
CHI Curves 1123
,

I
. / 1×12=1×42 +1×212+1×372

-

dlx
, g) = Ix - y )

✓
internet CIRC : I - I 1123

L(c) = sup lectin) - chill
i=0

among ¥ts≤tz≤
-
- ≤ tie

,
tie I

[a ,b] CI
LCC /

[a ,b]
)

excise
Krab LCct-am.7-LCCI-a.rs/tL(cl-r,s#



C : I → 1123
def 'n constant speed param

(*)
< ( chap] )

= ✗ ( b- a)

ÉÉ
"
#

is a re -parametrization of c if FY : I → I

Y is a
& cent . acts

⇒ 4 /a) ≤4lb)
[ = toy

bijetine ↑

-

heparan .
) for any

c : I → IR
]
with

Lemme 1.1

Llc / [as] ) < X ,
It [a/ b) CJ ,

3- E neparem .

with

mitd (⇔ ( * ) with 1--1 )



tix to c- I
"

choose origin of new
time "

L( Cleo ,t]) t ≥ to

YIH = { - [ ( clem, 1- ≤ to

we will check 4 is bijective &
continuous

and then defineE_E=
Y is nondecreasing

⇒ 4lb) -Ka) =L / chap]) ≥ lclbl - da ) )
> 0

unless [ (b) = Cla )



Y is continuous ( let me show right - cont )

141am) - Y(a) / < 8 if r > 0 sufficiently smell

0 ≤ Ycatr)
- Yla) = Llc / [a,a+r])-

= Llc / [a ,b])
- Lfc / Catrin)

ÉÉcHi+i - cltillltsz-44cai-r.rs)

use def 'n 4C / [a,s)) < a

-≤ KHOI - dri / +ÑÑt
I will choose

re [ to ,t ,]
+ÉÉtiti / + E- Llckatr,b])



def 'n of / CHI - Clr ) / t 8-2
44mi
≤ { + E

C cont •

-

When c : I → IR
}

is of class C1

C is ☒ if c
'
≠ 0

If c is regular then
C has constant speed ⇔

/ C' 11-11--1>0
↑
check this



Exeiies
b

• If c is C ' LK ka
,
,,
) = f / C' 11-11 dt

a

Étheayofcm_ 1122,1123 ( IR)

C my
C2 curve

Frenetcurnes (Deth 1.2)

• In 1122 any treen
curve

• In IR
}

any regular
curve

with CYH
,
C' ' (f) 1. i

for all t

* _¥÷



treat frame

1122 en HI ezlt ) orthen . posit .

oriented

es 11 c
' en . C

' = Idl > 0

thus en =
,

Ñ eiltl , ezlt ) , e } (t )
orth . posit .

oriented

basis of Rs

e , =
, ,

, span / ei.ee)
= spank :c

")

ez - C
"
> 0



es := enxez

8¥¥i
trenetcmvatmes ( 1123 )

1*1*7 klt ) = ¥-1,1441 . ezlt ) ) > O

THI = ¥, ,
/ eilH.es HI )



In IÑ Kor = ¥ , ,
@ iltlrezltl ) { %

= 0

¥, , / { =/-:iÉ) /%;) EE
?

o
- t

1¥ ei = kez
Compute

¥, er !ez=k
⇔ (* * ,

g. e ,
-

-1 ⇒
eire , + eve,

'
= 0

→ e
'

,
.e ,
= 0



To see that the matrix is antisymmetric

Adt eiltl . ejlt ) = orij

eire ; + eie,
! = 0

I want to prove

1- ei = - Ke , + ie}
UH ↑

1- éz . ez
= : THI

dat



Thml.S-ft-und.hn of local wine theory ) 1123

Given K : I → ( 0 , a) ,
t : I → IR of

class (°
,

so c- I
,
✗
◦
C- IR}

,
fbi

, bz , bz) pos .

orthonormal basis of
2 unique

Freenet curve CE CHI , R3) of

speed one s
.
t

a) ( ( so) = Xo

(2) (b , / bz , b } ) is Frenetfnene of c at ✗◦

(3) Kit are Freenet cmv and torsion of c

I



1. Construct Cells ) / Gfs ) / e> (
s) ) solving (EE)

(eilsol
,
ezlso) , e} / so )) = (bi / bz,bz )

fhnigue Solin b ODE theory )

E' = KE E = EG) ,
K=kcs ) Elsa c- SOG ) Kcs)tkTG)=O

⇒ Els) C- 5013 ) KS

(EET)
'

= E' Ett EE 'T = KÉÉILEEFKT LEETCH __ id

C' (f) = e , Lt )
2

.

If c will be initspeed

So let us define C. (t) :=§e ,G) ds + ✗
◦

So

3
.

Check C Satisfies all promised property

C' = e , c
"
= ei = k ez

TB



Therotationindexotaplenecmne.ci
[a ,b] → IR

" is a closed CK curve

If FE : IR-1 IR
" E is C. and (b- a) - periodic

with E / [a,b]
= C

all derivatives upto Kth agree""



Suppose C : [a ,b] → Ñ is resin and C1 - closed

then 5,1
C-

C' (t)

(
¥1

= ( cos 011-1 , sin
OCH)

" "* |Emg
Given C as above , define

rotation index ( Umtautehl ) of c as O(b);



"

8D
"

# if c :[a ,b] → 1122 is [ closed wet speed

e , , ez
Freenet frame

e) Cs ) = ( cos Ocs ) , sin
01st)

⇒ eics) =L
- shoes) ,

cosocsi ) O' Is
) = ezls ) 04s )

compntsclan prod
with ezls)

rotation index

0lb) - Ola) = [ O'b) ds
konlst-eiez.es )

