
For a chart (,U) of Maroudp,

taederivations eyil, at p i=1, -.., m

defined by

fuilp(fli=0gi(p):= efoc IYpe
*op The set of all deviations at p - M((P)

forms an in-chim rector space.

It is a chart around p,
thenI

·elp,--, Eyulp
is a basis,



and any
deviation X atp is of the form

L x =(x(y)yi(p()
i
=

1

*of yilp are line. indep

i
axiyilp = 0 =

0 -cct(p) =cx
apply to

-
xi

1 =yi

· Show (*). Assume vlog 4(p) = 0

Then, in ublel of Pl any of have a representation

f(q) =f(p) + Efi(9)Y:(q) where fit (P(M) p



Indeed h =
=f04", Y(9) == x

h(x) - h(0) =ChItxSEE= S'A+(hAx)d+
-J'ahAx Ric = Ixijaxiltx

m

hi(x)
Take thiol

hi(0) = fi(p)
=b,(0) =4yr(p)

Notice A =p x =0

-

Now yilp (71=Exilp127:4°)
= zcgilpti fi + filp) of

p



=>Eyilpf
=fi(p) =0y;()

x(t) =x(zfyi) =zx(j)y) + fi(p)X(Y)
j

-5X(y)Ey;(p)
= Ex14°) yilp()
-

Identification target space
-> deviations

-

M is C8mild, we identify XETMp (Det U.4)

with the duration



x(f):Afp(x) >TIRflp>EIR
--

Fax =[4,3]p det

dfp(x) =dfp([4, 33p) *(idm,
d (f07)-(p)(3)) f(p>

Ed(f0YYx(p(3) = 20oZ(U(p) 3
= 53.tyi), (7)
in

X



For F: Mk -> N"(8, XETMp,

It (*(N), we hove

dFp(X)(f) dfF(p'dFp(X)
= d(foF)p(X) X (foF)

-

c:1 -M(Y c'(t) -> TMCH) as deviation

((t(f) Idfcy)cHx)
=(70)()



*

tial forms (and Stake's Human

1f' =f(3) - f(a) + terminology

-

1(1R(*):= rector space of acting linea
meps

11"x... x 1" -> IR
m CS
=

f(3x(1 - -,3v(x)
=cgn(s)f(3),- --,3)

#aticular 10(((*) = 1, N(((*)
=0, s4,n+1



#product S>,0

a =((((*), b =N((+) ti O

aup =1t((**)

(arp)(3, - -,3s++):=

·
=[agn(r)9(35. -.,3vx)p(35(+11

- -135s++)

#duflies

(5-3s++)5(<f(2)..-w(s),
N(s+ 1)<w(x+2),...(w(s++))



Potention · 1 bilinear

· a c N(IR**) = IR a1x
=ax

Ltc-N(1R**)
·arp

=(-1)pr

·(arp)nw =cn(p15)

-.

Y, --, tn denote canonical basis of 15

er, ...,th
dual basis, i.e er(ei) = o

Every & - N(IR**) has the representation

-> By defin ti -1R**
=N(IR**)



a Esis
time ...et

-
x(ti,.. -,ti) inizc. - i)

E3,...,3s)=3
Defin A differential from w of degree 330 on

I
-. -

I

UCIR" open is a map U -> N(IRW*)
such that given any stuple of

rectors

(3,,. - 3s) + (1")



(X1wx(3,.--,3)) is smooth (CP)

As a comet, If 3,,--3, t(P(V,
1RY)

w(3,,..,3s):u + 15

ii

wx(3,(x), --,3,(x))
-

Differential & of scalan for on a diff form

of deg 1



Iff: U ->IR smoth

i "of deg 1"

df:=1-diff form

3-IR (df)(3) =dfx(3)-
p usual differential?
1-foun

A =xi: M" -> IR

axi =eiF)dx(ei) = o

-From now on representation of s-focus
will

be of the type sin(x*x*dx'ndxz



Denote -(U), UCI open, the space of
diff forms of dogs on U (v)
For all we r() wehere
-

w =z Wir --is dx'...rdx's
1=ic.-cis[n

"briefly" J =(i+1-,is)-

EWEdXT I ic..- >is
As before

W = w(ti,-,ti)
i,,- is



Thom (exterior derivative ( LUCIR"open)

