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Exercise 3.1 Let (X, | ]x) be a Banach space and assume that U C X is a closed
vector subspace of X. We say that U is topologically complemented in X if there exist
a vector subspace V' C X such that the linear isomorphism [ : U x V' — X given by
I(u,v) :== u+ v for very (u,v) € U x V is a continuous isomorphism of normed vector
spaces with continuous inverse. Recall that the natural norm on U x V is given by

[, 0)[[owv = [lullx + (vl x-
(a) Prove that if dim(U) < 400, then U is topologically complemented.
(b) Prove that if dim(X/U) < +o0, then U is topologically complemented.

Solution. First, we claim that U is topologically complemented if and only if there
exists P € L(X) such that P> = P and P(X) = U.

Suppose U C X is topologically complemented by V' C X. Then, I: U x V — X with
(u,v) — u + v is an continuous isomorphism with continuous inverse. We define

PUXV —UxYV, Pi=loP ol X = X.
(u,v) = (u,0)

P is linear, bounded since || P (u,v)|luxyv = ||ullv < ||(u,v)|luxy and hence continuous.
As composition of linear continuous maps, P is linear and continuous. Moreover,

PoP=(IoP ol YYo(loPol ' Y=IoPoPiol '=IoP ol !'=P,
P(X)=1(U x {0}) =U.

Conversely, suppose U C X allows a continuous linear map P: X — X with Po P =P
and P(X)="U. Let V :=ker(P). Then

Po(1—-P)=P—P=0 = (1 - P)(X) C ker(P) = V. (1)
In fact, (1 — P)(X) =V since given v € V we have v = (1 — P)v. Analogously,
(1—-P)oP=P—-P=0 = U= P(X) Cker(l1 - P). (2)

In fact, U = ker(1 — P) since  — Pz = 0 implies © = Pz € U. We now claim that the
map

InUxV =X, Iuv)=u+tv
is continuous and has a continuous inverse. Continuity of I follows directly from

[ (u,v)||x = [Ju+v]x < |lullx + |lv][x = [[(u0)][oxv.
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By the assumptions on P, especially (1), the map
®: X 5 UxV, &)= Pz, (1-P))
is well-defined and continuous. Since Pu = u for all u € U by (2) we have
(Pol)(u,v)=P(ut+v) = (Pu+ Pv,u— Pu+v — Pv) = (u,v),
(I o®)(z) =I(Pz,(1 — P)x)=Pr+ (1 - Pz =z,
so @ is inverse to I. Consequently, U is topologically complemented.

(a) It is sufficient to construct a projection map P as above. Let ey, ..., e, be a basis
of the given finite-dimensional subspace U C X let fi,...,f, € L(U,R) be the
associated dual basis, uniquely defined by the conditions

1 ifi=j,
filej) = 0y = {

0 else.

From the Hahn-Banach Theorem it follows that there exist extensions F; € L(X;R)
with || F;|| = || fi||. We define

P: X - X, Px)=) Fl)e.
Then P is linear and continuous, since

1Pl < (IRl ol

By construction, P(X) C span{ey,...,e,} = U. By definition of f; and F; we have
P(e;) = e; for every i € {1,...,n}. Therefore, P(X) = U. Finally, for every z € X,

n

(Po P)x) = p(z Fi(z) ei) _ im(x) Ple) =Y Fi(z) e = P(a).

i=1 =1
It follows from Exercise 4.3 that U is topologically complemented.

(b) Denote by 7: X — X/U, w(x) = [2] the canonical quotient map. Since dim(X/U) =
m < oo we can choose a basis [e1],...,[en] for X/U and let as above fi,... f, €
L(X/U,R) be the associated dual basis. Set F; := f;om: X — R and define

P:X =X, Px)= ZFz(x) e;.
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Since F;(e;) = fi(w(e;)) = fi([e;]) = 0;j we have P o P = P as above. Since

le1], ..., [em] is a basis for X/U, the representatives ey, ..., e, must be linearly
independent in X. Therefore, P(z) = 0 implies Fj(x) = fi([x]) = 0 for every
i € {1,...,n} which in turn implies [z] = [0] or € U. Conversely, x € U implies

m(z) = [0] and P(xz) = 0. Thus we have shown ker(P) = U. As in Exercise 4.3, we
conclude that (1 — P) is a continuous projection onto U which implies that U is
topologically complemented. O

Exercise 3.2 By using the Baire category theorem, prove the following statements.

(a) Let f € C°([0,+00)) be such that
lim f(nt) =0, Vit e [0,+00).

n—-+4o0o

Prove that

lim f(t) =0.

t—+00
(b) Let X be a Banach space. Show that any algebraic basis of X is either finite or
uncountable.