= 04s ) ⇒

= { Korlslds
7



Wgy clean injective

1.6Thm_ (
"

thin of turning tangents
"

,

"

Umlauf sett
" )✓

The rotation number of any regular , sinp-4.EC
'
Carne

c :[ a /b) - I IRZ is + 1 on - I

p^°# ( Heini- Hopf 1935) suppose Cup to repmem)
Id / =\

,

anime C / [a ,b]) c 112×10, a) ,
Clay = 10,0) , cYal=U

M;
"" " "

✓ YÉgc%)

( ◦ ' °)
Goal show rotation number = +1



Idea : contract clever continuous extension of
,

it a≤s<
tab

els,t)
= ( da ) if

a≤s=t<b

Till

if 5- a / t=b
(-1/0)

☒ = { Is,tkR / a≤s≤t≤ b } ↑
a s

e :D →
^ continuous

0 :D → IR

e. Is,t ) = ( cos 01st ) ) sin • (H ) )
iscontiuuos



rotation number# (bis)

"

Olb%(a↳⇒
=

,

1-=3

(a ,a , [OHH]É! [ ola.tl ]⇐a

tn 0lb ,b) - Ola , a) = ÑÉib7 + ocqbl-%Ca.at
5- a :e( a , b) = C- 1/07 ↑

¥ii
" " """ Kai→e$nñ≥◦

ela
, a) = (1/0)

e (a) b) = C-1,0)

ditterne in angle = it



fÑ$ difference in angle
• = E

initials -_ a final 5- b

=) 0lb , b)
- Ola , a) =

It + it = 21T

☒

⊖



1.7 Them ( Feudal 1923 ( n=3) / Borsuk 1947)
-

If c :[ 0,2]
→ 1123 Icy unit speed curve

,

[ Assume c( [0,23 ) is not contained in some phone]
L

Then § kinds ≥ 21T

> If c ' .cl = I
⇒ 2C

"
. C
'
= 0

-

Remain / C
' / = I ☒ = C

"
. ez = 1C" /

L

The tone
, § tics> ds = SKY ds0

= f) ¢1 ' / ds = Lk ' )



C
' :[ 0,2 ] → $2 CIR] tangentiud-i.tn

In order to prone then 1.7 2S

G) Show c
' / [0,23) ¢ any hemisphere

(2) Use the following proposition
[ to c-d)

R◦p C :[aib] → 5,2C IRS is a clod anne

and C ( Ea ,b] ) ¢ hemisphere

L / c) >
21T



a) b- pest hemisphere { ✗ c- $ : xp ≥ of = : Hp

If Ip St . C
' contained in Hp

d. p ≥ 0
⇔ (c.pl

' ≥ 0

t CHI c- 1123 4. p=h)

ti-c.PH)
HER

since C is closed

⇒ c. p=h for some hink /



C :[0,1 → §
µ

p uniformly
distributed in $2

t.cc ) = t.EC#cloiD)nGp )
Gp = { ✗ c- $2 : X-p= o }

Curve c never contained in
{ ✗ Ip ≥ 0 }

⇒ tp c intersects Gp
=

•



14T€ If c :[of] →
1123 is a Dozal C2

tired cure
. Then [ KINDS > 41T

0

$y
"noted

tie knot

withered

i
/Milnm1



C tended ⇒ tpe $2 3- HEIR
"

height
"

for which

#
'

Cleo,D)n 1*1123 : × .p=h } ≥ 4

E=×%
[on]cp

is [ 0,2] [ periodic



2h : 4C .p=h ) ≥ 4

⇒ { d. p = 05 ≥ 4 for all p

⇒ L(d) =ñE(cH9÷Gp)
≥ 4E

•



CHI
"

Surfaces
"

✓
+7×7=1×12-1

$
"_ '
= { ✗ c- R

" l "

"=Ym1-2 = 5×51 c 1122×1122 Clifford - torus

pmanetitationot torn
'! -$

( coolRtrcoso) , sinoatrial , rsino ) _€
OE / 0,21T) ∅ c- ( 0,21T /



soap film
/ soap bubble

→ Why are soap bubbles spherical ?

subnenfoldnandimnersious-2.IR#A set Mc IR
"

is m- dim . submanifold of IR
"

if b- PEM 7 open
nbhd VCR

"

otp and C) diffeo

y : ✓→ U onto open set VCIR
"

s . t

41mn v7 = 4k7g:#
a%

IR
"-m

/ ambient)

-4 -⑤ "in

submeitᵈdᵈYm:# Kate )



K : = h - m ≥ 1 codimension of M in IRN

-

WCIR
"

open , F
: W → IRK differentiable K ≤ n

Pew is a 4 LET
. 4- F if dfp is smjet.ve

Sian pt otherwise

✗ c- IRK is a 4
¥mʳᵈI of F it all p c- F)×} are regular

Sinton Ike otherwise

2.2 them ( neg.name Hm) WCIR
"

open , F
: w→ IR

"

,
( °
,

-

✗ c- IRK regular name of F

⇒ M : = 1=-4×5 is a snbmtld of Rh

of dimension
M := h - k

( so he is the codimension )



Let p c- M
= F'4 } ( nonempty ! ) i

⇒ p is a regular pt
.

I suppose w .
1. og .

