and only if a,b € Z. Hence
{1,v/—14} is an integral basis of K. We now calculate the discriminant A = A[l,1/—14] of K: the
minimal polynomial of /=14 over Q is f(t) = t? + 14, (irreducible by Eisenstein’s criterion); the formal
derivative is D f(t) = 2t. The formula for the discriminant says that

All,v/—14] = =N(2v/—14) = =2°N(v/—14) = =22 - /=14 - (—v/—14) = —237.

We now determine Minkowski’s bound: we have [Q(v/—14) : Q] = 9(f) = 2, and there are two complex
embeddings, determined by /—14 — £+/—14. Hence r2 = 1, and Minkowski’s bound is
4 2!
m 22

2
= V56—

T

M = /|A

<5,
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so the class group is generated by primes dividing (2) and (3). We factorise (2) and (3) using Dedekind’s
criterion:

prime | f(t) (mod p) | factorisation | norm

s leovern] P v SN =3

where p = (2,vV/—14), g = (3,1 — v/—14) and q' = (3,1 + /—14).

Note that p? ~ 1 and q’ ~ (q)!, so the ideal class group is generated by p and q’. To establish a
relation between the classes of p and ¢’, note that 2 + /—14 is an element of both p and q. Now p and
q are distinct prime ideals, so by unique factorisation of ideals there exists an ideal ¢ such that

(24 v—14) = pq.
Taking norms, we deduce that N(t) = 3,sov=qorv=q". If vt = ¢, then (3)|(2 + /—14), which is

impossible. Hence
(2 4 V=1I) = pe?,

SO

q>~p!

0> ~pa~g
Hence 1,q, 42, q> are all the ideal classes. To show that these classes are distinct, it is sufficient to show
that g2 ¢ 1: the q ¢ 1, and hence ¢ ~ q~! £ 1.
If g2 ~ 1, then p ~ 1, i.e. the ideal p = (2,/—14) is principal, say

(2,/—14) = (a + by/—14)

~ P,

-1

for some a,b € Z. Then
N(p) =2=N((a+bv/—-14)) = [N(a + bv/—14)| = o + 14V?,
But this is impossible. Hence C1(K) = Cy, generated by the class of q.

Example 6.50. Let K = Q(v/—23), sod =2, r =0and s = 1. Now —23 =1 (mod 4), so 1,7 is an
integral basis of K, where 7 = 1 o) —23 Tt is easy to see that |A[1,7]| = 23, so Minkowski’s bound is
42!
c=——Vv23~3.053
w4

The only rational primes < ¢ are 2 and 3. We use Dedekind’s criterion (which we can use as Ox = Z[7])
to factorise the corresponding ideals. The minimal polynomial of 7 is f(t) = t>—?¢ + 6. Hence

prime | f(t) (mod p) | factorisation | norm
2 tt+1) (2) = papy | N(p2) = N(p3) =
3 tt+1) (3) =paps | N(ps) = N(ps) =

As ph ~ py ' and pj ~ p3, CI(K) is generated by [ps] and [p3]. By Theorem we have

P2 = <27T> and p3 = <37T>'
S0 pap3 = (6,27,37,72). Note that 7 = 37 — 27 € pap3. Also, we have

6:7'—72,

S0 paps = (7), i.e. pa ~ p3 ', which is equivalent to [ps] = [ps]~!. Tt follows that CI(K) is generated by
[p2]. Now what is the order of po? We first show that ps is not principal. Suppose there exist a,b € Z
such that po = (a + br). Note that a + br = a+ 2 + 21/=23. Then

b\2 b\2

N(ps) =2 = N((a+br)) = (a+ 5) +23(§) .

Multiplying the equation by 4, we deduce that
(2a 4 b)? 4 23b* = 8.
However, there are no integers a, b such that b = ¢ mod 2 satisfying ¢? 4 23b% = 8, so p, is not principal.
We can show in the same way that p3 is not principal. What about p3? In this case, we have to find
integers b, ¢ of the same parity satisfying
¢ +23b% = 32,
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which has the solutions b = 41, ¢ = 4-3. Using this, we can show that p3 ~ O, so CI(K) = Z/3 (course
work 5).

7. APPLICATION TO DIOPHANTINE EQUATIONS
The aim of this section is to prove the following result:

Proposition 7.1. Let d < —1 be a negative square-free integer which is congruent to 2 or 3 (mod 4),
and suppose there exist integers x,y such that

y =22 —d.
Let K = Q(vV/d). If the class number hy is not divisible by 3, then there exists a € Oy such that
z+Vd=a’.

