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Please hand in your solutions by 12:00 on Wednesday, December 14 via the course
homepage.

Exercise 12.1 (Stochastic product rule) Let X and Y be two continuous semi-
martingales. Show that for all ¢ > 0,

t t
Xth—XOYO:/ X, dYS+/ Y, dX, + [X, Y]
0 0

How does this compare to the "classical" product rule from calculus?

Solution 12.1 Let f: R? — R be given by f(x,y) = zy. Then f € C?(R?%;R), and

2 2 52 .
%(x,y) =y, %(m,y) =z, %(I,y) =0, aigy(x,y) =1, and g%(x,y) = 0. Noting

that f(X:, Y:) = XYy, 1t0’s formula then gives

t t ot
Xm—XOYo:/ X, dY;+/ Y;dXS+/ d[X, Y],
0 0 0
t t
:/ X, dYs+/ Y, dX, + [X,Y],,
0 0

as required.

The above equality has the extra "[X,Y];" term, which vanishes in classical calcu-
lus.

Exercise 12.2 (Stochastic exponential) Let X = (X;);=0 be a continuous semi-
martingale. Define the process £(X) by

E(X) == exp (Xt - ;[X]t) .

(a) Show that £(X) is a solution to the SDE
t
7, = X0 +/ Z,dX,, V=0 (1)
0

(b) Prove that £(X) is the unique solution of (1).

Hint: For a solution Z of (1), consider the process %
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Let Y = (Y;)i>0 be another continuous semimartingale. Prove Yor’s formula

E(X)EY) =EX +Y +[X,Y]).

Solution 12.2

(a)

Let f(z,y) = exp(z — 3y). Then f is C?, and we have —(x y) = f(x,y),
(ay) = %f( 1y), and G5 (w,y) = f(x,y). Noting that £(X), = f(X, [X],)
(and [X]): = [X, [X]]: = [[X], X]: = 0 because X is continuous), we apply Itd’s

formula to get

E(X), = £(X)o+ /OtS(X)S dx, + /Ot (—;5()()3) d[x]. + ;/Otg X
_ %o +/Ot€(X) dx

It follows immediately that £(X) is a solution of (1).

Suppose that Z is another solution to (1), and define Y; := T Consider
the function f : (0,00) x (0,00) — R defined by f(z, y) 2. Then fis C?,
and af =1 ? = ;2, % = 0, aa;gy = —y12, and 2 ay2 = f/% Noting that

y’
Y, = (Zt, (X ) ), 1t6’s formula then gives

n=%+/0tg(1mdzs+/ot< Y )dS( )

0 E(XQd[

Since £(X) and Z are solutions of (1), d€(X); = 5(
and so d[Z,E(X)]y = Z;£(X), d[X]s and d[Z]; =

now be rewritten as

t 7, t
n=%+/o S0, dX8+/0 (—5(X25(X)S>dxs

_ /Otg(lxﬁzsg(x)s d[X], +;/Ot ;)Z(S>§,S<X)§ d[X]s

Since £(X)y = eX0 = Zj, then Y = 1, and hence we have

)
d and dZt Zt dX87
Z2 d[X ] . The above can

Y =1.

It follows immediately that Z = £(X), and thus £(X) is the unique solution
of (1).
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(¢) The stochastic product rule gives
t t
EXNEN ) =X + [[E(X), dEW),+ [ E(Y), dEX), + [E(X), X

Using part (a), we have d€(X); = £(X); dX; and dE(Y); = E(Y); dY;, and so
d[E(X),E(Y)]: = E(X)E(Y), d[X,Y];. Thus, we can rewrite the above as

E(X)EY), = eXoe¥o 4 /0 CE(X).E(V), AV, + /O "E(V).E(X), dX,
+ /té’(X)SE(Y) d[X, Y],
X0 Y°+/ A(X +Y +[X,Y])..
We have thus shown that £(X)E(Y) is a solution to the SDE
Zy = eXFYHIXY Do 4 /Ot Z,AX +Y +[X,Y]),,  Vt=0.

By part (b), it follows immediately that
EX)EY)=EX+Y +[X,)Y]),

as required.

Exercise 12.3 (1t6 process) Let W be a Brownian motion with respect to P and
F. An Ité process is a stochastic process of the form

t t
Xt:X0+/,u5ds+/05dW5, t >0,
0 0
where ;o and o are predictable processes (satisfying appropriate integrability condi-

tions). Show that for any C? function f, the process f(X) is again an Ito process,
and give its decomposition.

Solution 12.3 By [to’s formula, we have

FIX) = f(Xo) +/f ) dX, +2/f” d[X],.

We know that dX; = y; dt + o dW;, and hence d[X]; = 7 dt. The above equality
can thus be rewritten as

FIX)) = f(Xo) +/f usds+/f Do AW, + - /f” )o? ds
= 1)+ [ (a0 + 502700 ) ds+ [ (X
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Thus, f(X) is an It6 process with the decomposition

fs = psf (Xs) + ; "(Xs) and s = o, f'(Xs).

Exercise 12.4 (Distribution of stochastic integral) Let g : [0,00) — R be a
continuous function. Show that for each t > 0, the random variable

¢
X, ::/ g(s) dW;
0

is normally distributed, and find its mean and variance.

Hint: For each fized n € R, show that the stochastic process Z = (Z;)i=0, given by
772

7, = e Jo 97 () dstn Josts VAWs s 4 local martingale (you may use without proof that

Z is actually a true martingale), and then compute Ele 1y o) awe],

Solution 12.4 Following the hint, we first show that Z is a martingale. Letting
Y; := [5 g*(s) ds (which is well-defined because g is bounded on [0,¢], since g is
continuous), we can write

7, = e—gYﬁrnXt'

Let f(z,y) = e 5¥*%. Then f € C*(R%R), and & = nf, &L = —1f 2L = pf,

aa;gy = —g , and %Q =1 f Noting that Z;, = f(Xt,Yt), we apply Itd’s formula to

get

7, = ZO+/nZ dX+/< ZS>dYS

2 77 1 t774
+ f/ 27, d[X]s+/ Tz ) ax, Y]s+f/ Tz, ay]
2 Jo 0 2 2Jo 4

The equalities X; = [J g(s) dW, and Y; = [ ¢?(s) ds can be equivalently written as
dX; = g(t) dW; and dY; = ¢?(t) dt. We then also have d[X]; = ¢?(¢) dt, d[X, Y], = 0,
and d[Y]; = 0. We can then rewrite the above as

1 t
Zy = Zo+/ nZsg(s) dWs +/ (— 9 (s )) d8+§/0 1°Z.g°(s) ds
=7, -|-/0 nZsg(s) dWs.

It follows that Z is a local martingale, and in fact a true martingale, by the hint. In
particular, E[Z;| = E[Z,]. Noting that Zy = 1, we get

| = Ble~5Yr%] = =5V glen,
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and thus )
Ele™] =e7 ",
2
Thus, the moment generating function of the random variable X, is given by ez ¥
Since the moment generating function determines the distribution, it follows that X,
is normally distributed with mean zero and variance Y; = [} g?(s) ds. This completes
the proof.
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