✗ = 0 }
F ← F-✗

apply the following :

( Appendix A2 lecture note of Prof . Lang) Implicit
fan then

in smjetive form

WCIR" open ,
F : W → IRK PEW ,

Fcp) = 0

dtp surjective ⇒
F open

nbhds U CIR
"-"
✗ IRK of co

,
co )

and VCW of p ,
and co - difteo V1 : U -i ✓

s - t 410,07 =p and f-t-Y-L-VH.ge
U



ARE

"" ""

M

M= F-
'

log

Y : = Y
"

: V → U is a snbnmfld chert around p

Notice 4 (Mnr) = I lx, g) c- U I
Ycx , g) c- M =

E
'

/ of }

Efik -

- o



Examples SLCN
,
R) = { A c- IR

"" I det A = I } CIR"? R"

01h , IR) = { A c- IR
" " l AAT -_ Idn }

SO In , IR) =
submanifold of Rhin

-

2.3.tk#UC1Rm open ,
him

.
A co -

mep f
: U → IR

"

is a☒ run-In surface on an immersion if

dfx is injective b- ✗ c- U

I Remark : f itself need
not be injective , like for regular

curves )

as



Picture of 2D paranehited surface

1122 (m-_ 2) 3)

*:¥#É¥÷¥, =
3¥

dfx injective 32-1 vectors be

sane# ¥:(A :÷:pV-✗c-U



Exacts

1. regular curves
C : I°^→ Rh 1 - d immersion

*g) instead ☒
^

, x2 )2.fi/R2-1R3

1-Hip = ( cos✗ cosy ,
sin × , tiny ,

sing )

✗ = ctt
meridian f / (0,2*7×1-172,72)

y.at panels② flat"%FH

dfcx
,,,

¥× = 0
when cosy

= 0

Observation
⇔ y=±E

( exercise)
⇔ north and

south pole



3. f : IR
'
-1 IN

f- (× , g) = (
(Rtrcsylcosx , (Rtrcosy)

six, rsiny)

R>r > 0
* g) c- 1122

hgnlorinnertioh
"

-

2m ( Immersion the) UC IRM open , f-
C- CHU

,
IR
")

immersion =) f-✗ c- U F open nbhd Ux CU of ✗ 8T
.

f- ( U×) is an m- din submanifold of Rh



Poot suppose ✗= oeu ( replace f- by f- ( • - x )

f- ( o) =p , and apply

ggi.io?ggFImphiitfinthnliniectirefom):UclRm openf : U→ IRH
, ,

0 c- U
, f- lol =p , dfo injective

⇒ F open nb_ʰds Vc Rh of p and WC UXIR
""

of 6,07 , and a co
- ditteo 4 : ✓ → W$ . y , , = ,, , ma

◦ f) ( x) = ( ×, o) KHO ) EW



Dnamigofthn

;Ñm
Rn

1¥
Applying this, we immediately

here then 2.4

Y is the submanifold
chart around ✗= 0

☒



Reina the image of an infective immersion f : u → 112h

need cet be a submanifold

C : ( 0,21T ) → 1122 CHI = Kult) , shtlt) )

a

-,
-1--0



pooitirenesnll-2.5.tn( local pmanetitations)
the fattening two are equivalent ,

for MC IR
"

(i ) M is an
M - dim snbnfld ( teth 2.1)

(in) b- p c- M F open
sets UC IRM , VCIR

"
and an

immersion f : U→ IN s -t p c- flu) = MAV ,

and f- : U → MrV is a homeomorphism

moot Ii) ⇒ Iii)

take pem ,
4 : V → U

' CRH submanifold

chart there V is a nbhdotp) , by defn 2A



Put U := { ✗ c- IRM : Cyo) c- U
'

}

fix) :-p
4-4×107 , then flu)= 4-

'

( (1124-104)nUY
= Mnr

✗ c- U

n /Rtm

M

iii.as

= : U



Iii) ⇒ Ii)

Take pem , by asnnption
7 UCIÑ and ✓ CIR

"

open

f- : U → IN immersion s -

t f(07 =p ,

f- home ◦ . onto Mn ✓
=

Goal : Construct submanifold client 4
around P ,

as required by def 'n 2- y

✓
'

yijiininaioidao" ✓



Apply implicit fin then linjet.ve form)

⇒ 2 open nb-hdsvk.li of p and WCUXIÑM

of 10,07 , and co difteo 4 : v1 → W St .

tflp ) = 10,07 and (Yo f) 1×1 = ( ×, o) ltcx
,
07 EW

I b- ✗ c-Kwtv)

Warning : in general

f-
'

lmnv
' / ¢ { ✗ I know }

So
,
I need to restrict domains ( using thehein hype . )

f-
1
: Mr V → U continuous

,
so

3- open
nbhd V

"
c v1 of p st . V0 ⇐ f-

"

(Mnv
")

C 1×11×107 EW /
Therefore Y / v" is a submanifold chert ☒



2.61mn ( Paran . tantomotion / change of charts)

MC IR" m- din snbnew told , fi : Ui → f- (Vic M
,| , = , , , me two e.a, paan . with y ,=y, ,u , , , gyu,, ≠ ¢

⇒ Y := fi
'

◦ t
,

: fila -if:( v7 is 0 ditto

am rm

FEE t



proof suppose
wt

-
◦ g. f- , to = f-2107 =p

Exactly as in the pf . at the 2-4 , F difteo 4 defined

in nbhd of P in IN with Ylp) = 10,07 c- IRMXIR
""

s.tl#YI-z--V-Cxio7c-imagelY)rT:1Rmx1Rn-m→ IRM canonical projection
(× , g) 1- > ✗

then
y = fj'◦f , = TOY of , C- (

°

Since f- , , fu play symmetric role also

4-
'
= fiofz is [

°

BE



/ 1- ◦ ✗
◦ fz = id ◦ ✗ = fi

'

of , both sides]
c- ◦ Yo f- , = Y

27B€ theHrt spay Tmp of an in- din . snbmfld

MC IR" at p c- M
is 1-Mp :=df×( 1124C IN for

some ( and every ! ) local paan f- : U → flu ) CM

with f- (x) =p

exercise use lame
2.6 and the standard chair rule

to see that this
is independent of the f- me choose

The motel spec 1-Mpt is the orthogonal complement

of Tmp inside IR
"



Since f- is immersion
,
1-Mp is a m- din linear spell and

1-Mpt is k - din ,
k = n-m codnhlniah

2.8¥ A map
F : M → IRL

,
Mc IR" snbmtld ,

is differentiable at p c- M , if for some ( hence every ! )

local paran . f : U - i f- ( v ) CM with f- 1×1 =p the

composition CIR
"

f-of : U → Me

is difknk.at ✗ c- V.

