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Exercise 7.1 Let (X, || x) be a normed space of finite dimension d < +o00. Let x € X
and let (z,)nen be a sequence in X. Prove that weak convergence x, ~ x for n — 400
implies ||z, — z||x — 0 for n — +o0.

Exercise 7.2

(a) Show that the norm-closed unit ball of ¢y is not weakly sequentially compact; recall
that (co)* = ¢! (see Exercise 2.1-(a)).

Hint. Consider the sequence
xo = (1,0,0,0,...)

x1:=(1,1,0,0,...)
2o = (1,1,1,0,...)

(b) Show that the unit ball in ¢, is also not weakly compact.

Hint. Consider the sets Ay := {&g, Tr41,Try2, ...} for £ € N and recall that a
topological space is compact if and only if every collection of closed sets having the
finite intersection property (i.e. the intersection of an arbitrary finite number of its
elements is non-empty) has non-empty intersection.

Exercise 7.3 Let X be a real vector space.

(a) Let n € N and let 1,9, ...,p,,7% : X — R be linear functionals. Prove that the
following are equivalent:

(i) There exist A1, A, ..., A, € R satisfying ¢ = Z APk

k=1
(ii) There is a constant C' € (0,+00) such that |¢(x)| < 01%?2{ |ok(x)| for all
r e X. o
(iii) ker(y)) D (1) ker(ix).

k=1
(b) Let F C {f: X — R : f is linear} be a family of linear functionals and let Ur be the
topology on X induced by F', i.e. the coarsest topology on X such that each element
of F'is continuous from (X,Ur) onto R with the standard euclidean topology. Prove
that
span(F) = {¢ : X — R : ¢ is Up -continuous and linear}.
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(¢) Suppose X is a normed space. Consider a weak”™-continuous linear functional ¢ :
X* — R. Prove that there is x € X such that o(f) = f(x) for all f € X*.

Exercise 7.4 Let (X, || x) be a normed space and let 7, denote the weak topology on
X. This exercise’s goal is to show that 7, is not metrizable if X is infinite-dimensional.
Let us start by recalling what a neighbourhood basis is and what it means for a topology
to be metrizable:

o (Neighbourhood basis) Let (Y,T) be a topological space. Denoting the set of all
neighbourhoods of a point y € Y by

U,={UCY :30e7st. ye O C U},
we call B, C U, as neighbourhood basis of y in (Y, 1) if VU € U, 3V € B, s.t. V C U.

o (Metrizability) A topological space (Y, 7) is called metrizable if there exists a metric
d:Y xY — RonY such that, denoting B.(a) = {y € Y : d(y,a) < e} (fora €Y,
e € (0,400)), there holds

T={0OCY st.VaeO3e>0: B.a) C O)}.

(a) Show that any metrizable topology 7 satisfies the first axiom of countability, which
means that each point has a countable neighbourhood basis.

(b) Prove that
B:= { ﬂ fk_l(—gjg) s.t. n e Na flafZ;"'afn GX*, € > O}
k=1

is a neighbourhood basis of 0 € X in (X, 7).

(c) Show that if (X, 7) is first countable, then (X*, || -
basis.

x+) admits a countable algebraic

Hint. Suppose (X, 7y) is first countable and let (U;);en, be a countable neighborhood
basis of 0. By part (b), for each U; there exists an element

By = () fi((~e;.¢;) € B
k=1

contained in Uj, for some n; € N, f;, € X*, ; > 0. Let now A € X*, and consider
the weakly open set A™'((—1,1)). This contains B; for some j. Show using Exercise
7.3-(a) that X is a linear combination of f;;, k =1,...,n;. Conclude that X* admits
a countable algebraic basis.

(d) Assume that X is infinite-dimensional and conclude from (a), (c¢) and Exercise 3.2-(b)
that (X, 1) is not metrizable.