Corollary 7.2. Under the assumptions of the proposition, there exists n € Z such that
x = n(n* + 3d) and 3n? = —d+1.
Proof. Write a = n 4+ m+/d. Then
x4+ Vd = a® = n(n?® + 3m2d) + m(3n® + m?d)Vd
which implies that
m(3n? +m?d) =1 and n(n? + 3m2d) = x.
We deduce that m = £1, and so
—d=3n*+1 and r = n(n?+ 3d).

Before we prove Proposition let us see one nice application:
Theorem 7.3. The equation y> = x2 + 10 has no integer solutions.

Proof. We saw above that for K = Q(1/—10), we have hx = 2. We now argue by contradiction. Suppose
that there exist o,y € Z which satisfy the equation. Since 3 1 2, there exists n € Z such that 3n? = 10£1.
But this is clearly nonsense. O

In order to prove Proposition we need a couple of lemmas:

Lemma 7.4. Let K be a number field with ring of integers O, and let Iy, Is be comprime ideals such
that I I, = J* for some ideal J and some k > 0. Then there exist ideals J,, Jo such that I; = Jéf and
I, = J§.

Proof. Exercise. U

Lemma 7.5. Let K be a number field, and let I be a non-zero ideal of O . If I* is principal for some
k > 1 which is coprime to hx, then I is principal.

Proof. Clear from group theory. O

Proof of Proposition : Suppose there exist x,y € Z such that y> = 22 — d. We first observe that y
is odd, since otherwise 22 = 2 or 3 (mod 4), which is impossible. Secondly, if there is a prime number p
which divides both z and y, then p? divides (22 — y3) = d, which is a contradiction.

We now factorise the equation in O, where K = Q(v/—d):

v = (x + \/g)(a? — V).

Claim. The ideals (z + v/d) and (z —v/d) are coprime.

Proof of claim. If there are not coprime, then there is a prime ideal p C Ok which contains both
x ++/d and x — v/d, which implies that p contains both 2z and . Since p is prime, one of 2 and x must
be in p. If 2 € p, then since yis odd, we also have 1 € p, which is impossible. Hence z € p. Since z,y
are integers, we deduce that x,y € p N Z = pZ for some prime number p. But this contradicts « and y
being coprime and hence proves the claim.

We deduce that

()? = (& + Vd)(z - Vd),
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so Lemma implies that (x + v/d) = I® for some ideal I. Now I® is principal, so since 3t hg, I itself
is principal by Lemma[7.5] i.e. I = (a) for some a € O, and so

(o 4+ V) = (%),

which implies that there exists a unit v € Op such that a ++v/d = ua®. But by Proposition we know
that Oy = {£1}. Replacing a by —a, if necessary, proves the result.

8. APPLICATIONS TO FERMAT’S LAST THEOREM
In this section we want to use the theory of cyclotomic fields to prove a special case of Fermat’s last

theorem.

8.1. Basic properties of cyclotomic fields. Let p > 3 be an odd prime, and let ¢ = €*™/? and
F =Q(¢). We saw already in Section [3.3| that Or = Z[(], and that

Ap=(-1)7p2
Remark 8.1. In fact, se saw that {1, 1-¢...,(1- C)p_l} 18 an integral basis. But this is clearly
equivalent.

We will need the following two results:

Lemma 8.2. (1) The ideal (1 — ¢) is prime.
(2) Letr,s be integers, both of them coprime to p. Then
-1

¢

Proof. Exercise. U

X
€ 0}

Lemma 8.3. The only roots of unity in O are of the form £(° for some s € Z.
Proof. Exercise. U

Lemma 8.4. There exists u € Op such that p = u(1 — ()P~1.
Proof. Exercise. O

8.2. Units in Op. We start with the following general observation.

Lemma 8.5. Let K be a number field, and let N > 1. Then there are only finitely many a € Ok such
that all conjugates of a have compler absolute value < N.

Proof. Exercise. U

Lemma 8.6. (1) Let o be an algebraic integer such that all its conjugates have complex absolute
value 1. Then « is a Toot of unity.
(2) Let u € Op. Then % is a root of unity.

Proof. (i) Let K = Q(«), and let
X = {f € Ok : all conjugates of 5 have complex absolute value < 1};

note that X is finite by Lemma Now clearly a™ € X for all n > 1, so since X is finite, there exist
m,n > 1, m > n such that o™ = a™, ie. ™" = 1.

