
D-MATH Introduction to Lie groups HS22
Prof. Marc Burger

Solution 5

1. Compute the Lie algebra of O(p, q) and SO(p, q) for n = p+ q.

Solution: Denote by n := p + q. Recall that the definition of the group O(p, q) is
given by

O(p, q) = {X ∈ GL(n,R)|tXIp,qX = Ip,q}.

To compute the Lie algebra associated to O(p, q) we are going to realize this group
as a fiber of a suitable constant rank map. We define

F : GL(n,R) → GL(n,R), F (X) := tXIp,qX.

Clearly F is smooth since it can be expressed as a polynomial functions of the coor-
dinates of the matrix X. Additionally, by definition we have F−1(Ip,q) = O(p, q).
We are going to prove that the map F has constant rank. Let X be any element
in GL(n,R) and let Y be any tangent vector at X (that means Y ∈ M(n,R)).
Using the usual definition of the differential in terms of smooth curves we have

(DXF )(Y ) =
d

ds
|s=0F (X + sY ) =

d

ds
|s=0(

t(X + sY )Ip,q(X + sY )) =

=
d

ds
|s=0(

tXIp,qX + s(tXIp,qY + tY Ip,qX) + s2(tY Ip,qY )) =

=(tXIp,qY + tY Ip,qX) = tX(Ip,qY X−1 + t(X−1)tY Ip,q)X =

=tXDId(Y X−1)X.

From the equation above we deduce that the rank of F is constant and the Lie
algebra of O(p, q) is given by

o(p, q) = Lie(O(p, q)) = ker(DIdF ) = {X ∈ M(n,R)|tXIp,q + Ip,qX = 0}.

2. Realize GL(n,C), SL(n,C) and U(n) as Lie groups, and compute their Lie alge-
bras.

Solution: See exercise class 2.

3. Let G and H be Lie groups with Lie algebras g and h. Show that the Lie algebra
of G×H can be identified with g× h with the bracket

[(x1, y1), (x2, y2)] = ([x1, x2]g, [y1, y2]h).
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Solution: We are going to denote by X(M) = Vect∞(M) the set of vector fields
over a generic manifold M .

We are going to denote by

iG : G → G×H, iG(g) := (g, e)

and similarly
iH : H → G×H, iH(h) := (e, h).

In the same way, the differential of both maps induces inclusions

DeiG : TeG → TeG× TeH, DeiG(u) := (u, 0)

and
DeiH : TeH → TeG× TeH, DeiG(v) := (0, v).

Recall that TeG×TeH is canonically isomorphic to TeG⊕TeH as R-vector spaces
via the map which sends (u, v) to u + v, for every u ∈ TeG and every v ∈ TeH.
(In this way we get DeiG is simply the inclusion of TeG into TeG ⊕ TeH and the
same for DeiH). This means that every element w in T(e,e)(G×H) can be written
uniquely as w = u+v, where u ∈ TeG and v ∈ TeH, or equivalently we can identify
T(e,e)(G×H) with TeG⊕ TeH.

From the lecture, we know that there is a bijection between left-invariant vector
fields on G (resp. H) and vectors of the tangent space TeG (resp. TeH) and the
isomorphism is given by

LG : TeG → X(G)G, LG(u) := uL

where the vector field uL is defined at the point g ∈ G as uL
g := DeLg(u).

It should be clear that we have the following commutative diagram

TeG⊕ TeH

LG⊕LH

��

∼= // T(e,e)(G×H)

LG×H

��
X(G)G ⊕X(H)H

∼= // X(G×H)G×H .

The diagram above is telling us that every (G × H)-left-invariant vector field
Z = wL, where w ∈ T(e,e)(G×H), can be uniquely written as Z = X + Y , where
X = uL (resp. Y = vL) where u ∈ TeG (resp. v ∈ TeH). Here the left-invariance
property has to be understood in G × H (that means that both uL and vL are
G×H left-invariant).

Take now Z1, Z2 ∈ X(G×H)G×H of the form Zi = wL
i , where wi ∈ T(e,e)(G×H)

for i = 1, 2. By what we have said so far there exist unique ui ∈ TeG and vi ∈ TeH
such that wL

i = uL
i + vLi , for i = 1, 2. It holds
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[Z1, Z2] =[wL
1 , w

L
2 ] = [uL

1 + vL1 , u
L
2 + vL2 ] =

=[uL
1 , u

L
2 ] + [uL

1 , v
L
2 ] + [vL1 , u

L
2 ] + [vL1 , v

L
2 ].

It is immediate to verify that for every [uL, vL] = 0 for any u ∈ TeG and v ∈ TeH,
hence we get

[wL
1 , w

L
2 ] = [uL

1 , u
L
2 ] + [vL1 , v

L
2 ],

which is exactly the Lie algebra structure given on the product, and we are done.

4. Show that the Lie algebra (R3,×), where × denotes the cross product, is isomor-
phic to the Lie algebra of O(3,R).
Solution: Check that the map

o(3,R) → R3,

 0 −z y
z 0 −x
−y x 0

 7→

x
y
z


is a Lie algebra isomorphism.

5. Read and understand the pages from Boothby’s book (see website) that give a
complete proof of Proposition 3.43 in the notes.
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