The ditthalialeft at p is the wife
linen map

dtp : TM p
→ 1124 st .

the following holds for

some ( hence every ) loc . para . f-



"
chain rule "d( to f)

×
= tip ◦ dtx

= not yet defined

exercise : check this def '
n is independent of the local

parenehitakon used

take two local pram .

A
,
F sit f-G) = f)g) =p

F-_ f- ◦Y Y ditto Y=ÑF restricted to
- "

cerumen done in
' '

(as in tenne
2. 6)

d / to f) ✗ = Adfx ⇒ A=Ñ

dlt-of.ly =Ñdfg
Use chain rule you

know



(1--01-01) = f- of Hcyi=x

dlt-otkdxy-dh-i.tl / ⇒ A;¥p!¥"

11

A- dty
Adf✗ ◦ MY =) A=Ñ
-

dt°Yy=dfy
-

Remind Useful fact about dtp
✓ = C' ( o) c-Tmp

for some anne
C : 1- E

,
E) → flu)CM with ( ( o) =p

then I 8 : te, E)
→ U s.tn c. = for

✓ = C' lo) = dfg,,
18
'
( o))



⇒ dtplr ) = (dtp ◦ dfrco)) coho))

def.no/----d(t-oflrwlr' lol )
dtp = ( to for)

'
lo )

Carne c- e, E) →
Me

= f- ◦ c)
1 ( o)

←
-

Oriertabilityandthesepcratianthn
2-8Pe A snbmeuitond

MC IR
"
is orientable it

7
"

system
" { f- ✗ :U✗→F✗lU✗)CM } ✗ c-A of local pawn .

sit flux) 2M such Thet



for evey parameter tentation f-[ ◦ fan with 4 PEA

and f-✗ (Uxlnfp / Us) =/ ∅ the orientation is

preserved : that is
this is

a linen

dlf; of,#
at any point

mep from 1124porᵈ $ saying
it

to IRY me

mint here >0
-

determinant
Exampled connected

1 . Compact Vsnbmeitolds of
co

-din 1

one Oriente le (2-10)

⊕



2
.

Mobius band embed it in 1123 as you like

not oriertebl

3.
"

Klein bottle
"

- immersed in IR
}

-

embedded in
Rh

met overtire compact )

-



2.9Lemme_ An in- din snbmtld M C IRM" is orientable
⇔ F

"
out . unit novel reckon field

"

N : M → $
"
sit Nlp) c-

TMpl-V-pc-mpnoot-I.IMis orientable , I / 1-✗ : 4→M)✗c*
s.tk#txlua7--Minithdetlffsof) > 0

Given ✗ define V4 : Va → $
" "

along fx "

with ✓✗ (x) c- TMf¥×, for all ✗

s - t !¥
,

, .
_ 2¥×m ,

✓,
is poñtre basis of

IRM"



Ñw [ f-✗ 4) = fply )=p¥I Valid = Vpcy ) ]

Nlp ) : = V4 (x) for some ✗ st . ✗ c- V4
, fix =p

n's giving a
consistent (well-defined ) unit novel

vector field TMP

IRM

µ
×

"

µ, ,
R
"

differs

→

"

.

daiei

¥ dY✗ has > det

e,
✗ = tp '◦fa

Since the two basis aftmp here the some orientation



the sign
I need to give to Vlp) so Thet it completes

them to a
> basis of IRM" is the same in the

two cases

in IN
,

is crud

Got
detl :* , 3¥ .

in) = 4¥,✗¥1 . N

-

Conversely , if
N is given , let

⇒
us contract a system of poem with

> 0

pmanet houtometions .



Choose / f-✗ : Va -1M } ✗←A s.tv flux)=M✗c-A

and 21¥, , _ - ¥-1m , N is oriented

/ if replace fin by f-✗ C-× , , xz , -
-

Xm) ]

with this choice
the det of parameter hentemetiry

will be always do exactly as before .

☒

-



2.IO/-m- ( separation them)

of ≠ Mc /Rmt
'
m - din compact condoled submanifold

⇒ 112Mt
'

IM has exactly 2 connected components ,

A
,
B St M = 2A = 2B ,

and M is orientable

(Moreover , one of
the components is

bold and the other

unbounded )

☒



plan.tt#nootstep1-V-pc-M2opennbndVpotp in Rm"
Set • Vim has 2 connected camp Vpt , Vp

-

•
I 2 different connected comp R

"
' M
, Ap ,Bp

s.tv/p+cAp,Vp-cBp

:D
, µ

R
""

"¥É÷¥>

"

j.IO#I--:eiii."



Remex by olefin a submanifold cheat is a rnep

Yj : Ñp → U ÑpCp7=×

Up :=Ñ f f > 0 is s . -1 By C U

ñ"lBgW)

Lñ. _É
.

F-' (Dgca)



" Idea
"

of proof of step 1 yay = Pt
we will suppose 78 :-( 0,1]

→ 112ᵗʰ
"
-M

4,1¥
12Mt
't

%ÉI¥÷¥¥4,1¥
Vp+=Y"p(Bit
Vp
-

= Yj (Bi )
P- Bi := / ✗ c-B.CITY

"

/ ✗
m"
> o }

Bi := I
< 0 }



- we will
"

deform
"

the

curves preserving the parity
of the number of intersections
with M

¥÷.



