Problem sheet 1 Solutions

Problem 1

The splitting field K over Q of the polynomial 23 — 2 is Q(a,w), where
a =25 and w = e 5 € C. We will show that b = a + w is a primitive
element of K/Q. Since the degree of K/Q is 6, it suffices to check that
1,53, 5%, 3% are Q-linearly independent. By a straightforward computation
with a basis {1, o, a?,w, aw, a’w} of K/Q, we have

1=1,
b =a+uw,

%2 =—-14a%—w+ 2w,
B2 =3 —3a — 3aw + 3a’w,

hence 1, 8, 82, 3 are Q-linearly independent.

Problem 2

If Q(v/n) = Q(v/m), then there exist a,b € Q such that \/n = a + by/m.
Case 1: a # 0 and b # 0. By squaring the equation, we get /m =

02— p2 L ) ] .
%. This is impossible since m is square-free.

Case 2: b= 0. In this case we have \/n = a but this is also impossible.
Case 3: a = 0 and b # 0. In this case we have \/n = by/m. Let us
write b = g, where p € Z and ¢ € N. Then ¢*n = p>m. Since m and n are

square-free, we conclude that p?> = ¢> = 1 and m = n.

Problem 3

(a) We denote s1 = X +Y + 7, 50 = XY +YZ + ZX, and s3 = XY Z.
Then
fX,Y,2)= (XY +YZ+ZX)(X?+Y*+ 2% - XYZ(X +Y + 2)
= 82(8% — 289) — 8183 = 5%52 - 25% — 5183.
(b) By Vieta’s formulas, we have s; = 0, so = —2, and s3 = —2. It

follows that
fla, B,7) = s3s9 — 252 — 5153 = —8.



Problem 4

We may assume « # 0. If « is algebraic, then there exists ag, - ,ap—1 €
Q such that o™ + ap_1@” '+ - 4+a9 = 0. Let 0 < i < n —1 be the
smallest integer such that a; # 0. Multiplying the equation by a™", we get
l+ap 1ot +---+ aia_(”_i) =0, hence a~! is algebraic.

Problem 5

(a) The polynomial f(t) = t? 4 4t + 2 has —2 + /2 and —2 — /2 as roots
over R but the roots are not in Q. Thus f is irreducible over Q.

(b) As constructed in Remark 2.22 using symmetric polynomials, f(t —
V2) f(t++/2) is a nonzero monic polynomial and has a4 /2 as a root. Note
that

Ft—=V2)f(t+V2) =t*+ 83 + 1612 — 16.

Problem 6

(a) It follows from the following computation:

Alay, -+, ap] = det ( Tr(aj0y))

1<i j<n

n
= det ( Z Uk(aioéj))lg,jgn
k=1
n

= det (Z Ok(ai)ak(aj))1gi,j§n

k=1
= det (op(ci)) 1<i,k<n det (% (e;)) 1<j,k<n

= det (Uk(ai))2 = (det(C’))2.

1<i,k<n —
(b) Using (a), we obtain
2
A[B1, -+, Bn] = det (O-k(ﬁj))lgj,kgn

= det (Z dijUk(Oéi)ﬁgj,kgn
=1

= det (dij)fgi,jgn det (O-k(ai))igi,kgn

= det (D)2A[O<1, Cee Q).



Problem 7

(a) Let 01,09,03 be the complex embeddings of K and denote 0; = 0;(«)
for i =1,2,3. We also denote s1 = 61 + 0 + 03, so = 0102 + 02035 + 603671, and
s3 = 6162605. Note that the minimal polynomial of « is t3> — 2. By Vieta’s
formulas we have s1 = s9 = 0 and s3 = 2. It follows that

Ngjgla—1) = ngaq H(() 1) = (6, —1)(f —1)(#3 — 1)

=1
283—82+51—1:1,

Nijgla® —1) = Hffza—l H(()2—1)2(95—1)(93—1)(95—1)

=1
= 9%9293 — (02603 + 0202 + 020%) + (02 + 02 +63) — 1
= 53 — (83 — 2s153) + (57 — 259) — 1 = 3,

Try/gla—1) = Zaza—l Z(()—l)

=1
:(91—1-92—!-93—3:81—3:—37

TrK/Qoz—l Zala—l Z( () —1)

=1
:9%+92+93—3=sl—232—3:—3.

(b) We calculate the following determinant of the matrix:

Tr(1) Tr(a) Tr(a?)
All,a, 0% =det | Tr(a) Tr(a?) Tr(a?)
Tr(a?) Tr(a?) Tr(a*)

The traces of the powers of « are

3
= Z‘”(l) =



It follows that
300

All,a,0®]=det [0 0 6| =—108.
0 6 0

Alternatively, one may also apply Proposition 2.39 and compute

3

All,a,0%) = (=1)3 N /p(3a2) = —27Nyjg(a)? = —108.

(c) Note that

1 1 1 0 0 1
B | = —1+a? =[-1 0 1 «@
B2 1 — 20 —2a? 1 -2 =2/ \a?

Using (b) of Problem 6, we get

1 0 0
Al B, =det [ -1 0 1 | All,a,a% = —432.
1 -2 =2

Problem 8

(a) Let 01,092,003 be the complex embeddings of K and denote 0; = o0;(«)
for i = 1,2,3. We also denote s1 = 01 + 05 + 03, so = 0105 + 0203 + 03671, and
s3 = 010203. Then the norm and the trace are expressed by

:w

3
NK/Q(QQ—i—l):H o? +1)
1 z:l

= (67 +1)(65 + 1)(63 + 1)
=1+ (0% + 62+ 62) + (6263 + 6363 + 6267) + 076263
=1+ (s — 289) + (53 — 2s153) + 53,



3 3
Trisg(e® +1) =Y oi(@®+1) =D (0i(a)® +1)
=1 =1

=07 +03+02+3
:s%—252+3.

On the other hand, we have s = 0, so = —1, and s3 = 1 from Vieta’s
formulas. Thus Ng g(a® +1) =5 and Trg g(a® +1) = 5.



