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Mathematical Foundations for Finance

Exercise Sheet 6

Please hand in your solutions by 12:00 on Wednesday, November 2 via the course
homepage.

Exercise 6.1 (Radon-Nikodym derivative) Consider a measurable space (€2, F)
equipped with two probability measures () < P. The Radon—Nikodym theorem
asserts that there is a unique (up to P-a.s. equality) random variable D such that
D >0 P-a.s. and

Q[A] = Ep[D1 4], VA e F. (1)

The random variable D is called the Radon-Nikodym derivative of () with respect to
P, and is thus denoted by % d9 .— D. By standard measure-theoretic induction, one
can show that (1) implies that for all @-integrable or nonnegative random variables

Y?
Q. 1

EqlY] = Ep [dp

(2)

(a) Now equip the measurable space (2, F) with a filtration F = (Fj)ren, and
define for each k € Ny the random variable

dQ

2 = Epldp

fk] |
Note that by the definition of the Radon—Nikodym derivative, we have

so that 92 is P-integrable (and thus Zj, is well-defined). Prove that

Zy =

dPl7

i.e. that for all A € F, Q[A] = Ep[Zk]lA}.
(b) Prove that Z; > 0 Q-a.s. for all k € Ny.

(¢) Fix n € Ny and suppose U is a @Q-integrable and F,,-measurable random
variable. Prove the Bayes formula

1
EolU | Fi] = Z—kEp[ZnU | Fr] Q-a.s. for 0 < k < n.
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(d) Prove that an F-adapted process N = (Ng)ken, is a @Q-martingale if and only
if the process ZN = (ZyNk)ren, i a P-martingale.

Solution 6.1
(a) For all A € Fj, we have

Ep|Zila] = Ep [Ep e

d d
8] ] -5 [t -
as required.

(b) We have
Q[Zr = 0] = Ep[Z31(z,—0)] = Ep[0] =0,
and hence Q[Z; > 0] =1 — Q[Zy = 0] = 1, so that Z; > 0 Q-a.s., as required.

(¢) Fix k € {0,...,n}. Since U is Q-integrable and F,-measurable, the same
measure-theoretic argument as for (1) = (2) yields from part (a) that

Ep[Zu|U]] = EQ[|U]] < oo,

so that Z,U is P-integrable. Thus Ep[Z,U | Fi| is a well-defined, P-integrable
and JFj-measurable random variable. Now consider the random variable

%k|EP[ZnU | Fi]|. By part (b), Z, > 0 Q-a.s., and so Zik is well-defined

outside of a Q-null set. Also, recall by the definition of the conditional expec-
tation that Ep[Z,U | Fi] is unique up to a P-null set. Since @) < P, then also
Ep|Z,U | Fi] is unique up to a @-null set. Thus, %k‘EP[ZnU | Fr]| is unique
and well-defined up to a @-null set (and thus we can take its Q-expectation).
Since it is also Fi-measurable, we can use part (a) to conclude that

Eo [Zlk\EP[ZnU | fk]” = Bp||Ep|Z,U | Ril|| < Ep[Ep(Z,|U] | Fi]
= Ep[Z,|U]] < oo,
so that %kEP[ZnU | Fi] is Q-integrable.
Next, fix A € Fj. Since %kEP[ZnU | Fi]1 4 is Fr-measurable and Q-integrable,

part (a) and the definition of the conditional expectation yield

1
Eq| 5 ErlZ.U | fk]]lA] = Ep|Ep[Z,U | Filla| = Ep|Z,U14] = Eg[Un1.4],

because U1 4 is Q-integrable and JF,,-measurable. Hence, we have for all A € F},
that

Eq

1
Z:EP[ZRU | ]—"k]ILA] = Eq[U14],

and thus the result follows by the definition of the conditional expectation.
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(d) First, note that part (a) yields
EQ[INul] = Ep[Zn|Nul] = Ep|Zn Nl

so that N is QQ-integrable if and only if ZN is P-integrable. Next, Z is adapted
by construction and N by assumption. So also ZN is adapted.