"

discretized
"
curve

pmi'm
Given 0=4 < t, < - -

- < te = I

and an e- tuple of pts in HEIM ( 9- a c- - - 9- e) = Q
such that dlqiqi,) ≤ 8 go, :[on

] → IÑ"

define a pienice
smooth curve ✓ amounted to Q as follows :

• If 9- i and 9-it , are both
at a dist >

8 from M

define get , = 9-ilti.it/..E9-;ilt-t#tc-Eti,ti+ ,
]

• If one of the 2 pts 9- i on 9- it , is
at dist ≤ 8 fromm

then we joint them by a segment but composed

with some submanifold chert



Pick FEM S.t. both 9- i , 9- it , belong to

Upset
, = Ypi

'

/%H""¥¥+iᵗi) )
µ

÷÷÷



How do we choose 8 ?

For each p c- M
let rp > 0

best Brplp) Cvp

since M C U Brpz ( P) ,
M compact

pen

⇒ 7 finite subwnlr
{ P , , _

-
- Pk )

Taking So := {
win {rp , / -

-
- Tpn, f

Every 8 c- Go , Go] works !



Now we can proceed ith proof of step 1

Assume by contradiction
the we here Pt c- Vpt , p

-

c- V5

F- 0 c- M
,

8 : to;] → IR
'

"tM

8107 = Pt
,
8117 =p

-

[Ammu iv.
1. ◦ g.

[PTO] segment joins Pt and 0
or

intersects M only at
0 ,

same with p
-

p
-

Choy [
= min ( do , d/ 8k911m )) and l large such the /

I 0--4<1-2 - -
-

< te =L with

dlrltilirltii.it) ≤ §



i
' '

'
'

401 - - -f- I }

Define for every j≥ ◦
j= Lile ] + j

'
n≤i≤ e

9¥ = /
0
""] Nti ) + Zj it

i > j
'

01%+1 rlti) + 2- j if i ≤ j
'



0<1 sufficient close to I

2- i c- Buyeo)
is chosen so that 9-¥

>
¢ M

÷
*

-

-

F- -
-
'

q'!

ti > 0 Given Q%li
"

,
- . 9- jill

I can considl Joji) ( t)



Observe :

1) Join (10/13) nm
= ∅

2) for j very large
( since 0<17

Joint toil] ) C Vp F- ◦

3)
Since from Joji' to 80,5+17

I am

updating only t.pt , we
have

1=120,411-1917)nM
= # Join> ltoinm) mod 2



Why 3)

"



when the only point updated is close to M

÷⇒÷.

intersection

-É
"

-



t.me/Gnhcdi--eh

by 2)
in th ith step ( j large )

80in (1-0,13)
C V
←

domain of snbmeitald
chert 4

so
,
Ñ := Yor

÷↑É¥⇔÷"☒
number of intersections
with HIM / must be odd



Slept By step 1 k p , 9- EM 3- Ap , Bp

diflentconeded comp of 112ᵗʰ" 'M
,
Sam with g- : Ag , Bg

-

we would like to prove
that either :

• Aq = Ap and Bg = Bp

• Af = Bp and Bf = Ap

To do so
,
we use

Thet M is connected (andsmooth )

choose C :[91] → M S.t. ( (07 = P ,
Cli)=f

Let N : [ 0,1] _ , $m+k 112ᵗʰ
"

be a continuous unit novel

vector field along Cj Thetis Nlt) c- TM¥ , b- 1- c- [on]



Now consider Ct
,
c- : [ 0,1] → 112Mt '-m

E- : t 1- CHI ± e Nlt)

E > 0 ÷:

therefor Ap
= 1T¥ and Bp = }



Therefore by steps 1 and
2 we showed that

ÑᵗtM consists of exactly 2 com . components A
, B

-

This allows us to define a
continuous unit normal v.f

w : M - i $
"" Nlp ) C- Tmpt ( Gary may )

by the criterion Nlp) points towards A

B

IN
N↓P



Using Lemme 2.9
,
me deduce M is orientable

-

Exercise : prove
that 1 of the car . coup is bold

( and the other unbdd )
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PART 3

A2

North East 
Atlantic Ocean
European 
Waters
Mediterranean 
Sea -
Small Scale 
Charts

Key to symbols

w ARCS version. See page 14.

i International Chart. See pages 176 -177.

Chart No. Title of Chart or Plan Natural 
Scale 1:

Date of
Publication

New 
Edition 

2 wI British Isles 1,500,000 Dec. 1983 July 2009
20 w  Île d’Ouessant to Pointe de la Coubre 500,000 Apr. 1990 -
87 w  Cabo Finisterre to the Strait of Gibraltar 1,000,000 Dec. 1972 Oct. 2010
165 w  Menorca to Sicilia including Malta 1,100,000 Sept. 1969 May 2007
176 wI Cap Bon to Ra’s At TØn 1,175,000 July 1988 May 2007
180 w  Aegean Sea 1,100,000 June 1973 Dec. 1988
183 w  Ra’s At TØn to ™skenderun 1,100,000 Oct. 1969 Mar. 1992
219 wI Western Approaches to the Orkney and Shetland Islands 500,000 May 1983 Apr. 2009
245 w  Scotland to Iceland 1,250,000 July 1983 Apr. 2011
259 wI Baltic Sea 1,500,000 July 1995 Oct. 2010
1104 w  Bay of Biscay 1,000,000 Nov. 1972 Mar. 2004
1121 wI Irish Sea with Saint George’s Channel and North Channel 500,000 Dec. 1980 Nov. 2000
1123 w Western Approaches to Saint George’s Channel and Bristol Channel 500,000 Dec. 1980 Dec. 2006
1125 wI Western Approaches to Ireland 500,000 Sept. 1979 Jan. 1985
1127 wI Outer Approaches to the North Channel 500,000 Dec. 1979 May 2007
1128 w  Banks West of the Hebrides 500,000 Sept. 1979 May 2007
1129 w  Banks North-west of the Hebrides 500,000 Mar. 1979 Aug. 2004
1439 w  Sicilia to Nísos Kríti 1,100,000 Nov. 1974 Dec. 2005
1440 w  Adriatic Sea 1,100,000 June 1969 May 2007
1780 w  Barcelona to Napoli including Islas Baleares, Corse, and Sardegna 1,100,000 Feb. 1972 Mar. 1993
1950 w  Arquipélago dos Açores 750,000 May 1994 Apr. 2011
2182A wI North Sea – Southern Sheet 750,000 Aug. 1973 July 2008
2182B wI North Sea – Central Sheet 750,000 Aug. 1973 May 2011
2182C wI North Sea – Northern Sheet 750,000 Dec. 1992 May 2011
2182D wI Norwegian Sea Føroyar to Bergen 750,000 Feb. 1980 May 2011

