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Exercise 8.1

(a) Let (X, | - ||x) be a separable normed K-vector space (with K € {R,C} ). Prove that
the weak® topology on the unit ball B* := {¢ € X* : ||¢||x+ < 1} of X* is metrizable.

(b) If X* is separable, then (B, 1) is metrizable.
Note: (X, Ty) is not metrizable when dim X = oo, as we saw on the last problem

set!

Solution.

(a) Let (zn),cny €© X be a dense subset of the unit ball B := {z € X : [|z[[x < 1} in X.
The fact that sup,cy |||y < 1 ensures that the mapping d : B* x B* — |0, 00),
given by

d(p, ) = Z 27" o (xn) — ¥ (z,)]  forall p,¢ € BY,
n=1

is well-defined. Indeed:

0< Y 27 o () — ¥ ()] < 3220 — ¥

n=1

x+ <o —v|x- forall i€ B".

X xn”X

n=1
<> 27"lp ¢
n=1

We claim that d is a metric on B*. For this, note that symmetry is clear. Moreover,
for all p,1, & € B*, we obtain

A, ) = i 27 o () — € ()]

< S0 g () — o (aa)| + i 2 () — € (1)

n=1

= d(e,¥) + d(¥, ),

that is, the triangle inequality holds. Finally, for ¢,v € B* we can infer from
d(p,v) = 0 that ¢ (z,) = ¢ (z,) for all n € N. Hence, any ¢,? € B* with
d(¢,1) = 0 have to coincide on span {z,, | n € N} because of linearity and even on
span {z, | n € N} because of continuity. As span{z, | n € N} = X due to (z,),,cy
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lying dense in the unit ball B of X, we obtain that any ¢,% € B* with d(¢,v) =0
have to be identical.

All of the above is useless if we cannot show that the weak* topology 7+ on B* is
equal to the topology 74 on B* which is induced by the metric d. Next, we are going
to show that 74 C 7+ and 7+ C 74.

“Ta C Tw+" Let O € 1q and ¢ € O be arbitrary. Then there exists € € (0, 00) such
that {¢) € B* | d(p,¢) < e} C O. With N € N so that 27 < £, we get that

i 27" | (wn) = 9 (2a)] < i 27" (llellx= + 1]l x+)

n=N+1 n=N+1

< ) 2t =N o S forall Y € B
n=N+1 2

This implies in particular that

{weB*Wne (1,2, N} o () — o () | < ;} co.

As ¢ € O was arbitrary, this ensures that O € 7«. As O € 74 was arbitrary, we’ve
arrived at showing 74 C Ty-«.

“Twr €747 Let O € 1« and ¢ € O be arbitrary. Then there exist N € N, e € (0, 00)
and y1,vs,...,yn € X satisfying that

{pe B |Vne{l,2,....N}: ¥ (yn) — @ (yn) |[< e} CO

W.lo.g. we may assume that sup,cy ||yn|lx < 1 (otherwise, replace y,, by IIyZT\x if

lynllx > 1). Since (2y),cy € B is dense in B, there exist ki, ks, ..., ky € N such
that

lYn — T, || <Z forallm € {1,2,...,N}.

Thus, with A := max;<;<y k; € N, we have

{¢eB*|vne{1,2,...,N} b () — 0 () |< ;}

CloeB |Vne{l,2,....Np: [ (ya) — ¢ (ya) [< e}
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since, if 1) € B* satisfies |¢ (2,) — ¢ (z,)] < § for alln € {1,2,..., N}, then it holds
in particular for all n € {1,2,..., N} that

[0 (Yn) — @ (W) < | (Yn) — ¥ (2| + [¢ (21,) — 0 (@r,)| + 0 (Th,) — © ()|
< [l 1yn — o, I + [0 (28,) — @ (@r,)| + [l x |28, — Ynllx

£
< 2yn —amllx +5 <e

X*

But now we are done since for all 1) € B* with d(¢,¢) < 27V£ it holds that

[V (2,) — @ (2,)] < 27d(¢, ) < for all m € {1,2,...,N'}

DO ™

which implies (having (1) in mind) that

{ven dw,e) <2V}

C {¢€B*|Vn€{1,2,...,/\/’}:|w(:):n)—g0(a:n) < ‘;}
C{peB |Vne{l,2,....N}:|[¢(ya) — ¢ (yn) [< €}

As ¢ € O was arbitrary, we demonstrated that O € 7q4. As O € 7« was arbitrary,
we showed 7+ C 74

(b) The proof proceeds exactly as in (a).

