Problem sheet 5 Solutions

Problem 1
(a)

p? = (22,2(1 + V=5),(1 + V=5)%)
= (4,2 4+ 2v/=5, -4 + 2v/-5) = (2),

pg = (2-3,2(1+v=5),3(1 + V=5), (1 +v/=5)%) = (1 + V/=5).

(b) Observe that N(p)? = N(p?) = N(2) =4 and N(p)N(q) = N(pq) =
N(1++/-5) =6. It follows that N(p) = 2 and N(q) = 3, hence p and q are
maximal.

(c) We have
p={2(a+bv/=5) + (1 +vV=5)(c+dv—=5) :a,bc,d € Z}
={2(a—b—3d)+(1+V-5)(2b+c+d):a,b,c,deL}
={2z+(1+V=b)y:z,y€cZ}

q={3(a+bv=5)+ (1 ++v=5)(c+dv-5):a,bc,dcZ}
={3(a—b—2d)+(1++-5)Bb+c+d):a,b,cdcZ}
=8z +(1+V-b5y:z,ycZ}

Hence, {2,1 4+ /—5} is a Z-basis of (2,1 + v/—5), and {3,1+ v/—5} is a
Z-basis of (3,14 /—5).

Problem 2

(a) Since N(a)|N(6) = 36 = 2232, we shall factorize (2) and (3) into maximal
ideals. The minimal polynomial of Z[y/—5] is x> + 5. We factorize the
minimal polynomial modulo 2 and 3:

224+ 5=(r+1)? (mod 2), 2*45=(z+1)(x—1) (mod 3).
Applying Dedekind’s criterion, we can factorize (2) and (3) as follows:

(2) =p3, po = (2,1 +/—5),
(3) =psph,  ps=(3,1+V=5),p5 = (3,1 —/=5).



Note that N(p2) = 2 and N(p3) = N(p5) = 3. We also observe that
neither p3 nor p2 does not contain 6. Hence, pa,ps, p5,p3 = (2),psps =
(3),p2p3 = (14 V=5),paps = (1 — V/=5), p3ps = (6,2 + 2V/—=5), p3ps =
(6,2 — 2¢/=5), papsps = (6,3 + 3v/=5), p3psps = (6) are all the ideals con-
taining 6.

(b) As 18 = 2-32%, we factorize (2) and (3) into maximal ideals. The mini-
mal polynomial of Z[v/5] is #2 —5. We first factorize the minimal polynomial
modulo 2 and 3:

22 —5=(zx+1)? (mod 2), z*—-5=2?+1 (mod3).
Applying Dedekind’s criterion, we can factorize (2) and (3) as follows:

(8) =ps, b3 =(3,(V5)"+1)=(3).
Note that N(p2) = 2 and N(p3) = 32. It follows that the unique ideal in
Z[v/5] with norm 18 is pops.
(c) Recall that {1, = L‘Q/j} is an integral basis of L. The minimal

polynomial of av is 22 — x + 1. As 12 = 22 . 3, we factorize (2) and (3) into
maximal ideals:

(2) =po, p2 = (2),
(3) =p3,  ps=(V/-3).

We have N(p2) = 22 and N(p3) = 3. Hence, paps3 is the unique ideal in O,
of norm 12.

Problem 3

Since N (a)|N(5 — 2v/—5) = 45 = 32 - 5, we shall factorize (3) and (5) into
maximal ideals. We factorize the minimal polynomial 2% + 5 modulo 2 and
3:

22+ 5= (z+1)(x — 1) (mod 3),2% + 5 = 2% (mod 5).

Applying Dedekind’s criterion, we can factorize (3) and (5) as follows:
(3) =paph,  ps=(3,1+—=5),ps = (3,1 — V=5),
(5) =ps, ps = (V—5).

By straightforward calculations, one can check that 5 — 2v/—5 € p4 but
5 —2v/=5 ¢ p3. Thus, we have factorization a = pZp;.



Problem 4

As 24 = 23 . 3, we factorize (2) and (3) into maximal ideals. The minimal
polynomial of Z[v/6] is #2 — 6. We first factorize the minimal polynomial
modulo 2 and 3:

2?2 -6 =27 (mod 2), z?—6= 22 (mod 3).
Applying Dedekind’s criterion, we can factorize (2) and (3) as follows:
<2> :pga P2 = <27 \/6>7
(3)=p3, 3 =(3,V6).
Note that N(p2) = 2 and N(p3) = 3. It follows that the unique ideal in
Z[/6] with norm 24 is p3ps.

Problem 5
(a) By Corollary 2.42, we have

All,a, 0% = —27-2% —4-23 = —140 = —22 .5 7.

Note that 2 is the largest integer N such that N2?|A[l, a, a?]. On the other

hand, observe that the minimal polynomial 23 + 2x + 2 satisfies Eisenstein’s
2

criterion for p = 2. By Proposition 3.30, any 6 = %Zaiai for a; € {0,1}
i=0

not all 0 is not an algebraic integer. It follows that {1,a, a?} is an integral

basis of K.

(b) We first factorize the minimal polynomial moudlo 5 and 7:
3 4204+2= (z—1)}(z+2) (mod 5), 23+2x+2= (z—2)*(z—3) (mod 7).
Applying Dedekind’s criterion, we can factorize (5) and (7) as follows:

(5) =p3ps,  ps=(5,a—1),p5=(5,a+2)
<7> :p%p,% pr = <7,0é - 2>7p,7 = <7,0é - 3>'

(c) Let «, B, and ~y be the conjugates of a. By Vieta’s formula, we have
a+p+v=0,ab+ v+ ya =2, and afy = —2. Hence,

NB-a)=0B-a)3-8)3-7)=3"-32.0+3-2+2=35=5-7.



One can check that 3—« € pf but 3—a ¢ ps, and 3—« € p; but 3—a ¢ pr.
It follows that (3 — a) = pip7.
(d) Similarly, we calculate

NG-—a)=0b5-a)5-8)(5-7) =5 —5"-0+5-2+2=13T.

Since 137 is prime, 5 — « is irreducible in Og.