Suppose that N is a @-martingale. For all A € Fi, we have
Ep[Z,N,14] = Eg[N,14] = Eg[Ny14] = Ep[Z;Ny14],

where the first and third equalities use that N,14 and Ny14 are F,- and
Fr-measurable, respectively, and are both ()-integrable. The second equality
uses that N is a -martingale. It follows that ZN is a P-martingale.

For the converse, we use (c¢) and the P-martingale property of ZN to write
Eg[N, | Fi] = ZikEp[ZnNn | Fi] = ZikaNk = N, Q-a.s. This completes the
proof.

Exercise 6.2 (Hedging) Consider an attainable payoff H € LY (Fr), meaning
that there exists some admissible self-financing strategy ¢ = (V4,9) with V() = H
P-a.s. Prove (under no-arbitrage) that at each time k = 0,...,T, the value V;¥
of the European option with payoff H (at expiry T') is equal to the value of the
replicating strategy, i.e.

VH =Vi(p) P-as. forallk=0,...,T.

Solution 6.2 We first claim that V;¥ > Vi.(¢) P-a.s. for all k =0,...,T. To this
end, suppose for contradiction that there exists some kg € {0,...,T} such that
PIVE < Vi, (@)] > 0. We set A := {V;l <V, (p)}. Note that since VI = Vr(p)
P-a.s., we have kg € {0,...,T — 1}. We construct a new self-financing strategy ¢’
as follows. Up to time kg, we follow ¢. After time kg, we follow ¢ on A¢ up to the
expiry 7', and on A we sell ¢, buy the European option, and hold the option until

.....

and forall k =1,...,T,

9. = (ﬁk,O) if k < kO?
) (00, 0)Lae + (0, 1)1y if k> k.

The first and second coordinates of 9, are the number of shares of the stock and
the option at time k, respectively. Since A € Fj,, ¥ is predictable, and constants
are measurable with respect to any o-field, it follows that ¥ is predictable. Let
¢ = (Vp, ) be the corresponding self-financing strategy with initial wealth V4. Then
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we have
T
Vr(¢)) = Vo + Gr(¥) = Vo + Y_(9)"(AS], AV
j=1

ko
Vot SO)TASL AV £ Y (@) (A8, AV
j=1

Jj=ko+1

ko T T
Vot S OEAS £ L S 0EAS 41, Y AVH

Jj=1 Jj= k0+1 Jj= k0+1
T
= ‘/0 —|—]1Ac219trA51 =+ 1AZ19trAsl + ]lA Z AVH
Jj=1 j=ko+1
L Vel) LV (o) 4 s Y AV
Jj=ko+1

= 14 V(@) + 14V, (@) + 14 (VH — Vk{f)
= 1acVir() + LaVie (@) + 1aVir(p) — 14V,
= Vr(e) + 1a(Vi, () — Vkl(){)

Since Vi, () > VI on A, it follows that
Vr(¢') 2 Vi(y)  and  P[Vr(¢') > Vr(p)] = P[A] > 0.

Since ¢ and ¢’ are both self-financing strategies with the same initial value Vj, we

thus have an arbitrage opportunity. This is a contradiction, and so we must have
that Vi > Vi(p) P-as. for all k=0,....T.

It remains to show that V; < Vi(p) P-a.s. for all k = 0,...,T. To see this, we
repeat the above argument with A = {V})l >V, (¢)}, which yields a self-financing
strategy ¢’ that has the same initial value Vj as ¢, but with Vp(¢') < Vr(p) P-a.s.
and P[Vr(¢') < Vr(e)] > 0. Therefore the strategy ¢ — ¢’ yields an arbitrage
opportunity, thus completing the proof.

Remark. The strategies which we construct in the above arguments are not necessarily
admissible. But this is no problem because we work in finite discrete time.

Exercise 6.3 (Put and call options) Let (S° S') be the (discounted) binomial
model with T'=1, u >0 >d > —1, and p € (0,1). Fix K > 0, and define the
functions he, hp : R — R by

he(z) == (x — K)" := max{0,z — K},

hp(z) = (K —2)" := max{0, K — x}.

