
Number theory I: Problem sheet 2

1. Let d ∈ Z \ {0, 1} be square-free and let K = Q(
√

d). Using the algorithm developed in lectures,
show that 1, τd is an integral basis of K, where

τd =


√

d if d 6≡ 1 (mod 4)
1+
√

d
2 if d ≡ 1 (mod 4)

2. Let α be a zero of the polynomial f (t) = t3 + 2t + 1, and let K = Q(α). Show that OK = Z[α].

3. Let K be a number field, and let θ1, . . . , θn be an integral basis of K. Let α1, . . . , αn ∈ OK be a Q-basis
of K. Show that if

∆[θ1, . . . , θn] = ∆[α1, . . . , αn], (1)

then α1, . . . , αn is also an integral basis of K. Is the converse true?

4. Let K = Q(α), where α = 3
√

3. Find an integral basis of K.

5. Let K be a number field of degree n, and let x1, . . . , xn be an integral basis.

(a) Let σ1, . . . σn be the complex embeddings of K, and define

P = ∑
π∈An

n

∏
i=1

σi(xπ(i)),

N = ∑
π 6∈An

n

∏
i=1

σi(xπ(i)),

where An is the alternating group on n letters. Show that P + N and PN are in Z.

(b) Show that ∆[x1, . . . , xn] ≡ 0 or 1 (mod 4).
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