Exercise 8.2

(a) Let (X, |- ||x) be a normed space and let ) # ) C X be an open, convex subset
containing the origin. Prove that there exists a subset T C X* such that

Q={zeX|flx) <1},

fex

which means that () is an intersection of open, affine half-spaces.
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(b) Definition. Let (X,|| - ||x) be a normed space. The convex hull of A C X is defined

conv(A) = N B

BDA,B convex
Recall the following representation theorem for convex hulls

ConV(A):{Z)\kmk|n€N,m1,...,xnEA,)\l,...,/\nZO,Z)\kzl}.

k=1 k=1

Using the representation of the convex hull above, prove that if (X,| - |x) is a
normed space and A, B C X are compact, convex subsets, then conv(A U B) is
compact.

Solution.

(a) Given the normed space (X, || - ||x), the non-trivial, open, convex subset Q C X and
the Minkowski functional

p: X =R
1
xr—>inf{)\>0|)\x€Q},
we define the set

T:={feX"|VeeX: f(x)<p(x)}
and claim that
Q= N{reX|[)<1}.
fer

“C” Let ¢ € Q. Since @ is open, we have p(x) < 1. For every f € T we have
f(z) < p(x) by definition. This proves f(x) < 1 for every f € T.

“D” Suppose xg ¢ Q. We hope to find some f € T with f (zg) > 1. Towards that
end, we define the functional

¢ :span ({zo}) = R
txg — t.
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Since @ is convex and contains the origin, we have p (z¢) > 1. In particular, we have

VE>0: ((txg) =1t <tp(xo) = p(txo)
Vi<0: C(txg) =t <0< pltxg)

The Hahn-Banach theorem implies that there exists a linear functional f: X — R
which agrees with ¢ on span ({z(}) and satisfies f(z) < p(z) for every x € X. Is f
continuous? Since () is open and contains the origin, there exists » > 0 such that
B,(0) C Q. Thus, 2 € Q with A\ = 2||z||x and the definition of p implies that

2
F(a) < pla) < 2l
which yields that f is continuous and therefore f € Y. Since f (z¢) = 1, the claim
follows.
(b) For completeness, we first prove the representation of the convex hull in the statement.

Lemma 0.1. The following representation theorem for convex hulls holds
conv(A) = {Z)\ka:k IneNzy, ..., € AN, ..., A\ 2> O,Z)\k = 1}.
k=1 k=1
Proof. Given the normed space (X, || - ||x) and the subset A C X let
C:= {Z)\ka:k lneNzy,...,2p € AN, ..., \ EO,ZAk: 1}
k=1 k=1

We prove conv(A) = C by showing the two inclusions.

“C” Since A C C, the inclusion conv(A) C C follows from the definition of convex
hull, if we show that C is convex. In fact, given 0 < t < 1 we have

n m n+m
t> " Mewk+ (L—1) > Nzl = > e
k=1 k=1 k=1

with
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0< py = tAx %fke{l,...,n},
(1—-t)N,_, ifke{n+1,...,n+m}

A5 )T ifke{l,...,n},
Y= v, ifke{n+1,...,n+m}

and 1 4.t fpgm =t 4+ X)) F A=) N+ A =t+(1—t)=1.
“D” Let x1,...,x, € Aand let A\i,..., A\, > 0 with Ay +...+ X, = 1. We can assume

. . . : A1 A2
A1 # 0. Since conv(A) is convex and contains x1, 25 € A, and since s tass =1

)\1 )\2 )\11’1 + )\2&72
Ay L _ .
e vy vl vt Wi s vty W
For the same reason,
)\1 + )\2 )\3 )\1232 + )\2562 + )\35[33
A) > + = =: 3.
conv(4) 3 +- IS VNS UL VIS VI Vet M+ A+ As Y3

Iterating this procedure, we obtain

M+ A A MTL+ .+ AT
Ye—1 + Ty =
At A At A A4 A

conv(A) 3 = Yk-

for every k € {3,...,n}. Since \; + ...+ X\, = 1, we have y,, = Mz + ... + \xy,
which concludes the proof of conv(A) O C. O