(ii) Clearly F'is a Glois extension of Q, and the conjugates of x = % are {o(z) : 0 € Gal(F/Q)}. Now
complex conjecugation is an element of the Galois group, and the Galois group is abelian, which implies
that o(u) = o(u) for all o, and hence

’L[/ [E—
o (2) = o(w)/olu),
which clearly has absolute value 1. We therefore conclude by (i). (]

Proposition 8.7. Let u € Oj. Then there exists v € Op such that v = v, and r € Z such that

u=_(_".
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is a root of unity in O and hence equal to £¢* for some s € Z by Lemma

Proof. By Lemma

Assume that
u

- = *CS'

a
Since Op = Z[(], there exist ag,...,a,—2 € Z such that

u:a0+a1C+-~-+ap_2§p_2 = u=ag+a +---+ap—2 (mod (1—C)).
Similarly,
@=ag+a1+---+ap_2 (mod (1-¢))=u (mod (1-¢))=—-C’a (mod (1-¢))=—-u (mod (1-()).

Hence 2 € (1 — ¢). Now (1 — () is a prime ideal by Lemma [8.2} since 2 ¢ (1 — ) N Z = pZ, we deduce
that @ € (1 —¢). But @ € Oy, which gives a contradiction.
Hence % = (*® for some s € Z. Let r € Z such that 2r = s (mod p), and let v = (~"u. Then

("v=u and 1=Cu=CCu=CC"u=_"u=v.

8.3. Fermat’s last theorem for regular primes.
Definition 8.8. A prime p > 3 is reqular if the class number of Q((,) is not divisible by p.

Example 8.9. The following primes are known to be regular: 3, 5, 7, 11, 13, 17, 19, 23, 29 31, 41; on
the other hand, the primes 37, 59, 67, 101, 103 are not regular. In 1964, Siegel conjectured that roughly
61% of primes should be regular, but it is not even known whether there are infinitely many regular
primes. On the other hand, it is known that there are infinitely many irregular primes.

Remark 8.10. The arithmetic of the fields Q(Cp) is closely related to the Bernoulli numbers B;, which
are the coefficients of the generating series

o0
¢ %tk

et—1 k!
k=0

Kummer proved that p is regular if and and only if it does not divide the denominator of Ba, By, ..., Bp_s.
We want to prove the following weak form of Fermat’s last theorem:
Theorem 8.11. Let p be a reqular prime > 3, and let x,y, z € Z, non of which are divisible by p. Then
aP +yP #£ 2P
Lemma 8.12. (1) Let p > 5 and F = Q(¢). Let ag,...,ap—1 € Z, and assume that at least one of
them is zero. Suppose that m is an integer such that
ap+ - +ap,_1CP7 € (m).

Then a; € mZ for all i.
(2) Let a« € Op. Then there exists a € Z such that o = a (mod (p)).

Proof. (i) Suppose that a, = 0 for some 0 < r < p — 1. Multiply through by ¢?~'~" to reduce to the
case ap—1 = 0. The statement then easily follows from the fact that Op = Z[(].
(ii) Write
a=ag+-+a, (">
for some a; € Z. Then
aP = af +af¢P + -+ al_,PP7?  (mod (p)).
But
af +aPCP 4 -+ GZ,QCP(IFQ) =af+a) +-+ 0272'

O

Lemma 8.13. Suppose that Theorem[8.11is false. Then there exist x,y,z, non of which is divisible by
p, such that
2P 4 yP = 2P
and which also satisfy the following two conditions:
(1) x £y (mod p), and
(2) xz,y are coprime.
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Proof. Suppose that we have x,y, z, non of which is divisible by p, such that
2P 4+ yP = 2P,
Claim. Tt is impossible that x = y = —z (mod p).
Proof of claim. If x =y = —z (mod p), then
—22P =27  (mod p) = 32=2P=0 (mod p).

But since p # 3 and p t z, this gives a contradiction.
Therefore at least one of the triples (x,y, z) and (z, —z, —y) satisfies condition (1). Dividing through
by the greatest common divisor ensures that condition (2) is also satisfied. ]

Lemma 8.14. Suppose that there are x,y,z € Z which satisfy the conditions of Lemma[8.13 Ifi,j € Z
are integers such that i # j (mod p), then the ideals (x + C'y), (x + (7y) in O are comprime.
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