Chart No. Title of Chart or Plan Natural 
Scale 1:

Date of
Publication

New 
Edition 

2214 w  Black Sea including Marmara Denizi and Sea of Azov 1,200,000 Dec. 1995 -
2252 w  Gulf of Bothnia 750,000 Oct. 1971 Feb. 1997
2524 w  Islands off the North West Coast of Scotland - Sept. 1977 Sept. 2009

A Sula Sgeir 15,000
B Rona 20,000
C Sule Skerry 100,000
D Rockall 50,000
E Flannan Isles 15,000
F Saint Kilda and Boreray 25,000

2635 wI Scotland – West Coast 500,000 Mar. 1980 May 2007
2649 wI Western Approaches to the English Channel 500,000 Aug. 1978 Mar. 2003
2675 wI English Channel 500,000 Aug. 1978 Mar. 2003
2717 w  Strait of Gibraltar to Barcelona and Alger including Islas Baleares 1,100,000 Jan. 1969 May 1995
2816 w  Baltic Sea – Southern Sheet 750,000 Jan. 1980 Oct. 2010
2817 w  Baltic Sea – Northern Sheet and Gulf of Finland 750,000 Mar. 1995 Oct. 2010
2897 wI Iceland 1,000,000 May 2008 Apr. 2011
3132 w  Strait of Gibraltar to Arquipélago da Madeira 1,250,000 Sept. 1990 Oct. 2010
3133 w  Casablanca to Islas Canarias (including Arquipélago da Madeira) 1,250,000 Apr. 1992 Oct. 2006

A Ilhas Selvagens 100,000
3134 w  Islas Canarias to Nouakchott 1,250,000 Dec. 1992 Oct. 2006

Chart No. Title of Chart or Plan Natural 
Scale 1:

Date of
Publication

New 
Edition 

34 w Isles of Scilly 25,000 Feb. 1972 June 2001
304 wI Lorient and Approaches 10,000 Feb. 1997 Jan. 2002

A Le Blavet – Lanester to Hennebont 12,500
442 wI Lizard Point to Berry Head 150,000 Feb. 1978 Sept. 2002
777 w Land’s End to Falmouth 75,000 Feb. 1972 June 2001
883 w Isles of Scilly. Saint Mary’s and the Principal Off-Islands 12,500 Oct. 1983 June 2001
1076w Linney Head to Oxwich Point 75,000 July 1975 Nov. 2001
1121wI Irish Sea with Saint George’s Channel and North Channel 500,000 Dec. 1980 Nov. 2000
1123w Western Approaches to Saint George’s Channel and Bristol Channel 500,000 Dec. 1980 Dec. 2006
1148w Isles of Scilly to Land’s End 75,000 Feb. 1972 May 2009
1149w Pendeen to Trevose Head 75,000 Feb. 1972 May 2009
1152w Bristol Channel – Nash Point to Sand Point 50,000 Sept. 1993 Sept. 2004
1156w Trevose Head to Hartland Point 75,000 Aug. 1973 Nov. 2010
1160w Harbours in Somerset and North Devon - Sept. 1974 June 2002

A Lynmouth 20,000
B Porlock 20,000
C Minehead 20,000
D Watchet 20,000
E Lundy 25,000
F Barnstaple and Bideford 25,000
G Ilfracombe 12,500

1161wI Swansea Bay 25,000 Mar. 1994 Nov. 2001
River Neath 12,500

1164w Hartland Point to Ilfracombe including Lundy 75,000 Sept. 1974 Mar. 2010
1165w Bristol Channel – Worms Head to Watchet 75,000 Aug. 1976 Jan. 2006
1166w River Severn – Avonmouth to Sharpness and Hock Cliff - Oct. 1975 Aug. 2010

A Avonmouth to Severn Bridge 25,000
B Severn Bridge to Sharpness 25,000
C Sharpness to Hock Cliff 25,000
D Sharpness Docks 10,000

1167w  Burry Inlet 25,000 Mar. 1981 Nov. 2001
1169w  Approaches to Porthcawl 25,000 Aug. 1976 Mar. 2011
1176wI Severn Estuary – Steep Holm to Avonmouth 40,000 Sept. 1975 Feb. 2004

Newport 20,000
1178wI Approaches to the Bristol Channel 200,000 Dec. 1979 May 2009
1179wI Bristol Channel 150,000 Mar. 1979 Nov. 2004
1182wI Barry and Cardiff Roads with Approaches 25,000 May 1974 Jan. 2011

A Barry Docks 12,500
B Cardiff Docks 15,000

1410wI Saint George’s Channel 200,000 Oct. 1980 Jan. 2002
1432wI  Le Four to Ile Vierge 25,000 Dec. 1989 May 2008