Now we are ready to prove (b). Given the normed space (X, | - ||x), the convex
subsets A, B C X and defining A := {(s,t) € R* | s+t =1,s,t > 0}, we claim that

convv(AUB)=D:= |J (sA+1B)
(s,t)eD

“C” By choosing (s,t) = (1,0) we see A C D. Analogously, B C D, hence AUB C D.
If € (conv(A U B))\(A U B), then the representation theorem for convex hulls
implies that x is of the form

J n
T = spap+ > tiby,
k=1

k=j+1
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where 0 < j <n €N, wherea, € A,sp > 0forallk=1,...,5and b, € B,t; > 0 for
every k=j+1,...,n, and where sy +...+s;+t41+...+t, =1. Sincex ¢ AUB
by assumption, we have

J n
SiIZSk>0, t::Ztk>O,
k=1

k=j+1

with s +t = 1. Since A and B are both convex by assumption,

1 J
a::stkakEA, b:=
S k=1

~ | =

n
Z tib € B,
k=j+1

and we have shown x = sa +tb € D.

“D”7Let a € Aand b € B. Then a,b € conv(AU B). Since conv(AU B) is convex, we
must have sa +tb € conv(AU B) for every (s,t) € A. This proves conv(AU B) D D.

Under the assumption that the convex sets A and B are compact, we show now that

D= |J (sA+tB)
(s,t)er

is compact. Let (x,), .y be a sequence in D. Then there exist a,, € A and b, € B as
well as (s,,t,) € A such that x,, = s,a, +t,b, for every n € N. We argue in 3 steps:

o Since A is compact in R?, a subsequence ((s,,,)) N converges in A.

neA1C

» Since A is compact in X, a subsequence (an)ne A,cA, Converges in A.

« Since B is compact in X, a subsequence (b,,) converges in B.

n€A3 CAo

Therefore, the subsequence (z,,) converges in D which concludes the proof.

nels

Exercise 8.3 Let (X, -|x) be a reflexive Banach space over R. Given a positive
integer n, consider n pairwise distinct points xq,...,z, in X and the functional

F:X =R, F)=Yl|z-l%
=1
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(a) Prove that the functional F' has a global minimum on X, namely the value inf,c x F'(x)
is a real number attained by F' at some = € X.

(b) Let us now assume that (X, || - ||x) is a Hilbert space (thus || - || x is induced by a
scalar product (-,-)x). Prove that the minimum z € X is unique, and that  belongs
to the convex hull K of {z1,...,x,}.

Solution.

(a) First note that the map F is coercive, because F(x) > ||z — 21]|% — oo as ||z]|x — oco.
Moreover F is weakly sequentially lower semicontinuous because the map = +— ||z||x
Is.

Hence, since X is reflexive, the direct method (cf. "Variationsprinzip', Satz 5.4.1)
applies and we obtain x € X satisfying

F(z) = inf F(x).

zeX

(b) Suppose, § € X \ {Z} is another minimizer of F’ and consider z = (Z + ). Since we
are assuming that X is a Hilbert space, the parallelogram identity holds and implies

T—x; Y- x|

_ 2 -
T — x| y—z|? T—x Y-y
—9 7 9 7 . i 712
X * H 2 lx | 2 2 I
£0
_ 2 _ 2
la—wl -l
2 2 '
Hence, a contradiction follows from
o _F@)  Fy) _ .
F(z) < 5 +7—;2£F(x)

which proves that the minimizer is unique.

Moreover, if || - || x is induced by the scalar product (-, ) x, then the minimizer z € X
of F' has the property that

Vy e X : O:jt F(a:—irty):2zn:(y,m—:ci>x:2<y,i(x—$i)>X

t=0 =1
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Consequently,
@-—z)=0 = nr=> 1z = IT=)»
i=1 i=1 j

which proves that z is in the convex hull of {z1,...,z,} C X.

Exercise 8.4 Let m € N and let 2 C R™ be a bounded measurable set with 2] > 0.
For g € L? (R™,R), we define the map

V:LAQ,R) - R
o [ ] oo =) f@)f()dyd

and given h € L?(Q,R), we define the map

E:L*(QR) =R
f=Af- hH%Q(Q,R) +V(f).
(a) Prove that V is weakly sequentially continuous by proceeding as follows.

(i) Show that the linear operator T': L?(Q2,R) — L?(Q2,R) mapping f +— T'f given
by

(Th)@) = [ glx =)Wy
is well-defined.

