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Exercise 1.1 Let X be a vector space over a field K = R or C. Prove the following
statements.

(a) Every norm |- || : X — [0,400) on X induces a metric d on X by d(x,y) := ||z —y|],
for every z,y € X.

(b) A metric d: X x X — [0,+00) on X is induced by a norm (in the sense that there
exists a norm || - || on X such that d(x,y) = ||z — y||, for every z,y € X) if and only
if d is homogeneous and translation invariant, i.e.
dx + v,y +v) =d(z,y) Va,y,ve X,
d(A\z, \y) = |A|d(x,y) Ve,ye X, VA e K.

(¢) The operations of scalar multiplication - : K x X — X and addition +: X x X — X
are continuous with respect to the topology on X induced by any norm.

(d) The topologies on X induced by two equivalent norms coincide.

Exercise 1.2 Let C°([0,1]) be the set of the R-valued continuous functions on [0, 1].
Prove the following statements.

(a) (C°([0,1]), ] - ||oo) is complete as a normed vector space over R, where

Iflle = s 17 VS € C0.1)

(b) For every p € [1,+0c0), (C°([0,1]), ] - |l,) is not complete as a normed vector space
over R, where

It = | 1!f(ar)|pdw>;, VS e Co(o. 1),

(c) Let (an)nen C R be a sequence. Given any p € [1, +00], let

1
+oo

P
<Z|@n|p> if p<+oo
H(an)neNHZP = n=0

sup |a,| if p=+o0.
neN

and define

7 = {(an)nen s-t. ||(an)nen||er < +00}.

Prove that (€7, | - ||,) is a complete vector space over R if and only if 1 < ¢ < p < +o0.
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Exercise 1.3 Let (X,]||-||) be a normed vector space. Prove that the following are
equivalent.
(a) (X,]|-]]) is a Banach space.

400 N

(b) For every sequence (Z,),eny C X with nz::OHan < 400 the limit NETOOT;)‘T” exists.
Exercise 1.4 Let (X, || -||) be an infinite dimensional normed vector space over a field

K =R or C. Prove that there exists a non-continuous linear map ¢ : X — K.