Aber Wrac’h 15,000
1478w Saint Govan’s Head to Saint David’s Head 75,000 Aug. 1975 Nov. 2001
1482w  Plans on the South and West Coasts of Dyfed - May 1975 Nov. 2001

A Ramsey Sound with the Bishops and Clerks 25,000
B Jack Sound 12,500
C Tenby and Saundersfoot with Approaches 25,000

1613w Eddystone Rocks to Berry Head 75,000 Feb. 1972 Dec. 2005
Eddystone Rocks 7,500

1859wI Port of Bristol - July 1990 Dec. 2010
A King Road 10,000
B River Avon 10,000
C City Docks 5,000
D City Docks to Saint Anne’s Bridge 25,000

1973w Cardigan Bay – Southern Part 75,000 Jan. 1975 Jan. 2002
2025w Portsall to Anse de Kernic 50,000 Apr. 2009 -
2026w Anse de Kernic to Ile Grande 50,000 Apr. 2009 -
2027w Ile Grande to Ile de Bréhat 48,700 May 2009 -
2028w Ile de Bréhat to Plateau des Roches Douvres 48,600 May 2009 -
2029w  Ile de Bréhat to Cap Fréhel 48,800 May 2009 -

Port Saint-Brieuc le Légué 10,000
2049wI Old Head of Kinsale to Tuskar Rock 150,000 Mar. 1979 Oct. 2010
2348w  Raz de Sein 20,000 Dec. 2000 Aug. 2008

A Port de Sein 10,000
2349w  Baie de Douarnenez 30,000 Oct. 2000 Jan. 2007

A Port de Morgat 10,000
B Port de Douarnenez 10,000

2350w  Pointe de Saint-Mathieu to Chaussée de Sein 50,000 Oct. 2000 Jan. 2010
2356w Goulet de Brest to Portsall including Ile d’Ouessant 49,100 Apr. 2005 -
2357w  Baie de Quiberon 20,000 Oct. 1997 May 2007
2371w  Golfe du Morbihan 20,000 Apr. 2010 -

A Continuation of Rivière D’Auray Port De Saint Goustan 20,000
B Continuation of Port de Vannes 20,000
C Continuation of Rivière de Noyalo 20,000

2454wI Start Point to the Needles including Off Casquets TSS 150,000 May 1977 Feb. 2008
2565wI St. Agnes Head to Dodman Point including the Isles of Scilly 150,000 Aug. 1978 May 2009
2643wI  Île Vierge to Pointe de Penmarc’h 150,000 July 2011 -

South West England and Brittany - Index B
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3. lmt geometry of surfaces

3. 1 Pet Attainted te g of
a snbmfld MCR"

anigns to every pet the inner product

gplx , YI {X , Y >µ
✗ it c- 1-Mpc IN

the 1st EE g of an i¥n f- : U → IN

anim to every ✗ c- U the inner prod FRM

9×1%4 := ( dfds) , dfx /4) Sir c-TY
,

= Km



Remarks : 1
.

f- immersion =) dfx injective ⇒ 9× pos . def .

Symmetric , bilinear form

2
.

The matrix (9%1×7) of Gx wart the standard basis

e , , -
- em of IRM is given by

gi ; 'M
= 9×1%9.1 = (dfxleilidfxleil ) = {¥×i⇔P¥;w)

on : 18%1 = Jft _Jp Ja = (3¥;)
-

(Yg) is a
"

model " of f-(b) CM 1 " like a nautical
chart " )

in which all iiE of flu ) can be computed



Examples Consent )

Y = df ✗(h)

:÷::::÷÷÷÷÷:
"
"""

1×1 = Fix = FEE = TEA = : Ma
,

2. temgthofcunre c : I → f- ( U ) CM

8 := f-
'
◦ c : I → V ( c = f- ◦8)

Llc ) = § ldltlldt = SHIH Iggy
,

dt



i ☐¥E→

3- m-d-im.my of Borel sets Bc
f- (b) CM

A- (B) = f FeÉ;Ñdx c- To
,
a ]

f-
'

(B)

the Gram determinant def /Gi ; 1×7) =
det / (fila , f ; 1×1))

- -

equals the square at the
volume of the parallelepiped in

Tmp ( p= fix ) spanned by the vectors film ÷ ¥×ilx)



i =L
,
- -

/M

Indeed , choose fm+ ,
Cxl , -

- final ONB of

TMp.tl#pI---fm--1detlf,,--,fn)/--Ft-EF.lfn,---itn1---detf%
= Ftii

n÷i⇒
volume (ETI ) = heigth ✗ area of base



'Énm . (of v01 )

Bc faintly
µ Boy

f-in ¥ F-
'

(B)

dtx = dtxan.dk

Gi ;
= Ji - Jf = (JfÉyF(JjJy)=J~T(JÉ_f

1- (B) = Sfaettijcxidx ¥ f / detJy⇔lFtÉyHÑ
f-
'

(B) f-
'

(B)=Y
"

/F- 'IBI)



= ) detlg.TK#dE--AlB)
transf .
townie IRM FIB)

-

To compute ACK) for compact set KCM

Choose finitely many local penan f : Va→ M and

Borel sets By C filth) st
. K = Y Ba disjoint union

then i

AM = I ACK) = If ÉHd×
✗ f-LIBNTstt-F.tt !