=>unique sequence of tear options

di () -2*(v) 57,0

with the following properties:

(1) Fon f-2(r) = (P(r) of is the
usual differential

(2) dod =0(tf -rY(v),d(df))
=0trt)

(3)d(w+0) =dwn0 +H'wrdG

wheaver we tr), of lt(r)



(4)d (w(1) = dWIr EUCU oper

- (P(u) =x)
t

-proof
w
=zwedx=

=zWandx
wowthe

(1) +(3)

-
dw = zdwa-1dx5 +fWErd

=O
↑ (2)

(*)
= Edwisoisrdx...dxis
12ic..<is h



existence
-

Define d according to
(*) and (1)

check that it satisfies(n)
- ()

(2) w =fdxt on U

dw =df1dx5 =zdxinax
w i =12

d(dw) =ox dxindxindI = O

-

- dxindx



D Fir +vCP wl(v)

En m

Putback the F*wc(u)

(F*w)x(3,, ...,3s) =Wkxx(dEx(3,), - -,dEx(3s))

In particular if w =f eCP(V) Ofom FW = WOE

Roposition FiU -VCT (a) above
-

WERS(r), Ox et(V). Then:
(a,bz(k)

10) F(aw + ba) =aFw + bFQ o ifs=t!

(1)F*(wn0) =FwlF*O

(2) =*(dW) =d(F*w)



of flint for 1). More it first for

w =fe(P(r) = 2°() # chain rule

Cd(oF) = dFodF)

use induction over 330
and then of exterion darinative.

-

*

offound and stokes' then

*ofstones' UCIR"open At (P (r)

(1) : (x70)
2,dx'.-dx = S fdx

...dxm

u1(x =0]

-
LHS



d x", x3, --, x' IRY

B
m-

22im CFL,0]xE2,2]
-

BOX

(4))atidx...dxo Find the Calcule

↑
Fubin

8
dx)--dxm((0,x..xm)

Roof (1) LHS = S dx. -dxjaxz = 1,0 m-

5-2,(ym - L



(2) Execucs 1

-.

Pefin A subset MCIR" is a man on
able

submeted with bay of 192 if Up-M, 5UCIRY
-
-

differmaphisme Y:V
-, U

open able of pan a positive·L-
onto an open

set UCIR" such that

detcdep)
5

one
Y(mor) = (1*x90leUc(x' = 0)



I*Ea
-M:=4p -M:Y(p) =2x =031)1mx 403)

smoth mental of dim m-

Def' hot we "(IRY and MC/R m-din onintable

subnfid (passibly with 2). We say
that winterable

overit 5 (Va, Ya) submenfold "atlon"

(ie VavaoM)



and by partition of unity subanc.
to IVal st

zS(1Yl(xsw)(e,--.,em))dx).
dx+

Wax30):= (/R*x303)eVachx= 03 WaCIRM

Ifw is integrable ones M, then:

(w:
=

zw MaY* (xaw)(x, -- (m) dx...dxM
M 9x303 p

firt m rec. of canonic basis of IR



-> Let us check it only depends on M, w

1. W has cpt, support in V and

4 U (X,..- xn) *i =(x,.--,xm)

V X
*Y (y),-- yu) ji

=(y,--,y)

⑦
-

) (4)*w(x,y)(y,,- - fm)dX m

3x: (x,0)U, x' =0) =:WCIRM

② & (5Y* W(5,0)(e,, --, em) d5
-

2 5 '(5,0) +0, y'=0) =: ECIRY



let 4 = Yoy: V -> F

Notice 4(x,0) 11*x903

so, we can define 4: W -was 4(x,0)
= (4(X), 0)

By defin of pull-back

/
4 = 50x (dY,(+1), --, dYx(tm)

