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1. Embeddings

a) Find an embedding Sk × Rl ↪→ Rk+l, where k, l ≥ 1.

b) Prove that if the m-dimensional manifold M is a product of spheres,
then there is an embedding M ↪→ Rm+1.

Solution. a) We consider first the case l = 1. Define ι : Sk × R ↪→ Rk+1,
(x, t) 7→ xet. It’s a homeomorphism onto its image. We claim that it’s an
embedding.

A smooth atlas on Sk ⊂ Rk+1 can be constructed using the 2k + 2 open
hemispheres that cover the sphere in the following way: for i = 1, . . . , k + 1
let

U+
i := {p ∈ Sk : xi > 0}

U−i := {p ∈ Sk : xi < 0}

and define ϕ±i : U±i → U0(1) ⊂ Rk by

ϕ±i (x1, . . . , xk+1) := (x1, . . . , x̂i, . . . , xk+1),

where U0(1) denotes the open unit ball and x̂i means that that coordinate is
omitted.

For example, given (x2, . . . , xk+1) ∈ ϕ+
1 (U+

1 ), the inverse is given by

(ϕ+
1 )−1(x2, . . . , xk+1) =

(√√√√1−
k+1∑
i=2

(xi)2, x2, . . . , xk+1
)
.

Notice that xi 6= 0 implies that
∑

j 6=i(x
j)2 < 1, and that

√
· is smooth on

R>0.
We endow Sk×R with the product atlas {(ϕ±i × idR, U

±
i ×R)}i, then it’s a

computation to show that ι is smooth. For (x0, t0) ∈ Sk×R and ϕ a chart at
(x0, t0), the injectivity of dιx0,t0 follows from the injectivity of d(ι◦ϕ−1)ϕ(x0,t0)
as

dι(x0,t0) = (didι(x0,t0))
−1 ◦ d(ι ◦ ϕ−1)ϕ(x0,t0) ◦ dϕx0,t0

and dϕx0,t0 , didι(x0,t0) are linear isomorphisms.
In general f : Sk × Rl ↪→ Rk+l, (x, t1, . . . tl) 7→ (ι(x, t1), t2 . . . , tl) is an

immersion.
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b) We proceed by induction on the number of spheres n which form M .
The inclusion of the sphere Sm ⊂ Rm+1 is an immersion.

Now let n ≥ 2 and suppose that M :=
∏n

i=1 S
mi and m :=

∑n
i=1mi. The

induction hypothesis gives an embedding g :
∏n

i=2 S
mi ↪→ Rm−m1+1 and from

a) there is and embedding f : Sm1 × Rm−m1+1 ↪→ Rm+1. As products and
compositions of embeddings are embeddings, the map

h := f ◦ (idSm1 × g) : M ↪→ Rm+1

(x1, . . . xn) 7→ f(x1, g(x2, . . . , xn))

is also an embedding.

2. The Complex Projective Space

Consider the following equivalence relation on the complex vector space Cn+1:

x ∼ y ⇐⇒ x = λy for some λ ∈ Cr {0}.

The quotient space CPn :=
(
Cn+1r {0}

)
/ ∼, equipped with the quotient

topology, is called complex projective space.

a) Find a differentiable structure on the topological space CPn such that
the canonical projection

π : Cn+1r {0} −→ CPn

is a differentiable map.

b) Prove that S2 and CP1 are diffeomorphic.

Solution. a) We use homogeneous coordinates [z0 : . . . : zn] on CPn. Define
an atlas A := {(Ui, φi)}ni=0 by

Ui := {[z0 : . . . : zn] ∈ CPn : zi 6= 0]}

and φi : Ui → Cn with

φi([z0 : . . . : zn]) := 1
zi

(z0, . . . zi−1, zi+1, . . . , zn).