For a court fan b : K → IR

f b DA = -2 ) both detlgy.hu#dx
K ✗ filthy -dAÉdiu↳"

Reined CIR
,

'

Alf / = / Fti ;) dx
Examples u counts muttiplinth

1. $2 is cylindrical coordinates
_

f. Hittin →
1123 [É!Y

flxiyl = ( Fyi co>× ,
☒ sinx / y)



¥
,
Ky ) = /-Tsim , T Cosi ,

O )

¥y 1×171 = (# cosx
, Fr, sin✗ 1)

Ji ; kid = (
1- 92 0

◦ ÷.

det Bijl = I ⇒ f is area preserving

A- ( § ) = Alf / to ,utlxtli ) )
= { {

"

R dxdy
= 41T



2. hath UCIRM
,
f : U → IRMH

1-1×1 = ( × ' , - - , xm , had) h : U → IR (°

f- immersion ,
flu ) submanifold

in

fi = ¥×i = 10 , _µ , 1 , - - . 0
,

hi ) ,
hi =¥×i

Gii = fi ;
t hi hi

17h = (h , ,- -1hm)
wmtMton along f

✓ =qi 1-41--1-4,11



Fetid = detlt , , -
-
- fm ,

v) uh

= !ññᵈ" /
.

= Fini

A- (f) = Altan = ↓Ftl dx



3.2-beta Two submflds MCIR"
,
ÑCRÑ

with 1st FF g and § lrepectineh) are called

isometric if F diffeomorphism F : M→ Ñ

Gp (× /YI = §
,=g, ,

/ dip 1×1 , dFplY ) ) a)

b- p c- M ,
X ,YeTMp

-

Two immersions f : U -1 /Rn
,
§ : Ñ → lR≈ one

isometric if 7 difteo Y : U → Ñ St .

9×1%4=5*1%41 ,
d¥14 ) as

b- ✗ c- U i 44 c-IRMA



Standard notation
"

pull-back
"

(r) g = f-
*

§

14 g = 4*5

⑦ = { dtya
,

/ d% 'S))
, dF%,ldY×M ) )

= { AHHHH ,
dlF◦Y! 141 )

= 1ˢᵗ FF of FOY

FEi#
~
¥

a÷# u -4> it



Examples

catenoid

f- Cx
, y ) = ( coshy cos ×

, coshy sin
×
, y ) )

÷.
helicoid

Fairy ) = (Tosi , Tsui ,
E)

these are isometric !

Define Yi IN → Ri !
II. 57=41×141 = (×, siuhy )

⇒ Foy = ( sinhyeosx , sirhysinx , × )
exercise ( 1st Ft of f) = (1st 1--1--4%41 = ( ashy fi ;)



( flu) : my surface )Coyariantderivahire

f- : U → /Rh immersion ,
UC IRM

the vector ¥µ( ✗ 1 , - - , ¥×mCx7 form a basis of

the tangent space df×( IRM) off
at ×

In general ×;
1×1 ¢ df×( IRM

"ettiients are
→ Consider tangential part called Christoffel

syimbob

(¥¥g×i '") : É¥× '"

K =L

Fʳid othogonel projector onto df✗(Ñʰ)



3.36mg

⇒ +3¥.
- ::⇒17

;

"

= { ¥
,

g
"

/ 28 ie

where 18ᵗʰ) is the inversemetri×to*(gi,
-

Observation In particular Pij
"

are computable
in terms of g ~, there are

intrinsic !

P^# Notation fi = • , fi ;
= _ig×j , etc _

* %¥- + Th - %e = Iii Hilfe> +¥;HiAe)
- Z-xelti.fi)

= {ti ite ;
- f- je> 1- Hi , fei- fie> 1- Ife , tiittii)



= 2 Ife , fi;) = 24 fe , fijt )
def 'h

m [ since fe is tangentiii.I 24, ,É¥Ftk)
= 2 Éʰ=

,
Pii" ftp.fn/--2-z?.,PiF9eix

✗ glp
⇒ In Pitsea. = { ff¥t% -

-%e ) and om
k-4 over l

fuse { 94g ,* = 8¥)



3.40k¥ Mc IR
"
m- dim snbmfld , c : I → M curve

✗ : I → IN [ ^ tangent v. f. of M along c

( i. e. ✗HI c- TMc(+ , V-t€I )

corariartderiratine-D-X.li → IÑ

¥+114 := (Ict ) /
+

c- tmcciy

✗ is p=Éc if ¥ ✗ ( t ) = 0 V-tᵗI

(⇔ ict ) c- 1-Matt )



35.17g M
,
C as above , X , Y : I → IR

"
c
'

tangent vf
of M along C

Then :

111 It 1×+4 = ✗ +8+4

121*+17×7=1*+17×+18+11 It :[
→ IR

,
d)

(3) ad-tgcx.ir ) = g(¥+4T) + SIX / ¥+4 )

(4) If f- : U → flu) CM is local pawn .

2 : I - V C = for

5 : I → lRm(=TU•)
3=13

'

,
_
_
. 5)

m

✗HI = dfn+ ,
(54-1) = 54+1 ¥

,
:(NH)



Then

⇐ ✗ = É 15
"
+ É 5%41?;%r)] ¥*◦r

k=i
Ii -4

M¥ 111 , 121 obvious from defhs

'3) (✗ it >
•

¥

= {it,Y) + {× ,E)
"" Ifi :=¥×i , ti ;

:-. 2¥:* ) /X=-É5iHi
(Kittin) §iAiÑtSiÉµi;◦rIji

take 1-Hid
pants !

i
(fi ◦8)

• with chain
rule



Use

def.int?jk:f-ijorF--ÉFjʰfn°r
K=l

(Killion /
•

[ = jilfiorltgi-ji.nl?;4tnioo7ii
sun in

the variable i ☒

Remʰ 1
. (4) shows that ✗ is intrinsic

2
. If ×, Y are parallel along

c then

fact,
(✗(t) , Ylt) ) is

constant

¥+814145
,
918-+11,47+81×1 ¥+4) = 0
% T