O -

(4*w(xx(y,,--,em) =((yY*w),(x),0)(d+(x,y,'Y),.. -,dY(x,y)3m)
w

x m

m-forms 4(x)
-

one

multifal
= det(dYx)(14+(w)(π(x),0) (9,--, tm)

and alterating
hence, determinals



therefore,
dj

S((y-(*w),x,0)(Y, - - em)dx
=

-
17

⑭ -
= def(dYx)((TY*w)(4(x),0) (t,..- tm)

dx

~ =

Sw -
x(w) f(π(x))

-

T
where

f(y):
=(πY*w(,,(Y,--,tm)

y =4(x)



standed
change of

*
-

per
- (((

-

* w),j,y)(Y),- -,tm)dj
M

2. (exercise) Sw independent of (Un,Ua), x

MahaisMplp pat.mity >3XaMphap
-

"Natural" orientation of EM (M oriented

peOM, peU Y:V-U

x(p) = (0,x..-x,0..-0) (defin of CM)



3d(Y/yp)(ti): 2=i=m)
define as positive basis of TCFM)P

Im (genuelized Stokes) Ma 1Borientable in-dim

submfld
with2, W- hM(M) st

W integrable on IM

Y dw interable on M

Then, Sdw = Sw
M28M



oft wept sptin V 4: V+ U

isubmold chest

def

S dw - I (4-*dw(e,,--(w)dx..-dx

M(rr) 1R*x40319x'=03

pullback
S

I C d(w(, - ,em)dx'-
-dx

ouncles
with d A+3014x03

it is (n-1) down in UCIR

w =

zwzdx
z(5 =(iy--,in-1)

du =EzExiNzdxindx5



Notice 3 = (x--jn) jkj, .- <jm

L (j,-.ju) = (1,2,.-,m)
dxce,..,em) = O otherwise

du) Exifrdxv...ndxm+
other term which

give 0 when evolucted

at (t,---en)
OUT

-

- 211F"dx'.--idxin--rdxm
i =1

&other terms as above



&xif"(X,--,x,0, -0)x'..dxhTherefore,

SadwirEto
- f(x,- - x,0..0)dx--dx06
(i))w(t,-T
= 6w

xa petition of
id

subordinated to (Vc

aw =Exxw
(Va, 4x) Jub-fid

Atlas



Then Saw = E Gd(aw'M

a=zawa
=

nw



19 /Said's the & enepping degree

Aset A c1m her measure few on is
a mall set if

Vaso 5 set of be QiCIR" st ACUiQi

2Qi) < & (k =(xix + r)x [x4x+r)x..- x[x,xm
+r])

i
- 10) =rm
-

The union of countably many wall sets is a will set

usual 9/2, 91, S/ ↳
-> 2

ImeasureI 2 Summ

thy thics



If VCIM is open FiV-Ai (1

AcU null - FCA) null

-

f. V = Bx Bx cptball, consider AUBL
k=1

an cover AnBzcYQicK cU

Fc( =F(x LipchitzI
(sum over is

capt set fixed

= diam (F(Qi)) = Ldiam (Qi)

=FCANBA) is wall



9.1 Def A subset A of a CUmId M, rc, 1,
-

has oneto if chart (4,0) of MI -N)mull Y(feW) has mesme O

Act all E) YANU) wall for all charts

in some atlas

gether (Mouse 1939, Sord 1942) "Sand's
Lane"

I If F: M* ->N" is a comap with > max90,m-n3

then the set of singular value of F has
was. Two

..



P pr N
n m>, n

U F U

U
- V

#If t CP

dY ↓Y
f

Y(v> - 4(via pi
me

IR

We want to show given a
cube 15

N m

Qr(x) = x0 + (-r,r)

FQr(x) < Y(v)

Letre show F: = (x +(1 dfx = 0}

(r>0 C



satisfies &(z) wall

--

E*: = (x+ z/((x) =0V =(x....(m)
(x) = x

since A)
oTTo

is uniformly ch
YU
T

U9x75 =5(a), Vx,x-Qrx(0)
④

H17(- f(x)(xx)))->3(x)x)
|x'-x)cd

↑ aylon expansion



() + Ex + z*

|x -x)cd

(**)(f(x) - f(x) =E(x)x)*,

-

IR" Qr(x)Split 2

into smaller cube

of diameter (30#ElorSE
N = EM

&

(x)
p I

regular grid



#

[*1Qi + 5xi+ [*nQ:

