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Prof. Marc Burger .
Solution 4

1. Let Ty, ¢ > 3, be the f-regular tree together with the combinatorial distance d.
Show that Iso(77,d) is not a Lie group.

Hint: Try to show that the stabilizer of a vertex is a profinite group in an explicit
way, and thus totally disconnected. Deduce that Iso(7}, d) is not a manifold.

You could also show that every neighborhood of the identity in Iso(7}, d) contains
a non-trivial subgroup, which contradicts exercise 6 on exercise sheet 6.

2. Let G be a Lie group, H < GG a subgroup that is also a regular submanifold.

(a) Show that H is a Lie group.
(b) Prove that H is a closed subgroup of G.

Solution:

(b) Let x € H. As G is clearly first countable, we find (z,,)nen € HY such that
z = lim, o Z,,. Let V.C W C W C U open neighbourhoods of 1 € G with
compact closure and assume that ¢ : U — (—1,1)%™m¢ is a chart as in the
definition of a regular submanifold. Assume furthermore that V' is symmetric
and VV C W. By assumption, there is N > 1 such that z, € zV for all
n > N,thus vy'w, € Viz7l2V = VV C Wforalln > N, and thus vy z,, €
HNVV C HNW. We note that HNW is compact by the choice of U. Indeed,
Y(W) C (—1,1)4™E is compact, and so is 1 (W)N{0}dim G—dimH 5 (1 1)dimH
But x]_len is convergent and has a limit y in H N W; whence zyy = x € H.

3. We consider the determinant function det : GL(n,R) — R*. Show that its diffe-
rential at the identity matrix [ is the trace function

D[ det = tr.



Solution: Let A € R =2 T; GL(n,R). We compute
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where we have developed the first column in (%) and applied the product rule in

. Let M be a smooth n-dimensional manifold and p € M. Show that if (U, ¢) is any
chart at p with ¢(p) = 0, then the map

R" = T,M, v~ (f— Do(fo 0 H))
is a vector space isomorphism.

. Let M be a smooth manifold and p € M. Show that for all open sets U C M
with p € U and every g € C>(U), there is f € C*°(M) such that (U, g) and (M, f)
define the same germ at p.

. We have seen in class that if ¢: M — M’ is a diffeomorphism, then Vect™ (M) —
Vect™(M'), X — ¢.(X) is a Lie algebra isomorphism. Give a formula for ¢, (X)
in terms of derivatives of ¢.

Solution: See exercise class 2.