(c) Let (X,d) be a complete metric space and let (f,,)nen be a sequence of continuous
and real-valued functions on X. Assume that (f,,),en converges pointwise to some
function f, i.e.

lim f,(z) = f(x), VoeX.

n—-+o0o

Prove that the set of the continuity points of f, given by
C ={z € X s.t. fis continuous at z},

is residual and dense in X.

Solution.

(a) Define f,(t) = |f(nt)| for every n € N. Let € > 0 and let

[e.e]

Ay = ({t €[0,00) | fult) < e}

n=N

Since f, is continuous, the preimage f,'([0,¢]) = {t € [0,00) | fu(t) < £} is closed for
all n € N. Thus, the set Ay is closed as intersection of closed sets. By assumption,

Vte[0,00) IN;eN Vn>N,: fu(t)<e



D-MATH

: Functional Analysis | ETH Ziirich
Prof. P. Hintz Exercise Sheet 3 Aut 2022
Assistant: R. Caniato xerd whumn
which implies
[0, OO) = U AN.
N=1

Baire’s Lemma applied to the complete metric space ([0, 00), |-|) implies that there
exists Ny € N such that Ay, has non-empty interior, i.e. there exist 0 < a < b such
that (a,b) C Ay,. This implies

Vn > Ny Vte (a,b): falt) <e
& Yn> Ny Vte (na,nb): |f(t)] <e

If n > %, then (n + 1)a < nb. For the intervals J,,(n) := (na,nb) this means that
Jap(n) N Jap(n 4 1) # 0. Let Ny > max{No, ;%-}. Then, in particular,

Vt > Nia : 1f(t)| <e.
This proves tli)m f(t) = 0 since € > 0 was arbitrary.

Assume by contradiction that X has a countably infinite algebraic basis {ey, ea,...}.
For n € N we define the linear subspaces A,, = span{ey,...,e,} C X.

As finite dimensional subspace, A,, is closed. Suppose that A,, has non-empty interior.
Then there exist z € A, and € > 0 such that B.(x) C A,. Since A, is a linear
subspace, we may subtract © € A,, from the elements in B.(x) to obtain B.(0) C A,.
For the same reason,

A, D{M\y | A>0, ye B.(z)} = X.

This implies dim X < n which contradicts our assumption that the algebraic basis
of X is infinite. Thus A, must have empty interior and thus, being also closed, is
nowhere dense. By assumption,

X:UATH

neN
which implies that X is meager. Since X is complete, this contradicts Baire’s Lemma.

First we notice that

C= {ZB € X s.t. osc,(f) := lim ( sup f(y) — infz)f(y)) = 0}.

r—=0" \ ye B, (z) YEBr(
By letting

D. :={z € X st. osc,(f) >e} Ve>0,
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we can write
C'= 1Dy
jEN
j=1

By the Baire category theorem, in order to conclude it is sufficient to show that D¢
is open and dense for every ¢ > 0.

Openness. We want to show that D, is closed for every ¢ > 0. Fix any ¢ > 0. We
notice that D, is a super lever set of the function X > x + osc,(f). Hence, we just
need to show that X 3 z — osc,(f) is upper semicontinuous. First, we show that
the function g : X — R given by

g(z) ;== lim sup f(y) VeeX
r—0+ y€B (1)
is upper semicontinuous. Fix any x € X. By definition of g, for every n > 0 there
exists 0 > 0 such that f(y) < g(x) + 7, for every y € Bs(x). Therefore, for every
y € Bs/o(z) we have
gly) = lim sup f(z) < sup f(z) <g(x)+n

r=07 2eB.(y) 2€B52(y)
since Bs2(y) C Bs(x). By taking the limit superior as y — z in the previous
inequality we get

limsup g(y) < g(z) +1n

Yy—x

and by arbitrariness of 7 >) we get that g is upper semicontinuous. Now we consider
the function A : X — R given by

h(z) == — lim inf f(y)= lim sup ){—f(y)} VeeX

r—0+t y€By(z) r=0% yeB,.(z

and we notice that applying exactly the same argument with —f instead of f we
get that h is upper semicontinuous as well. Since x +— osc,(f) = g + h, we get that
x +— 0sc,(f) is upper semicontinuous and we are done.

Density. Fix any € > 0. For every k € N we define
Ep:= ({z € X st |fi(z) — fi(z)] < e/4}.

i,j2k

Notice that Ej is closed as intersection of closed sets (recall that each f,, is continuous)
for every k € N. Moreover,

X = E
keN
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because the functions (f,)n,en pointwise converges to f. As a result, by the Baire
category theorem, for every open set U C X there exists k& € N such that EyNU # 0.
In particular, there exists an open set V' C E, NU. Hence, by definition of Fj, we
have |fi(x) — f;j(z)| < /4 for every x € V and ¢,j > k. Taking i = k and letting
Jj — 400 we get |fr(z) — f(x)| < €/4, for every x € V. Since f; is continuous,
by taking V' possibily smaller we can assume that |fi(x) — fe(y)| < €/4, for every
x,y € V. In conclusion, for every x,y € V we get

7(2) ~ )] < 1) — Fule)| + 1) = Felo)] + 1uly) — Flw)] < %

which implies osc,(f) < 3¢/4 < ¢ for every x € V. Thus, V C D¢ and U N D* # ().
By arbitrariness of the open set U C X, our claim follows.

