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Exercise Sheet &

1. Chebyshev Nets
Let f: U — R? be a parametrized surface with U = (0, A) x (0, B) C R
a) Show that the following two conditions are equivalent:
(i) For every rectangle R = [u, u; + a] X [ug, ug + b] C U the opposite
sides of f(R) have the same length.

s\ Ogin _ Ogaz —
(i) 3 =%2=0o0nU.

If f satisfies one of the equivalent conditions, then its parameter lines
constitute a Chebyshev net.

b) Show that for such a parametrization there exists a change of coordi-
nates ¢: U — U such that the first fundamental form of f := f o ™!

has the form
(~’ ) _ 1 COS W
9ii) = \ cosw 1 ’

where w is the angle between the parameter lines of f.

2. Isoperimetric problem on a Cartan-Hadamard surface

Let f : R? — R? be a parametrized surface, such that f is a homeomorphism
between R? and M := f(R?). Assume that f has nonnegative Gauss curva-
ture K. Given Q C M bounded, we say that 9 is C? if it consists of a finite
disjoint union of C? simple closed curves. For such € define the isoperimetric
quotient

 length(09)

area(Q)2

a) Suppose first that M is isometric to the Euclidean plane. Show that if
Q) is a minimizer of Z (such that 9 is C?) then

Z(Qo) = V4r and Qq is an Euclidean disc.

Hint: Show that, by minimality, €}y must consist of only one closed
simple curve ~, and prove (using the first variation of arc length) that
the geodesic curvature x, of v must be constant. Deduce that v must
trace a circle in R2.
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b) For general K < 0, show that if € is a minimizer of Z (with 9 of
class C?) then it must be K = 0 in €.

Hint: Using Q, = f(B,(0)), with » — 07 as competitors, show that
Z(Q) < v/4m. Show that, as in a), 9 must consist of only one closed
simple curve v. Let v be the inwards unit normal to 0§, define (for
e small) v.(t) := v(t) + ev(t), and let . be the bounded connected
component of M \ image(v.). Show that d%L:oHQE) < 0,and < 0
unless K =0 in Q.

3. The Brouwer Fixed Point Theorem
The Brouwer fixed point theorem states:

Theorem. Let D = {x € R : |z| < 1} be the unit ball. Then every
continuous map f: D — D has a fized point.

a) Let M C R® be a surface and D C M a region diffeomorphic to the disc
D= {z €R* : [z] <1}. Consider a tangent vector field X: D — R?
which on 9D is pointing outward. Show that X has zeros in the interior
of D.

b) Prove the Brouwer fixed point theorem in two dimensions using part

a).



