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Please hand in your solutions by 12:00 on Wednesday, December 14 via the course
homepage.

Exercise 12.1 (Stochastic product rule) Let X and Y be two continuous semi-
martingales. Show that for all ¢ > 0,

t t
Xth—XOYO:/ X, dYS+/ Y, dX, + [X, Y]
0 0

How does this compare to the "classical" product rule from calculus?

Exercise 12.2 (Stochastic exponential) Let X = (X;)i0 be a continuous semi-
martingale. Define the process £(X) by

E(X); = exp (Xt _ ;[X]t) .

(a) Show that £(X) is a solution to the SDE
t
7, — X0 +/ Z,dX,,  Vt>0. (1)
0

(b) Prove that £(X) is the unique solution of (1).

Hint: For a solution Z of (1), consider the process

£X)

(c) Let Y = (Y;)i>0 be another continuous semimartingale. Prove Yor’s formula

EX)EY)=EX +Y +[X,Y]).

Exercise 12.3 (1t6 process) Let W be a Brownian motion with respect to P and
F. An Ité process is a stochastic process of the form

t t
Xt:X0+/,u5ds+/ades, >0,
0 0

where 1 and o are predictable processes (satisfying appropriate integrability condi-
tions). Show that for any C? function f, the process f(X) is again an Ito process,
and give its decomposition.
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Exercise 12.4 (Distribution of stochastic integral) Let g : [0,00) — R be a
continuous function. Show that for each ¢ > 0, the random variable

¢
X, ::/ g(s) dWj
0

is normally distributed, and find its mean and variance.

Hint: For each fized n € R, show that the stochastic process Z = (Z;)i=0, given by
2 ot t
Z,=e 7 Jo 9*(&) dstn [ g(s) W= is a local martingale (you may use without proof that

Z is actually a true martingale), and then compute Ele" Jo () aws],
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