]

Exercise 3.3 Let Q C R" be a bounded and open subset of R” and let T € L(L*(Q2)).
Assume that T'(u) € C°(Q) whenever u € C°(Q). Prove that T' restricts to a bounded
linear operator from C°(f2) onto itself.

Solution. Denote by S : C°(Q2) — C°(Q) the restriction of T' to C°(Q). Such restriction
is a well-defined linear map by hypothesis. By the closed graph theorem, to prove that
S is bounded if is enough to show that its graph is closed. Let (f,, S(fn))nen be any
sequence in the graph of S such that (f,, S(f.)) — (f,g) € C°(Q) x C°(Q). Since f,, — f
and S(f,) = T(f.) — g as n — 400 both w.r.t. the sup norm on C°(Q), we have

1o = Fllzy < 1UV2 o — fllze@ — 0 as n— +oo,
|T(fn) — 9||L2(Q) < |Q|1/2||5(fn) - 9||L°°(Q) — 0 as n — +00.

Hence, (fn., T(f.)) — (f,g) w.r.t to the norm on L*(Q) x L*(2). By the closed graph
theorem, since T' € L(L*())) its graph is closed. Hence, g = T'(f) = S(f) in L*(Q), i.e
almost everywhere on 2. But since both g and S(f) are continuous up to the boundary
of Q, we conclude that g = S(f) on all of Q) and the statement follows. ]

Exercise 3.4 Let
X = {f € C%0,2x]) s.t. f(0)= f(2m)} c C°([0,27])

equipped with the usual sup norm.

(a) Show that X is Banach space.
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(b) For every k € N, let s, : X — R be given by

1 = 2m —int
f) ::%nz_:k/o f(He™dt, VfeX.

Prove that s is a bounded linear functional on X for every k € N.

(c) Show that

sup ||sx|L(x,r) = +00.
keN

Hint. Notice that

n=k i(k4+1)t _ ikt in((k 4+ 1)t
D — zsm((+2)), Vit € (0,2m), Yk € N.

St eit — 1 sin(%)

(d) Prove that for every t € [0, 27| there exists a continuous 27-periodic function whose
Fourier series does not converge at t.

Hint. Use the following equivalent formulation of the Banach-Steinhaus theorem,
called condensation of singularities: if (X, ||-|x), (Y, |- |y) are Banach spaces and
the family (Ag)ren C L(X,Y) is such that

sup || Akl Lix,y) = +o0,
keN

then there exists x € X such that

sup [| Ap(z)[ly = +oo.
keN

Solution.

(a) Since X is a linear subspace of the Banach space C°([0,27]), in order to show that X
is Banach it is enough to show that X is a closed subspace. Indeed, let (f,,)neny € X
be such that f, — f € C°([0,27]) as n — +oo w.r.t. the sup norm. We need to
show that f € X. Since f, — f pointwise on [0,27] and f,(0) = f,(27) = 0 for
every n € N, we conclude that f(0) = f(27) = 0 and the statement follows.

(b) Fix any k € N. Since the linearity of sy, is clear, we are just left to show its continuity.
We compute

lsu(f 2/ B|dt < 2k +1)|flle, Vf e X.

n*k

In particular then ||sg|/r(xr) < 2k + 1 for every k € N.
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(c) By using the hint, we get that for every k € N and f € X we have

1 /27r sin((k + 1))

2 Jo sin(%)

si(f) = f(t)dt.

Notice that for every k& € N it holds that

1 2w
3 )

(i 0, L e R0, e it
sin(3) 21 Jo it 0 U

k onm+ 5T |qi
3 [ i,

n—=0 v 2nm+% U
2k 2n7r—‘,—ﬂ 1 2k 2nn4 - 1
=Y [T ey [
oJmm+E 27U =Stz 2m(n + 1)
2k 2k+1
1 1 1
> - - -
- Z ©3(n+1) nz:l n
This implies that
1 2k+1 1 +00 1
sup ||s —su — ==
ka k”LXR Pnz:ln nz:ln

(d) By using the hint, we get that there exists f € X such that

sup s (f)] = +00.
keN

Hence, given any t € [0,27] the function [0,27] > s — f(s — t) is a continuous
2m-periodic function whose partial Fourier sums don’t converge at t.

]