The sets Ui’s are open and CPn =
⋃n
i=0 Ui. Moreover the φi’s are homeomor-

phisms with

φ−1i (z1, . . . , zn) = [z1 : . . . zi : 1 : zi+1 : . . . zn].
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The change of coordinates for Ui ∩ Uj is given by

φi ◦ φ−1j (z1, . . . zn) =
(
z1
zi
, . . . ,

zj
zi
, 1
zi
,
zj+1

zi
, . . . , zi−1

zi
, zi+1

zi
, . . . , zn

zi

)
,

which is smooth. Hence the atlas A defines a C∞-structure on CPn.
For the projection it holds that

φi ◦ π(z0, . . . , zn) = 1
zi

(z0, . . . zi−1, zi+1, . . . , zn),

whenever π(z0, . . . , zn) ∈ Ui, and therefore π ∈ C∞.
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b) On S2 we consider the (surjective) stereographic charts

φN : S2 \ {N} → R2, φN(x, y, z) =
( x

1− z
,

y

1− z

)
φS : S2 \ {S} → R2, φS(x, y, z) =

( x

1 + z
,

y

1 + z

)

Notice that

φ−1N (u, v) =
( 2u

u2 + v2 + 1
,

2v

u2 + v2 + 1
,
u2 + v2 − 1

u2 + v2 + 1

)
.

If we consider S2 ⊂ C× R, then for z, w ∈ C and t ∈ R we can write

φ−1N (z) =
( 2z

|z|2 + 1
,
|z|2 − 1

|z|2 + 1

)
and

φS(w, t) =
w

1 + t
.

Define Φ: CP1 → S2 by

Φ([z0 : z1]) :=

{
φ−1N ( z0

z1
), if z1 6= 0,

N, if z1 = 0.

Notice that Φ is a homeomorphism, moreover Φ(U1) = S2\{N} and Φ(U0) =
S2 \ {S}. Hence we just need to check the two local expressions

φN ◦ Φ ◦ ϕ−11 , φS ◦ Φ ◦ φ−10 .

In the first case

φN ◦ Φ ◦ φ−11 (z) = φN ◦ Φ([z : 1]) = φN ◦ φ−1N (z) = z,

which is smooth with smooth inverse. In the second case φS ◦ Φ ◦ φ−10 (z) =
φS ◦ Φ([1 : z]).

If z 6= 0, then

φS ◦ Φ([1 : z]) = φS ◦ φ−1N (1
z
)

= φS

( 21
z

|z|−2 + 1
,
|z|−2 − 1

|z|−2 + 1

)
= φS

( 2z̄

1 + |z|2
,
1− |z|2

1 + |z|2
)

= z̄.

If z = 0, then φS ◦Φ([1 : 0]) = φS(N) = 0 = z̄. In both cases φS ◦Φ◦φ−10 (z) =
z̄, which is smooth with smooth inverse.
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3. Hopf Fibration

Let π : Cn+1r {0} → CPn be the canonical projection from Exercise 2. The
Hopf fibration

H : S2n+1 → CPn

is given by the restriction of π to S2n+1 ⊂ Cn+1r {0}

a) Let n = 1. Describe the fibers of H over a point x ∈ CP1, that is,
H−1(x).

b) Prove that H : S2n+1 → CPn is a submersion.

Solution. a) For z, z′ ∈ H−1(x) we have

H(z) = H(z′)⇔ z ∼ z′ ⇔ ∃λ ∈ C : z = λz′.

Since z, z′ ∈ S3, it follows that |λ| = |λ||z′| = |z| = 1. Thus

H−1(x) = {λz : λ ∈ S1} ∼= S1.

b) It suffices to check the surjectivity of dHp for p = (1, 0, . . . , 0). For
i = 1, . . . , n and λ ∈ S1 ⊂ C define γi : (−ε, ε)→ S2n+1 by

γi(t) := (cos t, 0, . . . , 0, λ sin t, 0, . . . , 0) ∈ S2n+1 ⊂ Cn+1

(that is z0 = cos t, zi = λ sin t). Then

d
dt

∣∣
t=0

(φ0 ◦H ◦ γi) (t) = d
dt

∣∣
t=0

(0, . . . , 0, λ sin t
cos t

, 0, . . . , 0) = λ
cos2 t

∣∣
t=0
· ei = λ · ei.

So we conclude that d(φ0 ◦ H)p(TS
2n+1
p ) = Cn = d(φ0)H(p)(TMH(p)) and

therefore dHp is surjective.
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