The European options with payoff functions he and hp are called the Furopean call
option and the European put option, respectively.
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(a) Construct a self-financing strategy ¢ = (V,¢,9°) such that
Vi(¢) = he(Sh)-

Write down explicitly the values of V' and 9.
(b) Construct a self-financing strategy ¢ = (Vj",9%) such that

Vl(SOP) = hP(Sll>'

Write down explicitly the values of Vj© and 97
(¢) Prove the put—call parity relation

A S

(d) Compute limg o V&, limg o VI, limg oo Vi and limg o Vi

Explain why these values are not surprising.

Solution 6.3
(a) Consider a self-financing strategy ¢ = (V,9°). By definition,
Vi(e9) = Vi + 97 ASL.

Since (5%, S81) is the binomial model, we have that either S} = (1 + u)S]
or S = (1 +d)S}. Also, since ¥ is Fy-measurable, it is a constant (i.e.
non-random). Thus, ¢ satisfies V;(¢%) = he(St) if and only if

Ve + 05uSy = he((1+u)Sp),
Ve 4+ 07dS) = he((1+d)Sp).
Subtracting the two equalities and rearranging gives

he((1+u)Sy) — he((1+d)Sg)
(u — d)S§ .

99 =

It remains to find V¢, which we can do by substituting the value of ¥¢ into
either of the two previous equalities (we choose the first one) to get

Vi = he((1+u)Sp) — v usS,
_ he((1+u)S5) — he((1+d)Sp)
(u—d)S;

dhc((l +u)Sp).

= he((1+u)S})

1
uS,

= ——ho((L+d)S5) +

u —
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Note. Since —+—=% =1 and - € (0,1), we can also write V' = E*[hc(S1)],
where E* denotes the expectation under the "risk-neutral” probability measure
P* given by

U —d

PS! = (1+d)SY = u“ PrSl = (14+uw)Si=1- -

—d
The same reasoning as in part (a) yields

hp((1+u)Sy) — hp((1+d)SH)
u—d ’

- dhp((l +u)Sh).

I =
|/ — he((1+d)S5) +

Note. For the same risk-neutral probability measure P* as in part (a), we can
write

Vo = E"[hp(S))].
First we compute, for x € R,
hp(z) — he(z) = max{0, K — 2z} —max{0,2 — K} = K — x.
Using this together with parts (a) and (b) yields

Uu
V-V = dhp((l +d)S3) +

dhp((l +u)Sq )

“ he((1+d)S; ) -

dhc((l +u)Sq)

_ - (K =1+ a)s;) +u__dd(K— (1+u)S)

u —

= K — 5,

as required.

Alternatively, we could use the expectation under the risk-neutral measure to
get

Vi’ = Vi’ = E'[hp(S1) — he(SY)] = E*[K - 8] = K — E*[Sy].
We then compute

E*[SH] = (1 +d)SeP*[S] = (1 +d)S] + (1 +u)SyP*[S] = (1 + u)S;]

U —d

u—d
:Sé’

and hence
VY =V =K -8,
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as required.
A third way to establish put-call parity is by using no-arbitrage.

Consider the following self-financing strategy. At time 0, buy one put option,
sell one call option, and buy one share of the stock. Then hold until time 1.

We have
Vi(e) = hp(S1) — ho(S1) + 51 = K — 8 + 5 = K.
By no-arbitrage, we must also have Vy(p) = K, i.e.
-1+ S = K,

as required.

For each = > 0, we have

[}Enw he(x) =0, %rj% he(z) = x, 1}1_{1100 hp(x) = oo, %1301 hp(x) = 0.

Using the formula for V€ from part (a), we have

lim V& =0
K—oo
and
imVC = % (1+d)S! + iu +u)Sy = S;.
Kjo © u—d O u—d 0 0

By using put-call parity, we therefore have

lim Vy = oo and lim V7 = 0.
K00 K10

(Alternatively, we could also have used the formula for VI’ from part (b).)

The intuition for these limits is as follows. The option to buy the stock at expiry
for a very high price is essentially worthless, which explains limz_,, V. = 0.
Conversely, the price of the option to sell the stock at expiry for a very high
price should also be very high, which explains limg_,, V' = co. Next, the
price of the option to buy the stock at expiry for a very low price should be
close to the price of the stock, which explains limg o V,& = S¢. Conversely, the
option to sell the stock at expiry for a very low price is essentially worthless,
which explains limg o Vg = 0.

Updated: November 3, 2022 7 /