(ii) Let (fx)pen De a sequence in L?(Q, R) such that f, = f in L?*(Q,R) as k — oco.
Prove that [|T'fy — T'f|| 2qr) — 0 as k — oo, where T'is as in (i).

(iii) Let (fi)pen be a sequence in L*(Q, R) such that fi, = f in L*(Q,R) as k — oo.
Show that V' (fx) — V(f) as k — o0, i. e. V is weakly sequentially continuous.

(b) Under the assumption g > 0 almost everywhere, prove that E restricted to
L2 (Q,R) = {f € L*(,R) | f(z) > 0 for almost every x € Q}

attains a global minimum.

Solution.
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(a) Given a bounded measurable Q@ C R™ and g € L? (R™, R), the goal is weak sequential
continuity of the map

V:*QR) - R
f»—)// x—y)f(x)f(y)dydx.

(i) Let f € L?*(Q,R). Note that (Tf)(z) is well-defined for every z € Q by the
Cauchy-Schwarz inequality. Since 2 C R™, being a bounded set, has finite
volume || < 0o, we obtain in addition that T'f € LQ(Q,R) :

70 = [ (D@ = [[|[ oo~ )i ar

</</]gx— ’dy) dx
< [ ([ lote = )Pdy) 1/ ez

< /Q 19012 @m ) 1f 12 (mydz < Qg Z2@m myll fI720m) < oo

(ii) Since the sequence (fi),cy is weakly convergent, it is bounded (by Banach-
Steinhaus: 3C € [0, 00) such that || f||;2qr) < C for every k € N. For every
fixed xg € Q2 and k£ € N, there holds

(T @)l < [ looo =) ey < ([ loteo— )" ([ 15 a)’
< llgllz2@nr) | fell 2om)

In particular, the map f; — (Tfx) (%¢) is a linear continuous functional
L*(2,R) — R. Therefore, weak convergence fp — f implies (Tfi) (z9) —
(T'f) (zo) as k — oo. In other words, T'f, converges pointwise to 7'f. Moreover,

sup |(T'fy) (wo)| < sup <||9||L2(RW,R) ||fk||L2(Q,]R)> < Cllglr2@m w)-
keN keN

Since 2 is bounded, the constant C||g|z2m &) on the right right hand side be-
longs L?(Q,R). Hence, the claim follows by Lebesgue’s dominated convergence
theorem.

(iii) Let T be as in Claim 1. Since fy — f and ||Tfx — Tfll20r) — Oask — o0
by claim 2 , we conclude

VR = [ @) [ 9o =) fiw)dyde = (TR g =5 (LT = VIS,

using the continuity property of scalar products proven in Exercise 6.3-(b).
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(b) In the case that 0 < g € L* (R™ R) and h € L*(2,R) the claim is that the map

E:*(QR) =R
fer If = hllizom + V()
restricted to L% (€2, R) attains a global minimum. Since L*(Q2,R) is reflexive (being

a Hilbert space), we may invoke the direct method in the calculus of variations if we
prove the following claims.

Claim 1. L% (Q,R) is non-empty and weakly sequentially closed.

Proof. Clearly, L2 (©,R) 3 0 is non-empty. Let (fx),y be a sequence in L (2, R)
such that f = f for some f € L*(Q,R) as k — co. Suppose f ¢ L2(Q,R). Then
there exists U C € with positive measure such that f|, < 0. In particular, we
can test the weak convergence with the characteristic function xy to obtain the
contradiction

0> (f.X0)12(0r) = l}ggo (frsxu) =20
[l

Claim 2. E: L7 (Q,R) — R is coercive and weakly sequentially lower semi-continuous.

Proof. Since V(f) > 0 if both ¢ > 0 and f > 0 almost everywhere, we have

E(f) =2 IIf = b2

v

11720, = 2l fz2@m 1Pl 2@y + 12l m)

\%

1
> S22,z = [Pl
for every f € L2 (€, R) as we have by Young’s inequality that 2ab < 1a? + 2b* for
all a,b € R. Since h € L*(Q, R) is fixed, F is coercive. By part (a), L*(Q,R) 3 f —
V(f) € R is weakly sequentially lower semi-continuous. Moreover, every term on the

right hand side of

If = hllZem = 1 720m) — 20F, )2y + 0] 720m)

is weakly sequentially lower semi-continuous in f since h is fixed. This proves the
claim. =

]
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