(**)

IR"
f(z*nxi)cBf(x)(994) U

2

C cube of ride 299?=: Qi

IfCEEnQi)) - (Qi =N(gy)

<c(m)(Yy)M,yx)" > C(m,7g



he kn kn-m

99 9 9 & large (+10,17

1
-

=>f(E*) is will set

*

defin of [*, if x
+
z-[*

· df(x) does not
have maximal rank

·Fx(x) = <1+.-+mlKst

(x) = 0 with 101 mimimel



- xc+==(x+y(u):=20

#: Ef,and
weO

E

EPICIn
=>I'* C Union of codimusion> (

submerifolds of 4(V)
induction over m

⑭
M -> NY

m- 1

->
NY

Apply result for 18 maps M
⑬



Monifold with boy
-

m-dim CX info with boy we defined as in

8.1, except that
the images of

charts 4(v) CIR'

are open
in a halfspae = (X-1**/x(, 03 = H

\x+1Rm(x
=0) =8H

2M⑭ IR
m

D (



M CM: = < peM/ Y(p) e2+,
for some (home every) short 43

space
Let you be comed with 2, for PEM, TMP

is defined as in 8.Y
Notice that if PECM dN04")

Yp)
still 5, so

we can still define equivalence clames at these pets.

For petM, TAMIp is in a cononical way a subspace

of TMp

& (4,3]p13x(5H7up> Fon 4:V
--Y(x)c+)



The differential dIp: TMp -> TWFP) is defined exactly

as in ch.8.

-

I astheregular reletin for infidentrecoIffF(N) is a regular value of FIN-ON *
-

well as of FION, then M:= F'93 is a

c*mfld with 2, diM=n-K, and

-M =Mr2N

#. Applications of 8.7



Eples N =8'x [0,1 < 1R3

a =S -

IF(x) =(x),xz) I M

-

↑o
= x

Athen

IM is a cpt. (* mild with to,
there exists no

smooth retraction F: M -> aM (i.e. itUp-2M)

#)(Hirsch) Indirect. F:M -18.M CO retraction

By sand's the I a regular vel 9 of FIMM,

gistral of Flor



9.3 =F*93 is compact Idim manifold (with2

27
-

973) =F"99318M =373 IF is refraction)

Every opt tdi afld with t is a finite union

-5 O

= the number of bony point of 21F"99)
must be even ! As



flo
(Browner's fixed p thn)

Every out mep 6: B" + Bk = (XE1/(x( =1)

has a fixed p

Pf. If we had by contr.) G: B"-> B"
a

without fixed pt.

⑰
F(x)

n- 1

-

↑would be CO refaction B
m B

~

We can smooth F mxF,CO refaction



F(x) =

F(2x)x-511obell of retinS +(E) x = B3x-B2
centered at 0

↑ X-" I E =Fx4(x)-
C⑰F Y((x)

=x-F

4 = (()-M.
|x1 = 1

⑲



degreeM
F,6:M -NCP

M,N infide

AcOmop H: MxTO,D -N
with H(0,0) = F

and H (0,1) = G is called both homotopy from-.

Ft G

If in addition 4(ct): M
- W is CPdo

UtsCo, 1) then H is called smooth isotopy-

Fr G smoothlyhetopic (it
5 smoth homotopy(

.

is an equivalence nelation



I
For Haitivity on 5: To,

teto [0,5]
+(t) =4% +=[5,1]

O I
<(compose" two given neuetopies
using [

Home N connected mid, 9,g'EN

=>> smooth isotopy Hi Nx [0,D
+W

s.7 H(.0) = idN and H(q,1)
= 9)

It show first Fy -Br:= (xE((x1<1}
A smooth isotopy H: 1R"x[0,1 + IR



St. HIGH =z rEtIR" -BY Fte[all]

H(0,0) = id1RY
H(0,1) =Y 80

Choose Xe(Y(1R") s.7

x(x) =3) (x)<(y) - 1 24-Bi)
0 (x13,

rector field X(x):
=

y. X(x) -> 3453EEIR and
for

4((0) =y = Put MIx,t:= Yt(z)

=Yox



For connected unfldN, define equivalence relation

between it pts frg' ()5 isotopy as claimed

By result in B (taking charts), equivalence

clames are open

IN is split into disjoint on
hats by equivale

clanes =) only 1 equivalence
clears.

B

Now:M,N enfich of somedision
M <pt., N connected
-

If F: M -IN is CO and FEN is reg. value

then F-493 is a finite set (cpto-him submifid),

possiblyo



9then M,N-as above

(1) F,t: M - N smoothly hometopic, I reg.value

o)both F and 2 - #F"(93 =#G"193 mod 2

(2) F:M + NCO fql two reg. values of
F

=> #F"(Y)=#FT's mod 2

-

The number des(t):= (#F**hmod2)
+ 3011

is called inting degree idulo2 of F

· by (2) indep. of f

· by (1) invariant under smooth hometoply



1 Mx104uMx(13 =G(Mx[0,1)
(*7

if H: MxTOD +N is a smooth hometopy (H(0E (*)

=>I is neg
value of HIZ/MXTO,D)

by assumption

In order to apply 9.3,we
first of is veg. value of HIMxca1)

9.3

= H) is opt. A dim off (possibly ()

with bay

27993 =HYE>1f/Mx(oD) ** F99)x903vG93x913



Hence, taking #
ever

-
#( +73)

=H(F-473) + #169q>)
m

1-dimensia cpt wild
with d

+
1 O O

↑

F97)O 6973
⑧

- O

Mx304 FE Mx313 Ft



Geneare notice - open
ubid V of 9 in

N

st. all f'eVane regular values of both F and E,

and, in addition, #F.3 and #G) are

content in V ( exercise

⑧Pr #
0. -> ⑭9
0 Pn

But then, by hanme 59'eV st

is veg. value of HImx(a)



#F1) =HF-4'3EHGYfY
=#6()

this finishes the it of (1) 18 hometopic
d

(2) Let G:N +N be differmaphisim -idN

St.G(f) = 9' (Luna 9.6)

d (60F)p = drgodEp
=>f'reg.value of Gof I subjective Up -(607)"47%

=F(9)

607-F#t' = F(*) mode

F
-(7)

my



*ple 9.7(1) => 7 no (P retection F: B"+8Bi
Lo

Since otherwise H: $ x [0,1) -> Sn
+

gm
-

H(p,t) =Ftp)

H(,,0) =F(0) (degr =0

H .,1) = idsm+ (desn=1)
-

If M, N ovated, dimM=cinN,
Mapt, N connected

then the moondegree
degIF) -A of a CP

mp F:M-N
is defined as



degIF) = [ sguIdEp) (q regnin)
PEF"99)
ra

finite

similarly as in mode case one shows that

deg (F) does not depend on I
-

Sexacise) MCIR3 it connected surfaceApplication C-

F:M-5 is exterior Gauss wp

deg(r)
=yX(n)



Si

co O* *
.

--

-

↑othon in admits a nowhere vanishing CP taught

rector field it, and only if,
in is odd

C I suppose X:
5" - 5C0

f * is laurewlosTR- taught of abo
Ix)

(x) =1)



H: (x [0,1) -+ (P) =1

H(p, t1 = P cos(tt) + X(p) sin(πt)

is 18 homotopy from
id to -id

But deglid) = 1
*PI deg(-id) =(-1)+ #

so by hometopy inv.
of des

-

=>1 =( - 1)m+1 = m odd



Convusely if m
=2Kodd CIP**

x(p,...,p() = (p- -p),p", -p3,. -,pr,
- px)

defines a nontho taught of
on
$

1

..

3: 17" - 14? C0 0.9. 3(xF0 Ion UCK1?

F: S'- Sl F(x) =25x1
deg F = [z(0) Poincare index of but o

-


